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Solutions of Multiplicative Integral Equations via The
Multiplicative Power Series Method

Highlights
«+ This paper focuses on the solution of multiplicative integral equations.
«» The study used the multiplicative power series method to solve the multiplicative integral equations.
« The solutions of different types of multiplicative integral equations are supported with numerical examples.

Aim
In this paper, we will give definitions of types of integral equations in geometric analysis. And solutions of different
types of integral equations in the geometric analysis will be examined. These studies will be reinforced with examples.

Design & Methodology

Integral equations have been used since the 18th century for the solution of many problems in applied mathematics,
mathematical physics, and engineering. Integral equations have started to be used in the field of engineering and
other basic sciences and have gained an important place because they can be used in applications of differential
equations.

Originality

Since integral equations have a very wide field of research, it is not possible to establish a theory that covers all
integral equations. For this reason, integral equations are examined separately according to their properties.
Considering these separate examinations, it is divided into two as Volterra and Fredholm Integral Equations. At the
end of the 19th century Volterra and at the beginning of the 20th century 1. Fredholm, D. Hilbert, and E. Schmidt
contributed to the development of a general theory of integral equations.

Findings

It is not easy to explain some problems in mathematics with known classical concepts and find analytical solutions.
For the solution of such problems, geometric (multiplicative) analysis including multiplicative derivative and
multiplicative integral has been developed as an alternative. It has been seen that geometric analysis brings ease of
application to some problems and in some cases gives more effective and faster results than classical analysis. In this
study, the solutions of multiplicative integral equations are investigated by using the definition and properties of
multiplicative integral.

Conclusion

In this work, we give the definitions of MFIE of the second kind, MVIE of the second kind, and MVFIE of the second
kind. Then, solutions of MIE via the MPSM are studied. We investigate solutions of MFIE with kernel equal to 1,
MFIE with kernel depending only on the variable x, and MFIE with kernel depending only on the variable t.
Consequently, we investigate the solution of MVIE. At last, we give the solutions of MVFIE with kernels equal to 1
and MVFIE with kernels K; (x, t) = K(x,t) and K,(x,t) = 1.

Declaration of Ethical Standards
The authors of this article declare that the materials and methods used in this study do not require ethical committee
permission and/or legal-special permission.
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ABSTRACT

In this study, definitions of types of multiplicative integral equations are given. And solutions of different types of multiplicative
integral equations are investigated using the multiplicative power series method. These are supported by numerical examples.

Keywords:
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equation; multiplicative Volterra-Fredholm integral equation; multiplicative power series.

Carpimsal Integral Denklemlerin Carpimsal Kuvvet
Serisi Yontemiyle Coziimleri

0z

Bu caligmada ¢arpimsal integral denklem tiirlerinin tanimlar1 verilmistir. Ve degisik tiirdeki ¢arpimsal integral denklemlerinin
¢cozlimleri, carpimsal kuvvet serisi yontemi kullanilarak incelenmistir. Bunlar sayisal 6rnekler ile desteklenmistir.

Anahtar Kelimeler:

Carpimsal integral denklem, carpimsal Fredholm intergral denklem, carpimsal Volterra integral

denklem, ¢arpimsal Volterra-Fredholm integral denklem, carpimsal kuvvet serisi.

1. INTRODUCTION

Abel used an integral equation in 1823 to solve an
isochrones (tautochrone) problem. In the nineteenth
century Joseph Liouville, Fredholm, C. Neumann, and H.
Poincare solved physical and mathematical problems via
integral equations. At the end of the nineteenth century
Volterra and at the beginning of the twentieth century 1.
Fredholm, D. Hilbert, and E. Schmidt contributed to the
development of a general theory of integral equations [1].

Integral equations (IE) provide convenience for solving
some problems in mathematics, physics, and
engineering. Solution methods and techniques of integral
equations have been discussed by many researchers [2-
9]. IE can be used in so many fields of science as there is
a correspondence between them and differential
equations with conditions.

