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Abstract

The aim of the current research is to examine the studies carried out to determine the understanding of the concepts
of fraction and rational number of students, teachers and prospective teachers and to reveal the general understanding
by synthesizing the findings of these studies. For this purpose, meta-synthesis research method, in which qualitative
studies are again interpreted and synthesized with a qualitative understanding, was used in the study. Within the
scope of the study, a total of 14 studies conducted in Turkey within the framework of the qualitative research
paradigm were examined in order to reveal the understanding regarding to the concepts of fraction and rational
number. Content analysis was used in the analysis of the obtained data. As a result of the research; It has been
determined that students, teachers and prospective teachers have various understandings regarding to the concepts of
fraction and rational number. One of the remarkable results is that the prospective teachers have an understanding
that the numerator and denominator of the fraction are real numbers, while the teachers have an understanding that
the numerator and denominator can be integer, natural number or positive integer. Also, it was found that students

associate the rational number with negativity while associating the fraction with positivity.
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Concepts

The concept of fraction is the basis of such important topics as rational number, ratio and proportion in
mathematics, but it is also directly or indirectly related to many concepts and topics included in the curriculum. For
this reason, the teaching of the concept of fraction, which has an important place in all stages of the education
process, starts with the first grade (MEB, 2018). After the students become able to perform abstract operations with
the concept of fraction, the concept of rational number, which covers fractions, is taught in the 7th grade. From the
different definitions encountered in the literature on the concepts of fraction and rational number in the later years of
school mathematics, definitions made in accordance with the fact that the rational number includes fractions are
included in the content of mathematics courses in parallel with the curriculum. In this sense, fraction knowledge is

seen important for the development of the rational number concept (Carraher, 1993).

Fraction has five different meanings as part-whole, quotient (division), operator, ratio and measure (Lamon,
1999). The part-whole meaning includes a meaning beyond scanning a region, showing the relationship between the
parts of continuous or discontinuous objects and themselves. Considered from this framework, the fraction represents
a certain part of a set divided into equal sized pieces (Jones, 2012). The quotient (division) meaning of fraction is the

quotient obtained by dividing one number by another number (a: numerator; b: denominator; %: quotient). This

meaning is mostly seen in situations where some multiplicity is shared to certain people in daily life. The operator
meaning of fraction emerges in cases of a certain amount is enlarged or reduced (Lamon, 1999). Fraction in the sense
of ratio expresses the relationship between the quantities to be compared (Cramer & Post, 1995). According to the
meaning of measure, fraction; represents measurement quantities such as length, area, and volume. While the
fraction measures the distance of the point on the number line from zero in one-dimensional space, it measures the
area in a two-dimensional space (Lamon, 1999). As previously stated, different opinions have been put forward by
mathematics educators about the the definitions of fraction and rational number concepts, which are given as a
continuation of each other in our curriculum. For example, Musser et al., (2014) states that the values of a and b that
make up the fraction % can take non-negative integer (b#0) values. Niven (1961), on the other hand, uses the
concepts of rational number and rational fraction as synonymously; he defines a rational number (or a rational

fraction) as a number that can be expressed in the form %, where a and b are integers and b are different from zero.

According to him, when the concept of fraction is used alone, it expresses an algebraic representation consisting of

2
numerator and denominator; as in the examples ? ’2—6 % According to Bennett et al. (2016), the numerator and

1,2

. . . . 3 7 1
denominator of a fraction can be any number as long as the denominator is not zero. For example; P B as

such. Based on this expression, the mathematical definition of the fraction concept can be made as K = {%: a,beR and
b#0}. If the numerator and denominator of a fraction take integer values, this fraction is called a rational number. For

example; %, _73, 13—0 ... Thus, the mathematical definition of the rational number concept can be expressed as follows:

R= {%: a,b€Z and b#0}.

