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ABSTRACT. In this paper, we demonstrated the equivalencies of internal cate-
gories of cat-1 groups and cat-2 groups structures using some related equivalent
categories.

1. INTRODUCTION

Establishing an equivalence involves demonstrating strong similarities between
the mathematical structures concerned. Homotopical algebra performs the same
thing as homological algebra in that it extends notions from classical geometric
homology theory to algebraic contexts.

The concept of crossed modules over groups was first introduced by Whitehead
in the late 1940s, appeared during his research on the algebraic structure of the
second relative homotopy groups. It has been extensively used in a variety of
branches of mathematics. Crossed modules of groups model connected homotopy
2-types. Loday defined the notion of a ‘cat-n group’ and showed that this notion
corresponds to the crossed module and the crossed square for n=1,2, respectively.
Crossed squares are two-dimensional analogous of crossed modules as well as cat-
1 groups and crossed modules are known as two-dimensional generalizations of a
group.

The main goal of this study is to construct the equivalence between the category
of internal categories in the category of cat-1 groups and the category of cat-2
groups. Since the category of crossed modules and cat-1 groups have pullbacks,
(see [5] and [1]), we can talk about internal categories in their categories. To
begin with, we note from our previous paper, [6], that the equivalence between the
category of cat-1 groups and those of crossed modules is also preserved in their
internal categories. Later, by using the equivalence of internal categories of crossed
modules and the category of crossed square, and considering the equivalence of
the category of crossed square and that of cat-2 groups, we get the equivalence
concerned.

Date: Received: 2022-05-10; Accepted: 2022-07-29.
2000 Mathematics Subject Classification. 18G50, 18G55.
Key words and phrases. Catl-group, Internal category, Crossed Module.

129



130 UMMAHAN EGE ARSLAN AND ELIS SOYLU YILMAZ

2. PRELIMINARIES

Let C be a category with pullbacks. Then an internal category C in C consists
of objects A and O in C together with morphism s,t,e

such that
se=te=1p
and a composition morphism
m: A xs A— A

which are also the morphisms in C, A; x; A = {(f, g9)|t(f) = s(g)} and the following
equations are satisfied:

o t(m(f, ) = t(g), s(m(f, 9)) = 5(f),

em(ly xm)=m(mx1a) and

em(es,14) =m(la,et) =14.

Thus an internal category in C is defined to be a six-tuple (A4, O, s,t,e,m),[3, 4].

Definition 2.1. A cat-1 group is a group G together with a normal subgroup R
of G and the homomorphisms s,t : G — R satisfy the following conditions

° S‘N = t|N =idy

o [Kers, Kert] = 1.

A cat-1 group is denoted by (G, R, s,t), [2].

Definition 2.2. A cat-2 group is a group G together with the subgroups Ry, Ry
of G and the homomorphisms sg,tg : G — Ry and s1,t; : G — R; such that

solr, = tolr, = idR,
silr, = tilgr, =idr,
[Kers;,Kert;] = 1,1<4,j<2
sisj = 88, tity = tits, tis; = st F j.

(G, Ry, Ry, S0, S1, to, t1) structure is called the cat-2 group, [2].

Definition 2.3. A crossed module consists of group R and S with the action of R
on S denoted by "s for r € R and s € S, and a 0 : S — R satisfying the following
two conditions:

CM1) 9 is R-equivariant, so 9("s) = rd(s)r*

CM2) Peiffer rule; sl gy = 551571
where r € R and s,s1 € 5, [8].

Definition 2.4. A crossed square is a commutative diagram of groups
L—>M
bk
M p

with an action of P on L, M, M’ and with a function h : M x M’ — L holding the
following conditions:
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e the homomorphisms A\, X, p, ¢/ and o = pA = p/ N are crossed modules and

the morphisms: A\ — a,a = pu, N — « and o — ' are crossed module
morphisms.

Ma(m,m!) = m* ™ m=1 and Nh(m,m') =) m/m’ ™,

R(A(1),m') = 1™ 171 and h(m, N (1)) =" 1171,

h(myima,m') =" h(mg, m/)h(my,m’) and h(m, m,mb) = h(m,m})™ h(m,mb),
h(PmPm’) =P h(m,m’),

(" Dh(m, m') = h(m, m')™ (1),

for all m,my,mqs € M,m’,mh € M',pe P,and l € L, [7].

Proposition 1. The category of cat-1 groups is categorically equivalent to the
category of crossed modules, [2].

Proposition 2. The category of cat-2 groups is categorically equivalent to the
category of crossed squares, [2].