Multiplicative integral equations (MIE) were used by H.
Durmaz [10-11] . N. Yalcin and M. Dedeturk give
solutions of multiplicative differential equations via the
multiplicative differential transform method [12] and via
the multiplicative power series method [13] . More
details on the multiplicative analysis topic can be found
in [14-26]. In this work, we give solutions of MIE via the
multiplicative power series method (MPSM)

*Sorumlu Yazar (Corresponding Author)
e-posta : numan@gumushane.edu.tr

2. MULTIPLICATIVE INTEGRAL EQUATIONS
AND MULTIPLICATIVE POWER SERIES
METHOD

Definition 2.1. The set R,,,, = {e*|x € R} is called the

exponential real numbers.

Definition 2.2. Let f(x) and K; (x, t), K, (x, t) be given

functions, ¢(x) is an unknown function and b be a given

positive real number. Suppose the equation

x S1 b S2
o(x) = f(x)- (,qu)(t)lq(x,t)dt) .<*j(p(t)1<2(x,t)dt>
0 0

is given.

a) If s; =1,s, =0 then the equation is called a
multiplicative Volterra integral equation (MVIE) of the
second kind

b)If s, =0,s, =1 then the equation is called a
multiplicative Fredholm integral equation (MFIE) of the
second kind.

c) If s; =1,s, =1 then the equation is called a
multiplicative Volterra-Fredholm integral equation
(MVFIE) of the second kind.

Definition 2.3. Let (a,),en be a sequence in R,,,, and
X, € R be a fixed point. Then the product

[ oo
n=0

is called a multiplicative power series.
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Definition 2.4. Suppose f(x) is a positive function
which has multiplicative derivatives of any order at the
point x, € R. Then the multiplicative Taylor series
of f(x) at the pomt X, 1S given by

(x=x)™
H(f*(n)(x )) nl

In this paper, multlpllcatlve Taylor series of f(x) and
additive (classical) Taylor series of K, (x, t), K, (x, t) are
used to find the unknown function ¢(x) in given
multiplicative integral equations as a multiplicative
power series

[ee)

000 = [ @™

n=0

3. MULTIPLICATIVE FREDHOLM INTEGRAL
EQUATION (MFIE)

3.1. Solution of the MFIE with Kernel Equal to 1

Theorem 3.1. Suppose the MFIE
b

() = f@)+ [ o

0
is given of which the limit b € R*\{1}. Also, let f (x) =
H;‘{;O(cn)"" be the multiplicative power series (MPS) of
f (x). Then the multiplicative power series solution

0G0 = J@”

n=0
has bases a,, n =
below formulas.

0 which can be calculated by the

a, = Cyp, n=>1
1
© pk+1 (1-b)
g =[Co " ﬂ(ak) (k+1)
k=1
Proof.

b

0() = f@)+ [ o

0
dt

© 0 b2
to(an)x" - ﬁgo(cn)x" . o{ [g(ak)f l
[ e = Jer [ ] f (@]
%(an)x" — %(c )x 1_[( k) tl::

o k+1
[ (an)x =Co- H(cn)x (ak)ka

pk+1

o ﬂ(an) [cg l_[(ak) k+1l-ﬁ(cn)x”
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From here we have
a, =c¢,,n =1

and
bk+1

Ao = Co - n(ak) k+1
bk+1

ag = ¢o - (@)’ l—[(a ) k+1
(@)™ =¢- l—[(ak)<bk:11)

k=1
Thus we get

a, =c¢,,n =1

1
bk+1 (1_1,)
k+1
apy = [Co H(ak) l u

3.2. Solution of the MFIE with Kernel Depending
Only on the Variable x

Below, we will give the solution of MFIE with the
Kernel depending only on the variable x.
Theorem 3.2. Suppose the MFIE

b

p(x) = f(x) = j q;(t)K(x)dt
° K(x)