47



RESEARCH ON EDUCATION AND PSYCHOLOGY (REP)

Kieren (1976) expresses rational numbers as the representative of the equivalence class formed by fractions.
Rational numbers are the equivalence class of % fractions, with b#0 under the =~ relation. If the following equality
exists between the (a,b) and (c,d) ordered pairs, the (a,b) fraction is said to be equivalent to the (c,d) fraction.

a c
-~ -« a.d=b.c
b d

Depending on the differences encountered in the definitions of fraction and rational number concepts, there are

also many different opinions in the literature about the relationship of these concepts to each other. Some of these

opinions include:

e Fractions do not have to be rational number (Niven, 1961).

e Rational numbers are fractions on which arithmetic operations can be performed (Kieren, 1976).

e The simplest form of fractions is rational numbers (Celik, 2006).

e Fractions are a subset of rational numbers. That is, every fraction is a rational number, but not every
rational number may express a fraction (Lamon, 2007).

e Fraction and a rational number are separate concepts from each other. Although a fraction is not a

rational number, a rational number is also not a fraction (Argiin et al., 2014).
Rationale and Purpose of the Study

There are many different definitions of the concepts of fraction and rational number in the current literature. Due
to the diversity in the literature, it is thought that it is difficult for students, teachers and adults to make sense of these
concepts. Many studies have been carried out in Turkey in order to determine the meanings that students, teachers
and prospective teachers attribute to the concepts and how they define the concepts. However, since each study is
conducted with a limited number of participants and a specific audience, there is no study in which studies are
evaluated together and comprehensive inferences are made. There is a need for a large-scale research on how
students, teachers and prospective teachers define concepts. For this reason, in the present study, it is aimed to
examine the studies carried out to determine the understanding about the concepts of fraction and rational number of
students, teachers and prospective teachers and to reveal the general understanding by synthesizing the findings of
these studies. Therefore, within the scope of the research, the answer to the question "How are the detected
understandings about these concepts as a result of the studies carried out in Turkey before May 2021 on Fractions

and Rational Numbers?" is being sought. The sub-problems of the research question are as follows:

a) What are the understandings of students, teachers and prospective teachers about the concept of
fraction?

b) What are the understandings of students, teachers and prospective teachers about the concept of rational
number?

¢) What are the understandings of students, teachers and prospective teachers towards the relationship

between fraction and rational number concepts?
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Method
Research Design

In the present study, the Meta-Synthesis (Thematic Content Analysis) research method was used due to the fact
that a systematic review of the findings obtained from qualitative research carried out to reveal the understanding of
students, teachers and prospective teachers about fraction and rational numbers in Turkey before May 2021 has been
carried out. The meta-synthesis method includes the synthesis and interpretation of qualitative studies carried out a
specific topic, again, within the framework of a qualitative understanding (Giimiis, 2018). With this method, beyond
the individual findings of the studies, new meanings and explanations are revealed as a result of comparing the key

concepts obtained from each study with each other (Thomas and Harden, 2008).
Research Sample/Study Group/Participants

Within the scope of the research, qualitative studies/documents conducted to determine the understanding, image
and schemas of individuals related to the concepts of fraction and rational number were used. The studies included

and excluded from the research are explained in detail below:
Inclusion Criteria
The theses and articles considered in the present research should meet the following criteria;

v Must have been published before May 2021,

v The sample subject to the study should be within the borders of Turkey,

v" Should have been made to determine the understanding of individuals regarding the concepts of fraction
and rational number,

v" Should use one of the qualitative research designs or, if quantitative, use qualitative data collection
methods,

v Must have been published in a peer-reviewed journal (for articles only), and

v The full text of the study should be reached.

Exclusion Criteria

Contrary to the items mentioned above; Studies published after May 2021, studied on a foreign sample,
conducted with a quantitative understanding and using quantitative data collection methods, containing incomplete
text, not published in a peer-reviewed journal, and not aimed at determining the conceptual understanding of

individuals for the concepts of fraction and rational number were excluded from the scope.
Research Instruments and Processes

In order to collect data, studies on Fractions and Rational Numbers were reached by using Yok Thesis, Yok
Academic (article), Google Scholar, ULAKBIM and Web of Science databases. At this stage, ‘kesir’, ‘kesir
kavrayis1’, ‘rasyonel say1’, ‘rasyonel sayr kavrayisi’, ‘fraction’, ‘fraction conception’, ‘fraction understanding’,