3. INTERNAL CATEGORIES WITHIN THE CATEGORY OF CAT-1 GROUPS

Definition 3.1. Let Gy, G; and Ry, Ry be groups. Ry < Gy and Ry < G; the
properties are hold. Let (G1, Ry, s,t) and (Go, Ry, s',t') be two cat-1 groups and
(G1,Go, R1, Ro,3,t, 8,1, m1,mp) be internal of cat-1 groups illustrated with

€

Gy Go

and
?
e —

Ry

Ry.

s/

Therefore, the internal of cat -1 groups is obtained

T
_ >

G1 Go

"

with composition (mq,mg) where
my1 G1 X G1 — G1
mg : Ri xR — Ry
So, (Go, G1, Ro, R1, S0, 51, to, t1, mg, m1) is called an internal of cat-1 group struc-

ture.

Proposition 3. The category Cat(XMod) of internal categories within the cat-
egory of crossed modules is categorically equivalent to the category of crossed
squares, [3].
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Proposition 4. The category of internal categories within the category of cat-
1 groups is natural equivalent to the category of internal categories within the
category of crossed modules over groups, [6].

Theorem 3.2. The category Cat(Cat-1) of internal categories within the category
of Cat-1 groups (or categorical group) is categorically equivalent to the category of
Cat-2 groups.

PTOOf. Let (Gl, Rl, S, t) and (Go, Ro, S/, t/) be cat-1 groups, and (Gl, Go, Rl, Ro, S1,
t1, S0, to, Mg, m1) be an object in Cat(Cat-1).

The compositions my : Gy X G; — G1 and mg : Ry X Ry — Ry are the homo-
morphisms of cat-1 groups.

and

are the internal categories of the category of groups. By using the equivalence of
the category of cat-1 groups and that of crossed modules, we get an internal of
crossed modules as illustrated by the following diagram.

ti|kers
Kers Kers'

€1lgers!

tlKers | erst

to|rms
Ims ———— = I'ms’
~—Soltms
€0l rms!
By considering the equivalence of the internal category of crossed modules and
crossed squares, we obtain the crossed square with the following diagram

[0
Kers, (| Kers ———— > Kers'

Kerso(Ims ————— Ims'

where Kersy (| Kers = Kersi|kers, Kerso()Ims = Kerso|rms, @ = ti|gers, O Kers
5 = t‘Kersl N Kers:V = t0|KersoﬂImsa77 = tllKers’ and h'map h(gO;TO) = Toel(QO)
ro~te1(got) for 1o € Ro, go € Go.

There exist groups A x B and C' x D for A = Kersy [ Kers, B = Kerso[)Ims,
C = Kers' and D = I'ms’. Also we get that (A x B) x (C x D) is a semi-direct
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group with an action on A x B of C' x D
©D(a,b) = (“("a)h(c.b), D)
and the group operation
(a,b,c,d) < (a’, b, ¢ d) = ((a,b) D (a' V), (¢,d) % (¢, d))
for a € A;b € B,c € C,d € D where operation ‘x’ is semi-direct product.
If we take G = (A x B) x (C x D), Ry =C x D and Ry = B x D, (G, Ry,3,t)
come out a cat-1 group as illustrated below

5
_—
ANBNCND?CND

where 3 is the projection of Ry and #(a, b, c,d) = (t1]a(a)t!5®)c, to|p(b)d).
We can change the role of B and C, that is we can use an action of B x D on
A x C such that G is canonically isomorphic to (A x C) x (B x D). Similarly, there
is a cat-1 group (G, R, 3,1) with Ry = B x D. Finally, there exists a cat-2 group.
Conversely, let (G, Ry, R2,5,1,5",t') be a cat-2 group. Define A = Kers(| Kers',
B =R Kers', C = Ry(\Kers, D = Ry () Rz and the morphisms \ = |4, \ =

V|a,p="tp, 1 =1c.
A B
VN
C
m

The above diagram is commutative with pX(a) = t¥|a(a) = tt'(a) = @' N(a). All
morphisms which are indicated in the diagram are crossed modules. Also defining
h-map by h(b,c) = [b,c] for b € B, ¢ € C and all the actions by conjugation, the
axioms of crossed square are verified.

An internal category of crossed modules is obtained by having regard to the
above crossed square.