000 = () - [ f PO
0

is given. Also, let f(x)=TI12(c)*" be the
multiplicative power series of f(x) and K(x) =
Y=o knx™ be the additive power series of K(x). Here
b > 0. Then the multiplicative power series solution

000 =] @™

n=0
has bases a,,, n = 0 which can be calculated by the
below formulas.

kn

o\
h_[(c] () } e

l |

Proof.

pit1
1= Z] okj T j+1

b
px) = f(x) -*f¢(t)K(x)dt
° K(x)

000 = () - I f PO
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Let ussay A =x fob @ ()%, then we have

b K(x)
o) = fQ) |+ f o(D)
0
(an)xn = (cn)xn : AK(X)
n;O T;;O
@)™ = | [(e)*" - AZioknr"
T;;O T;;O o
@) =] [ | [
ﬁ:o ﬁ:o n=0

and let us define b,, = A*~. Then we can write

ﬁ(an)xn = ﬁ(cn)xn - ﬁ(bm”

n;O H;O n=0

[ @ =] [n- e = an = n-c0)
n=0 o n=0

0@ = |- e

n=0
Now we will find the value of 4

b br o dt
= f OLEVES f [ e cn)f”l

pnti1

A= —[(bn c)lo t"et = 4 = n(bn ¢,)) D

pn+1
A= (Akn . )+ D
n=0
had pntl had pnt1l
A= H(A)kn (n+1)l [n(cn)(nﬂ)l

pn+1

Yo kn oy Lilasa
A= (A) (n+1) (Cn)(n+1)

Puttlng the powers of A to the same side, we write

1oy, okn pn+1
(A) (n+1) = (C )(n+1)

1

0 71
b1+ _seo pnt
A= l_l(cn)(n+1)l n=0 n(n+1)
n=0
So we have

a, =b,-c, =Akn.c,

’V b]+1
]+1
| |(CJ

b]+1

) /[1 21011+1

kn
l cc, |
I

|

3.3. Solution of the MFIE with Kernel Depending
Only on the Variable t

Theorem 3.3. Suppose the MFIE

b
oG = )+ [ @O
0

is given. Also, let f(x)=TI12(c)*" be the
multiplicative power series of the given function f(x)
and K(x) = X525, k]-tf be the additive power series of
K(t). Here b > 0. Then the multiplicative power series
solution

00 = H(an)x

has bases an, n = 0 which can be calculated by the
below formulas.

(

(o et

kan = Cp, n > 1.

1

Proof.

b
0() = £+ [ @K
0

dt

| 8

(@)™ = i CHME f [ﬂ(a Y EZo ks t]l

(a )fo tk Z] okj -tlat

S
Il
om

n=0
(o)

|8

(an)x" = (Cn)x

4‘.:6

n=0 nzb i

[eo) oo (o]

| [ ] [T o by i+j
@) = | [@)*" -] [@)F=olotre™e

n=0 n=0 i=0

and we get

[oe]

| 8
| 8

o t1+1+1
Z:J 0( ITyTEY

@) =] [ | [

S

Il
om
-

Il
(=}

n=0
o © L z ( tt+1+1>”
=o| *j
@) = | )™ | @)™\ e
n=0 nzb i=0
) ) N

o= Feor o™
- ﬂ(an)x —[ (H( yFlrera) )l

From here we have
an = Cp, n=1
and
bl+]+1)

oy
ap = cp - 1_[( 1) j=0 ] i+j+1
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pi+1 s o piti+1

2 < > SR ol kji—r—r

_ j=o\"J j¥1 J=0\"J i+j+1
ay = ¢ - (ap) : | |(ai)

i=1
1

pitj+1 —le
PO ) 1-3% <k )
j= 0 kj- i+j+1 J=0\"J j+1
Co- | |( i) u

ao—

Example 3.1. Suppose the MFIE
b

[ o

0
is given for b € R*\{1}. Let us solve this equation via
the multiplicative power series method.