‘rational number’, ‘rational number conception’ and ‘rational number understanding’ keywords were scanned in
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databases and 566 studies were reached. The shema regarding the inclusion process of the documents that are the

subject of the study is given in Figure 1.
Figure 1

Flow Chart of the Inclusion Process of Studies

All documents (n= 566)

‘\ Same copy (n= 230)

Single copy (n= 336)

Missing text (n=5), Book section (n=4),
Paper text (n=4)

Full-text thesis or article (n= 323)

V\ Quantitative research, document review,

etc. (n = 167)

Qualitative or mixed method (n= 156)

V‘M Foreign participants (n= 2)

Turkey sample (n= 154)

Not directly related to the concept of
N fractions and/or rational numbers (n =48)
Related to the concept of fractions and/or -
rational numbers (n= 106) - N

\ Four operations, problem solving, activity

V design on fraction and/or rational numbers
The meaning, definition and image of A \ etc. related (n=92) y

fractions and/or rational numbers, etc.
related (n=14)

J

Firstly in the process of elimination in accordance with the criteria the obtained documents, 230 studies were
excluded from the scope, which were determined to be the same copy among 566 documents. Since the research will
be carried out with articles and dissertations, documents such as missing text (5), book section (4) and paper text (4)
were excluded from the remaining 336 studies. The qualitative findings of the studies were evaluated because it was
wanted to reveal the understanding of individuals about fraction and rational number. For this reason, studies carried
out with only quantitative research method or studies such as document review are excluded from the scope. As a
result, out of 323 studies, 156 studies carried out by qualitative and mixed research methods were determined in
accordance with the criteria. Among these studies, 2 studies that were not carried out on a sample from Turkey were
excluded from the scope. In addition, the titles and abstracts of the remaining 154 studies were examined in general
and studies (48) that were found not to be directly related to the concepts of fraction and/or rational number were
excluded from the scope. The abstracts, research problems and methods of 106 studies, which were determined to be

directly related to the concepts of fraction and/or rational number, were examined in detail and those related to
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individuals' understanding, image or definition of fractions and/or rational numbers were determined (14). The
identified 14 studies were subjected to 'quality assessment'. The quality assessment put forward by Pluye et al.
(2009) evaluates the methodological quality of qualitative, quantitative and mixed-method primary studies. As a
result of the evaluation, it was determined that all studies received 75 points and above. This evaluation can be

interpreted that the studies are of high quality in terms of qualitative research.
Data Analysis

The data obtained from the documents were analyzed with the content analysis method. Content analysis is a
technique in which inferences are made for the objective and systematic recognition of certain characteristics of a
message (Biiyukoztiirk et al., 2017). The main purpose of using this analysis method is to reach the concepts and

relationships that can explain the obtained data (Yildirim and Simsek, 2018).

After the data analysis was performed, part of the documents was examined by a second expert independent of
the study in order to ensure the reliability of the encoder. As a result of expert evaluation, the Miles Huberman

coefficient was found to be 84%.

Number of Subject/Terms with Consensus
*

100
Total Number of Views

In order to ensure internal consistency, it is necessary to have at least 80% consensus among encoders (Patton,

2014). Therefore, the coefficient obtained in the context of our research provides the specified criterion.
Results
Findings about Fractions

As a result of data analysis, 4 basic categories related to fractions have emerged (see Figure 2). In the studies
conducted with students and prospective teachers, opinions belonging to the categories of Definition, Meanings of
the Fraction, Fraction-Number Relationship and Positivity-Negativity are included, while in the studies conducted
with teachers, opinions belonging to the categories of Definition, Meanings of the Fraction and Positivity-Negativity

are included.
Figure 2

The Main Categories That Arise in Relation to Fractions

Students and Prospective Teachers

B Teachers
Number Meanin EPE
: . - gs of the Positivity-
Relationship Definition H Fraction Negativitiy

The resulting sub-categories related to fractions are presented in Table 1.