(X1,Y1,01) = (Ax C,B x D,X x 1) is a crossed module with the action
t:d)(a,c) = ((*(Ya))h(b,2 c), % c). Tt is clear that (X, Yy, do) = (C, D, i) is a crossed
module. By defining sx(a,c) = ¢,tx(a,c) = Aa)e,ex(c) = (1,¢),sy(b,d) =
d,ty (b,d) = i/ (b)d, ey (d) = (1,d) and the compositions

(a’,N(a)c)o (a,¢) = (d'a,c)
(', u(b)d) o (b,d) = (V'b,d)

we get the internal category of crossed modules as seen in the diagram:

Ak

AxC C
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Therefore, by considering the equivalence between the category of crossed module
and that of cat-1 group, we get the internal category of cat-1 group as follows.

)
(AxC)x(BxD)—/———=CxD

(=)

€1
s ||+ ROMRO!
)
BxD D
0
egf)

In the diagram vertical structures are the cat-1 groups with the following equations
sV(a,e,b,d) = (b,d)
tW(a,c,b,d) (A x 1) (a,c)(b,d)
NVe,d) = d,t O, d) = p'(c)d

Since
s(o)((cl,dl) * (co,dp)) = 3(0)(0‘11100, dydp)
didyp
= 5(0)(Cladl)s(0)(003 do)

1O ((c1,dv) * (co,do)) = +(c{*co, drdy)
= p(cf*co)drdo
= p(er)dyps(co)dr ™ dydy
= tO(cy,d))tO (co, do)

and
tM (a1, e1,b1,d1) < (ao, co, bo, do)) =t ((ay, e1) x4 (ag, o), (by, d1) * (bo, do))

= tM((ar, c1) * (T ag) (b1, co), " co), (b bo, drdo))
= (A x ) (a§ (" (Trag) (b, ™ ), e co) * (b bo, d1do)

= (A(af (" (dlat))h(bladl CO)))au(Cflch)) * (b7*bo, d1do)

= (@) A(" (1 (M a0 )by co)) (410 (6 bo), 1 (¢ co) s o)

= (Ma)" CONC (Pag))" DN ((by, ™ co))H (Cllc(’)(bl(dlbo)) (e co)drdo)

= (A(ay))" (cl)bﬂ Cl)dl)\(ao)u (e1) (py ~)m’ (cl))\h(blddl co)” (e Co)gbl(dlbo))’u (¢ co)dado)

= (Aan)? @By N (g (1) (by ) () (b )/ (o) (by =Ly (1 €0) by () ), 1/ (e o) do)
( (al)u (cl)b# (Cl)d1>\( ) /(Cl)dll‘/(co)bo,M/(Cl)dlﬂl(CO)do)

— ¢t

(a1, c1,b1,dy) * W (ag, co, bo, do)
)

50 ¢+ and ¢ are group homomorphisms. It is also seen that the rest of the
axioms of cat-1 group are satisfied.
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In the diagram horizontal structures are the internal of groups with following
equations.

sgf)(a, e, b,d) = (c d),tgf)(a,c7 b,d) = ()\'(a)c,u(b)d),657)(07 d) = (1,¢,1,d)
s (bd) = dt§7(b,d) = p(b)d, el (d) = (1,4)

Since

357)((G1,Cl,b1,d1) < (ao, co, bo,do)) = 557)(@1701) 141 (g0 cq), (by, dy) * (bo, do))
= (b{*bo, dido)

= 55_)((a1701,b1,d1)) *Sg_)(a(LCOabOde)v

17 ((arse1,b1,d1) < (ag, o, b, do)) = 45 ((ar, 1) 4 (ag, o), (b, ) * (bo, do))
= (@ 1701)*( ("rag)h(br,™ co)," co), (b bo, drdo))
(@ (1 (Mag)h(br, M o)), ¢ co), b bo, dydo)
X(a (""(Mag)h(br, ™ co)))e co, (b bo)dado)
N(az)erN (" (Trag)h(by,™ co))er ™ et co, (b bo)drdo)
N (az)er N (" (Trag)) () (Freg) (Pre ™)) ™ co, (b bo)dido)
(a1)ey
(
)

ai

S

N (@) PN (ag) O (4 eq), u(b9bo)dydo)
N ar)cy, p(by)dy) * (A'(ao)co,ﬂl(bo)do)
= tg (G1,C1,b1,d1)*t§ )(ao,co,bo,d0)7

~—~ o~ o~ —~

50_)((1)1, dy) * (bo,do)) = 56_)(b1d1b0, d1dp)
dyidy
= 557 (bu,d1)ss (b, do)

and

t5 7 ((by,da) * (bo,do)) = 1§ (b1 bo, dado)
= 1/ (b1%bo)dy1do
=/ (b1)dip (bo)dy " dido
= té_)(bl,dl)té_)(bo,do)

sgf), tgf), s,({), t((f) are the group homomorphisms.