2

b
() = 7

Solution. Let @(x) = [1%o(a,)®*" be the
multiplicative power series of the unknown function
@ (x).

b2
The given function f(x) = e* "z has the multiplicative
power series expansion as

- o .
e 7 =e"2 e =e¢ 2-(1 ceX ¥ 1Y L)

o [ [

Now let us look at the solutlon steps

p0) = &5 f PO

n(a Y=x0)" ( ) ﬂlx
e~

0
If we take x, = 0 then

ad p2y 1 d
n - k
@) = (e77) et j (@]
n=0 =0
oo oo k+1b
] n p2\* ] m]
@) = (e7%) ~er- ] Jeao! e
nEO . 2 1 EO bk+1]
@) = (e77) er ] Janl™

n=0 ) k=0
Consequently, we write

af - ﬂ(an)x —{(e 7). 1_[( o

bk+1
k+1] . x

a, =e, —1 forn>2and
bk+1
= () [T

ap = e (ap)” - (a1)7 1

(ao)l_b = 1 = aO = 1
So we have

a,=1,a, =e¢€
a,=1,n=2
Hence the solution is

1l
n=2

p(x)=11-¢e*
p(x) = e”*.

4. MULTIPLICATIVE VOLTERRA INTEGRAL
EQUATION (MVIE)

Theorem 4.1. Suppose the below MVIE is given
X
0G) = fG) -+ [ p(eKeo

0
And also let’s assume that @(x) = Hfzo(an)xn and
flx) = H;‘{’zo(cn)xn are multiplicative power series of
the unknown function ¢ (x) and the given function f(x),
respectively and let K (x, t) = X2 X720 k; ; - x't/ be the
additive power series of K(x,t). Then the solution of the
above equation is given as:

00 = | [@™”

Where
ao = Co,
n-1
Zn 1—i n 1—i— ]]
a, =¢Cy - | |(a) il n>1.
i=0
Proof.

X

o) = f(x) -* j @tk
o 0
[ @ =] e
n=0 11

g [g(an)f"
l;!(an)x" _ l;(cn)xn _ l:l* Oj(an)tn'zmoki,fxitfat
[ Jar =] e

[oe]
n=0

) Eiol Zolre S5 0]

= - ) n+j+\*
T T @ )Zw[zf%’”(f))]

n

~|Z?3-=0 ki,j~xit1‘dt

. n+j+1
0 |, iy X T
2i=0[" '21‘=0<"w n+}'+1>

= 1 “(Cn)xn ' ] (an)
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Consequently, we write

n-—1
[ Ja@ = l_[(cnw tn = Cn H(Bw—t—l)

Zn i-1 kn-i-1- JJ)
390 5100 kij n+i+j+1) a, =Cp* | |(a) J=0 Hjrr /), n=1.
(an) i=04j=0 n+j+1

" Hence the solution @ (x) = [T o(ay)*"
TT n T D i i=jJ  n+it+1 bases
= | L(Cn)x . | (an) 04&j= 0(n+1+1 ) aO = CO’
n=0 n=0
= el o wi (Kimjj . Zn11n11“
= [ (an)zi=°Zf:"(n+fi']1)"‘n+“'1 — o n(“) o wE 21 m
_T1 )" - [ ] [(a )Z, 0 nﬁr,ﬂr’l) ””“] Example 4.1. Supposexthe MFIE
0 0 0 —x2_
He?e we deflnen . p(x) = e x4 '*f‘/’(t)‘”
i 0
= (a, )Zf °(u+1+1) is given. Solve this equation using the multiplicative
and we have power series method (MPSM).
o . oo - o Zi'=oni 1+11 THHL n
H(“n) = n(cn) 'Hn[(an)< i ) ] Solution. Let ¢(x) = [15-, (a,)* be the MPS of the
ne =0, n=0 =0 unknown function ¢(x). Now we write the power series
[ ] n_T] n T X xpansion of two si f the given ion.
@) = | e —H( m) ] expansion of two sides of the give ecjcuato
=0 =0 =0 =0 - -
R o 0 = €D @ [ 90
(an)x = (Cn)x ’ (Bn—i,i) 0 x dt
n=0 =0 n=0 Li=0 ® N , i N
- e [ o™ =e ey ey o [|] [
(an)xn = (Cn)xn ' (Bn—i,i) n;O 0o Ln=0
=0 =0 =0 =0 n _ _
- @ = -1_1 [ = e e
(an)xn — (Cn)xn, n i 11)] n=0 - X
L o TT [t
_ n=0 o
(an) =Co- n[cn 1_[( n—i-1, l d n 2 ® XL