51



RESEARCH ON EDUCATION AND PSYCHOLOGY (REP)

Table 1

Sub-Categories Related to the Concept of Fraction

Sub-categories

Categories -
g Student Prospective Teacher Teacher
a {Z:ab €Zandb = 0}
{+:ab eRr} b an
b
Z.ab €Z*andb %0}
Fractional {g_ 2 and b relativel rime} Fractional a . Fractional {E' a,b €z7andb #
notation b’ yp notation {E: a,b €Z7andb # 0} notation @
Definition {B a,b e Nandb # 0}
a
{—:a,b ENandbiO} a
b {E' ab €N}
Simple verbal expression Simple verbal expression Simple verbal expression
Exact divisible number Exact divisible number .
- - — Ordered pair
Expression over fraction types Exact non-divisible number
Quotient (Division) Quotient (Division) Quotient (Division)
Operator Operator Operator
. . . Ratio
Meanmgs_ of | Ratio Ratio Ratio and fraction are different things
the Fraction
Measure Measure Measure
Part- Equal parts Part- Equal parts Part- Equal parts
Whole No equal parts requirement Whole No equal parts requirement Whole No equal parts requirement
. . . Each number is a fraction
Cyclic expressions are not fractions - -
Fracti Irrational numbers are not fractions
raction- . . Fractions do not cover integers
Number Irrational numbers are not fractions - -
. . Fractions cover integers
Relationship —— -
. Positive integers are fractions
Decimal number -
Decimal number
Positivity- Positive Positive Positive
Negativitiy Positive or negative Positive or negative

52




Yildizhan, Ertekin / General understanding regarding to the fraction and rational number concepts

The first category that emerges in relation to fractions is the category “Definition”. Within the scope of this
category, it is revealed how students, prospective teachers and teachers define the fraction. Accordingly, students
define the fraction as fractional notation, simple verbal expression, exact divisible number and expression over
fraction types. The definition that emerges in the fractional notation sub-category is {%: a and b relatively prime}. In
other words, students who expressed fraction as fractional notation stated that a and b should be prime between them.
The definition that emerges in the category of simple verbal expression is 'the structure consisting of numerator,
denominator and fraction line'. Students in the category of numbers that are exactly divisible, on the other hand,
define a fraction as an expression that is exactly divisible. In addition to these, students whose definition is in the

category of ‘expression over fraction types’ define fractions as ‘simple, compound and integer fractions’.

According to the categories obtained from the research findings carried out on the prospective teachers, it is seen
that the prospective teachers define the fraction as fractional notation, simple verbal expression, exact divisible
number and exact non-divisible number. It has been determined that there are 3 different definitions in the fractional
notation sub-category. These are;

{;:abeR},
{%: a,b €Z" and b#0} and
{7:ab €N and b#0}.

Accordingly, it is seen that the prospective teachers also have the idea that numbers a and b can take real number
values other than integer and natural numbers in fraction representation. In addition to fractional notation, there are
also prospective teachers who define fraction as numerator, denominator and fraction line (simple verbal expression),

exact divisible numbers and exact non-divisible numbers (i.e. the result of divisions is not equal to an integer).

Teachers define the fraction as fractional notation, simple verbal expression and ordered pair. When the studies

with teachers were examined, 4 different definitions emerged in the fractional notation sub-category. These are;
{: ab €Z and b0},
{%: a,b €Z" and b#0},
{%2 a,b EN and b#0}, and
{:abeN}.

In addition to fractional notation, there are also teachers who define fractions as numerator, denominator and

fraction line (simple verbal expression) and ordered pairs (a,b).

Another category that has emerged regarding fractions is the category of "Meanings of the Fractions". Within the
scope of this category, the meanings attributed to the concept of fraction by students, prospective teachers and

teachers are revealed. When the categories are examined, it is seen that the meanings attributed to fractions by
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students and prospective teachers are similar. Students and prospective teachers attribute quotient (division),
operator, ratio, measure and part-whole meanings to fractions. When the part-whole meaning is examined in detail, it
is seen that there are those who think that the whole should consist of equal parts and there are those who think that
there is no obligation to divide them into equal parts. It can be said that the findings obtained from student and
prospective teachers are similar for teachers. However, in the studies conducted on teachers, it has been determined

that there is also the opinion that ratio and fraction are different concepts from each other.