We define the composition m’ = (mf,m{) asm} : XixX| = X7, mi((d,c,V,d), (a,c,b,d)) =
(a'a,c,b'b,d) and m(, : X x X — X{), , my((b,d), (b',d")) = (V'b,d) where X| =
AxCxBxD,X),=BxD,( =XN(a)e,d = u(b)d.

The composition m must be a group homomorphism that is the equation

m(((a’, N (a)e, V', p(b)d), (a, c,b,d)).((/, N'ae, V', u(bd), (@, €,b, d)))) =

)
m((a’, N (a)e, V', u(b)d), (a,c,b, d)) am((a/, N'ac, V', u(bd), (@, e, b, d)))
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must be verified.

my(((a, X' (a)e, V', u(b)d), (a,¢,b, d)) + (@, N (@), b, u(b)d), (@b, dj))

=m)((a’, N (a)e, b, u(b)d) = (@, N (a)e, b u (b)d), (a, ¢, b,d) x (a,¢,b,d))

= mi (@', N (a)e) O #OD @ X @)e), (¢, p(b)d) * (&, p(B)d), (a, ¢) x00 (@,2), (b, d) = (b, d))
= ma((a, X(a)e) « (" (“(b)d A O N @)e) 0N @)e), b “ODE, u(b)dp(b)d),
(a.c) * (*(“@)h(b," )" 2), b, dd)

i (a0 (7 (HODG (b 40D X (@)e)), (X (a)e) (“ODN @), bEONE, u(b)du(5)d),

8 ||
/‘\

(*(“a)h(b,d -2)), c (") ,bb, dd)
= (@) (¢ (OGB!, HOD N (@)e)ac (*(“a)h(b,12)), ¢ (‘e) , (B OV ) (b9D) , dd)
= (a "\ (a)c)( ((n®)d)g ))(A (a) Ap 0D N (@)e)ac (P (Ya)h(b,d - €)), c (dg)’

~

(b

(h®)DF (bdb) dd)

=da®|” W(b)d)a')} ata [¢ (R(V, O XN (@)e))] a=tac(b (da)h b,d-)) (d ),

(b/(u<b>cf)g’) (b%5) , dd) = o’ c{(u( ((u(b)d)a)h(b/ (1(®)d) \'(@)2)( )} ¢ (b/m(b)d)b) (b%) , dd)
= d'a [(“0HODG (! EOD X (@)e) (U (“a)h(b, ] ¢ (%), (b’(f‘(b )(bd) dd)

— d/a -((u(b’)ﬂ() @YY ,(FOD N (@) BODg) (b(1g }70 (b/w(b)d) ’) (b%5) , d

— d/af -((u(b')u(b Y@V R( D N () (BO)D 5)(#(17 )} c (b/w(b Oy (bdb

= o' a¢[(“)ODG B 1y B®D N (7)) OV @ py(y m(b)d) )(u(b) 4a)h ), e (%), (b/ u(b)d)b)

(b%D) , dd)

Ju(b)d) @) (Y (®Dg)) (@G- (D) py gy (1O)D) ) ODG) R (b AE))], ¢ (%e),

b’
by e®DG) (b95) | dd)
') (%) , dd)
b

= o/ac (W )®ODGYE (ODZY ) R(H FOD E)h (b4 )], ¢ (%), (b’ " (b)d)b) (b%%) , dd)
:de@”@@U((NW“*WMUW@@ﬁMWﬁHc@) (b (1%)07)) @) da)
— a/ac(0) ) )[h(b’,(“ 10)] h(b,12), ¢ (%)), (b (55) , dd)
za’ac((“(bb)d))a’)( Va [ (0 b’) w) ( ))] ( 12),¢ (%)), (b (5) ,dd)
:a’ac((“(b,b)d))a')(( ) g)) h((b W) 19)| hb,12), ¢ (42), (b’bd (0) . ad)
:a/ac((“(b’b)d))6’)(“(b/b)d)d)b (") 19)| no.t ) ),(b’bd( b) . dd)

— a/ac((#0) g (0 DG) (b (b= 10'b)