[ [ =@ ] [

( ) n=0 o n=0
Qo - l_l(an) =Co- 1_[ Cn 1_[ Bln i-1 _ _ 2
n=1 o n(an)"" =)' -(eH - (e™H)”
and thus n=1
(0] xn
ay = Co, : (an—l) n
n=1
So we can write
=c B; n=1
" 1_[( in-i-1) {ao =e3, a, =e - a
At this pomt calculatlng Bin-i—1 a,=et. a11/2, a, = (an_l)l/n, n=3
Thus, we have
k — 53, — 52, —
B, = (a, )(E;ou’i,ii) a,=¢e*a, =e%@,)=1n=2

So we get the solution

o(x) = H(an)” = ao - ()" - ﬁ 1"

and using this we have 0(x) = o2x+3,

(Zn i-1 *n-i-1 J])
Bin_iz1= = (a;) bt
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5. MULTIPLICATIVE VOLTERRA-FREDHOLM
INTEGRAL EQUAION (MVFIE)

5.1 Solution of the MVFIE with Kernels
Kl(x,t) = Kz(x,t) =1

Theorem 5.1. Suppose the MVFIE
x b

900 = F) » f P(0) f oD%

0 0
is given. Here b € R*\{In2}. Also, let f(x) =
120 (c,)*" be the multiplicative power series of the
given function f (x). Then the multiplicative power series
solution

[oe]

000 =] @™

n=0
has bases a,, n >0 which can be calculated by the
below formulas.

b2
Qo = {Co (c1)2
1
bn+1 __b
oo n-1 1 n+1 \ (2-¢?)
1_[ [Cn ( (Ck)(k+1) (k+2) n)l } ,
n=2 k=1 J
a, = 1 " Ao,

Proof.
Let

o) = ﬁ(a,ax"
1) = ]_[(c,ox

be the multlpllcatlve power series of @(x) and f(x),

respectively.
x b

000 = f() - | * f @ || « j PO

l_[(an)x —ﬂ(cn)x f ]_l(anr")dt
: f (]_[(an)f"ft
lj(am% [ﬁ(cn)xl [ f (la,]*") ‘“]

oo b w
" f ([a,]")

n=0

316

- [ﬁ(cm"] ‘ [ - (an)’;"—:jl - [ - (an)%]
[H(cn)x] Iﬁ(an N ] [ﬁ(aﬂfl
o Jean" = {co - (an)"::}

n=1
Thus we have

[oe]

pnt+i 1
ag = Cp - (an) 1 and an =Cp (an—l)z'
n=0
n=1
[e0)
pntl
ag = ¢o - (ag)” - n(an) n+i
n=1
[e0)
pntl
(ao)l_b =Co- (an)n+
n=1

1
had pn+1)1-b
Ao =160 'H(an) n+1 u
n=1
First, we’ll write a,, with respect to a,

1
an = Cp - (@pog)n
a1 = C1 . ao

a; = Cy - (‘11)2 =Cy- (C1 ao)z
a; = Cy - (01)2 (ao)z

a5 = ¢y ()7 - ()7 - (ag)¥

So we have

n-1
S 1
ap =Cp * (n(ck)(k+1)~(k+2)msn) . (ao)n!’ n>=> 2
k=1

Then let’s find a,

a0=!(co (a;)z ) H(an)b’:’:}l b
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ap = (Co “(cq - ao)§>

oo n-1 1
| | [Cn . (l |(Ck)(k+1)'(k+2)‘---‘
n=2 k=1

pn+1

: (ao)%l v }

)

Ya-b

b2 b2 Yip
ag = [CO . (Cl) 2 . (aO) )
: 1_[ [Cn (l |(ck)(k+1) (k+2)<...<n>
n=2
1 bn+1
L |G T+t
- (@)
b2 1/1—b
Ao = [CO (e
1 pnti
= n 1 (1-b) n+1
n=2 k=1
1 pntl
| |(a0)ﬁ'(1 D) n+1
n=1 1
b2 /1-b
G = [CO ()2
1 pnti
z n1 1 (1-b) n+1
: | | [Cn (l |(ck)ZEIITYE1§YTTE>|
n=2 k=1
1 pntl

(ao)(1-b)'(n+1)z

n=1
b2 1/1—b
ay = [Co‘(C1)7
1 bn+1
1 (1-b) n+1
1_[ [%( (Ck)m>]
o bMt1
- (ay)a- b)Z" T+t
b? 1/1—b
Ay = [%'(‘31)7
1 bn+1
(1-b) n+1
[Cn (H(ck)(kﬂ) (k+2)<...<n)]
En 0n|) 1-b
(ap) @D

317

»21"1-b
ay, = [Co (1)
1 pntl
n-1 . (1-b) n+1
| | [Cn (l |(Ck)(k+1)~(k+2)-...-n>]
b_i1-p
'(ao) @b
and
_eb-1p p27/1-b
a, @b = [Co “(c)?
1 pnti
o n-1 1 (1-b) n+1
l_[ Icn (l | (Ck)(k+1)-(k+z)-...-n)l
n=2 k=1
2-eb b2 Yiop
ap-b = [Co (c1)2
1 pnt1
o n-1 S (a-b) n+1
. | | [Cn (1_[(Ck)(k+1)-(k+2)-...-n>l
n=2 k=1
b b2
a’™" = [Co <(c1)2
pn+i
o n¥1
. l_[ [Cn (l |(Ck)(k+1) (k+2)-.. )l
n=2
b2
Ao = {CO(Cl) 2
1
- - bn+1 (Z—Gb)
1 n+1
1_[ [Cn ( (Ck)(k+1) (k+2) n)l
n=2 k=1

5.2 Solution of MVVFIE with Kernel K,(x,t) =
K(x,t), K;(x,t) =1

Theorem 5.2. Suppose the MVFIE
x b
oG = 1)+ [ @@ 0 [ oy
0 0
is given. Here b > 0. Also, let f(x) = [1<,o(c,)*" be
the multiplicative power series of f(x) and K(x,t) =
Y20 X2 ki j - x't/ be the power series of K (x, t). Then
the multiplicative power series solution

0 = ﬂ(an)x

has bases an, n = 0 which can be calculated by the
belowformulas

—c,. H(aﬂf" )

N

® pn+1|1-b

Ao = |Co " (ay)n+ .
n=1
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Proof. ,
oG =1 |+ | <p(t)'“x'f>dfl - I [ o
0 0
[ J@™ =] Jen™
n=0 n=0 f [ﬁ SR8 kyjxitiat
: (an)f"l
0, at
g [H(anﬁ"l
o 0 =

n(an)xn _ n(cn)x H(a )fo im0 kijx iviat

n=0
‘ n(an)fo et
n=0 X
© o 0 g+l
O ey
n=0 n=0 n=0
pn+1
. (an) n+i
) i+
a x™ c xn z:ll 0 kij- n+j+1 >
n n an
n=0
bn+1
. (an) n+1
n=0
© e © n-1 xm
n n
[T =] e T]([ oo
n=0 n=0 n=1 \1t=0
© pn+1
: (an)n—+1

n=0
[00) (o]
N pn+1
X 2
ao - | |(an) = [Co 1 (@) n+1]
n=1 n=0
o) n-1 x™
: | | [Cn : | | Bn—l—r,tl
n=1 =0

pntl
(an) n+1

Thus we get

ao = CO .
n=0
.
© pn+1|1-b
Ao = [Co - (an)n+t
n=1

And also we have

n-1
Cn - | | Bn—l—r,‘r'