’ (u(® *),c(dz)),(b/bd (b’b dd)
= a/q® [((EV)) gy (1 0) D) ) (1,4 )} ¢ (%)), (b’bd <b/b),dd§
(u(ve) )(a’a))h(b’b,dé)] ¢ (%)), (b’bd (E’B),d&)
= a'a¢ | (V0) (4@ q))h(b'b,? )} c (%)), ( b (b b) da)
= ('a,0)« (V) (U@a)nnie),to), (b (55) ,dd)
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= ((d'a, ) ) @a,2) , (b'b, d)*(B’B,E))
(a'a,c,b'b, d) = ( a,c,b0b,d )
=mi((a', N((a)e, ( d), (a,c,b,d)) xmi (@, N (@&, , p(b)d), (@75, d))
We note that (a2 290 (O (. 040D X @), (¥ () (X0 X @),
b (DG , 1(b)du(b)d ) d (a¢(*(*a)n(b,2)), c (%¢) , b%b, dd) are composable since
N(a®(Ta)h(b, ) (ce) = N(a)eN (("D)h(b,2))c (%)
= N DD
= XN (@ D
X(a)c"(b d>\( )u(b)

/

and

p(b)ydd = p(b)pu("b)dd

= p(b)du(b)d 'dd
—  u(b)dp(b)d.
It is clear that m( is a group homomorphism. Also the other required conditions

of the internal category of cat-1 group are satisfied.
Thus we have determined the internal category of cat-1 group. O

4. CONCLUSION

In the work of Loday, [2], it is seen that the category of crossed modules is
equivalent to that of cat-1 groups. On the other hand, in our previous paper, [6],
we showed that this equivalence is also preserved in their inner categories. Also,
according to Sahan and Mohammed, [3], [4], it is known that there is a natural
equivalence between the category of crossed squares and the category of internal
categories within the category of crossed modules. When we regard all these results
with the equivalence of the category of cat-2 groups and that of crossed squares
which takes place again in [2], we conclude that the category of internal categories
in the category of cat-1 groups and the category of cat-2 groups are equivalent.

5. ACKNOWLEDGMENTS

The authors would like to thank the reviewers and editors of Journal of Universal
Mathematics.

Funding
The author(s) declared that has no received any financial support for the research,
authorship or publication of this study.

The Declaration of Conflict of Interest/ Common Interest
The author(s) declared that no conflict of interest or common interest

The Declaration of Ethics Committee Approval
This study does not be necessary ethical committee permission or any special per-
mission.



138 UMMAHAN EGE ARSLAN AND ELIS SOYLU YILMAZ

The Declaration of Research and Publication Ethics

The author(s) declared that they comply with the scientific, ethical, and citation
rules of Journal of Universal Mathematics in all processes of the study and that
they do not make any falsification on the data collected. Besides, the author(s)
declared that Journal of Universal Mathematics and its editorial board have no re-
sponsibility for any ethical violations that may be encountered and this study has
not been evaluated in any academic publication environment other than Journal of
Universal Mathematics.

REFERENCES

[1] M. Alp, Left adjoint of pullback catl-groups, Turkish journal of Mathematics, Vol. 23, N. 2,
pp.243-249 (1999).

[2] J.-L. Loday, Spaces with finitely many nontrivial homotopy groups, Journal of Pure and Ap-
plied Algebra , Vol. 24, pp.179-202 (1982).

[3] T. Sahan and J. J. Mohammed, Categories Internal to Crossed Modules, Sakarya University
Journal of Science, Vol. 23, No. 4, pp.519-531 (2019).

[4] J. J. Mohammed, On the internal categories within the category of crossed modules, M.Sc.
Thesis, Aksaray University, (2018).

[5] T. Porter, Homotopy Quantum Field Theories meets the Crossed Menagerie: an introduction
to HQFT's and their relationship with things simplicial and with lots of crossed gadgetry, Lecture
Notes (2011).

[6] E. Soylu Yilmaz and U. Ege Arslan, Internal Cat-1 and XMod, Journal of New Theory, Vol.38,
pp.79-87 (2022).

[7] D. Guin-Walery and J.-L. Loday, Obstructions & I’excision en K-théorie algébrique, in Evanston
Conference on Algebraic K-theory, Lecture Notes in Maths., Springer, Vol. 854, pp.179-216
(1981).

[8] J.H.C. Whitehead, Combinatorial Homotopy II, Bulletin American Mathematical Society,
Vol.55, pp.453-496 (1949).

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES, ESKISEHIR OSMANGAZI UNIVERSITY,
EskISEHIR-TURKEY
Email address: uege@ogu.edu.tr

DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCES, ESKISEHIR OSMANGAZI UNIVERSITY,
ESkISEHIR-TURKEY
Email address: esoylu@ogu.edu.tr