Z TBB )
ap = Cp * l_l(an 1 _L_) B= On 1-T+1+f

an nx1

n-1 k
¥ -B.B
an =Cqp - | |(an—1—‘r) B O(n_HB)

7=0
Introducing a new indice u = n — 1 — 7 we can write

n-1

k
o= | [l )

Example 5.1. Suppose the MVFIE
Y
x 2

: f PO f PO

is given. Solve this equation using the multiplicative
power series method (MPSM)

—x242x—

px)=e

Solution. Let @(x) = [1%.,(a,)*" be the MPS of the
function ¢ (x). The function f (x) = e ™™ 4253 has MPS

given below
(eZ)X . (e—l)x 1_[ 1x

First, we write the MPS of the functlons on either side of
the given equation

l_[(an)x - Tl (e2)* - (e~1)** - Hlx .
n=0
(H(a@f")
0
. (ﬂ(ak)tk>
(@)™ =7 - ()% (™) - ("]
] ng

e—x +2x—z —ez

n=0
[o%e) E
dat
T] e
k=0 o
© n -1 it xnt+1
[ @ =e7 @ ] Jam
n=0 n=0
th+1 /2
k+1

]_[( 9
[ J@™ =7 @ e l_[(a Y0

n=0
1 k+1

n(ak) k+1

0
. 1k+1 x

[ [ =]|es H(ak)
: l_[ [(an—1)'ll]x

X (eZ)x X (e—l)xz
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. . PN 231 x©
L= B 2
[ @™ =|e7 ] J@r=| - ap”
n=0 k=0
[00)
x? 1,x™
(o) [l
n=3
So we have
k+1
4 3
ap=e4 - (ag) *+1
k=0

a, =e?-aq,
_ 1
a,=e-a, /2

1

a, = (ap) /2

an = (an—l)l/n'

n=3

Second, we will give the value of a,,, n = 2 with respect
to a,.
1 1 3 1
az = (a) /3= az = (ao /2)3 = az = (ap)?¥
1
- 1
@, = (a)"s = ay = (a,2)" = a, = (ap)#

a, = (ao)l/n!, n=2.

Consequently, we will calculate the value of a,

1K+

[oe]
-1 )
a, =¢e+ - | |(ak) k+1
k=0
k+1

RO = SN
a, = es - (ao)E . (al)T . H(ak) k+1

k=2
pkH
-1 1 1 = 1 Ek)+1
ap =€+ - (ag)z- (e ay)e - l_[ (aok!)
k=2
and
o 1k
5
ap = (ag)e - 1_[(‘10) Gkt 1)t
k=2
k
s 7. B
ap = (ag)s - (ap) @
k=3
1)"
2 S Gor
ao = (ae)® - (ap) !

1
-13 X
et

%=mﬁmJ8

a0(1_§+§ _61/2) = 1

(ao)z_el/2 =1
Thus we find

ap, =1.
The multiplicative power series solution has bases

0 = {ez, n= 1}
n 1, n=#1
Finally , we get the solution as

3

(p(x) = l_[(an)"n = 11 . (eZ)x . 1x2 . 1x .
n=0

p(x) = e?*,

n

o 1F

6. CONCLUSION

In this work, we give the definitions of MFIE of the
second kind, MVIE of the second kind, and MVFIE of
the second kind. Then, solutions of MIE via the MPSM
are studied. We investigate solutions of MFIE with
kernel equal to 1, MFIE with kernel depending only on
the variable x, and MFIE with kernel depending only on
the variable t. Consequently, we investigate the solution
of MVIE. At last, we give the solutions of MVFIE with
kernels equal to 1 and MVFIE with kernels K; (x,t) =
K(x,t) and K,(x,t) = 1.
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