One of the emerging categories related to fractions is the category “Fraction-Number Relationship”. Within the
scope of this category, opinions are expressed about the relationship of fraction with numbers such as integers and
natural numbers. There are no opinions of teachers about this category. That is why the opinions of prospective
students and teachers are explained. It was determined that the students expressed three different views that cyclic
expressions are not fractions, irrational numbers are not fractions, and decimal humbers are fractions. On the other
hand, it has been determined that the prospective teachers have different opinions that each number represents a
fraction, irrational numbers are not fractions, fractions do not cover integers, fractions cover integers, positive

integers are fractions, and decimal numbers express fractions.

The last category that emerged about fractions is the category of “Positivity-Negativity”. Within the scope of this
category, opinions about the fraction sign are presented. While the students thought that the fraction could only be
positive, two different opinions were found among the prospective teachers and teachers. One group has the opinion
that the fraction can only be positive, while the other group has the opinion that the fraction can be both positive and

negative.
Findings about Rational Numbers

As a result of the research, 5 basic categories related to rational numbers emerged (see Figure 3). In the studies
conducted with prospective teachers, opinions belonging to Definition, Meanings of the Rational Number, Rational
Number-Number Relationship, Positivity-Negativity and Number of Elements categories are included, while opinions
belonging to Definition, Meanings of the Rational Number, Rational Number-Number Relationship and Positivity-

Negativity categories are included in the studies conducted with students and teachers.
Figure 3

The Main Categories that Arise in Relation to Rational Number

/’
Prospective Teachers

Students and Teachers

Number of - -
Elements ‘ Definition ’ ‘Meanmgsofthe Rational Number- ’ ‘

Rational Number’ ‘ Number Relationship

Positivity-
Negativitiy

The resulting sub-categories related to rational number are presented in Table 2.
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Table 2

Sub-Categories Related to the Concept of Rational Number

Sub-categories

Categories -
g Student Prospective Teacher Teacher
a
—:a,b € Z,aand b relatively prime a . .
s s {b yp } s {— :a,b € Z,aandb relatively prlme}
g 5 a g b
S a S {E:a,b € Z*andb # 0} S .
E {E:a’b EZ} [ 2 s {E:a,b EZandb;tO}
S 2 {—:a,b EZandbiO} 2
|3] =] b |3
© © © a
L T o a L —:a,b €Z
Definition {—; a,b € Z} {b }
b
Simple verbal expression . .
o Simple verbal expression Simple verbal expression
Non-irrational real numbers
Non-irrational real numbers
Numbers that can go out of the root . .
—— - . Representative of the equivalence class Representative of the equivalence class
Numbers with a limited or cyclic decimal
' f Part- Equal parts Part- No equal parts requirement
Meanings of | yypole No equal parts requirement Whole quatp q
the Rational Quotient (Division)
Number - -
Ratio Ratio
Natural numbers are rational
Natural numbers Natural Natural numbers are rational
Number Natural numbers are not Number numbers
rational numbers
i Zero Zero s the rational number Zero Zero is the rational number Zero Zero is the rational number
NRat'%nal Zero is not the rational number
umber- Rational numbers cover . .
Number integers Rational numbers cover integers
Relationship >
Rational numbers do not cover . .
Integer . Integer ) Integer Rational numbers cover integers
integers Rational numbers do not cover
Integers are not rational integers
numbers
Comma Numbers with commas are Comma Numbers with commas are rational
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expression | rational numbers expression i numbers
Cyclic or decimal expressions Cyclic or decimal expressions are
are not rational numbers not rational numbers
Every number is a rational
number
There are rational numbers that
Other
are not real numbers
Every irrational number is a
rational number
N Positive
Positivity- - -
Ity Negative Negative
Negativity — - — - — -
Positive or negative Positive or negative Positive or negative
Rational numbers are infinite
Number of Rational numbers are countably infinite
Elements Rational numbers are uncountably infinite

Rational numbers are finite
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The first category that emerges in relation to rational numbers is the category “Definition”. Within the scope of
this category, it is revealed how students, prospective teachers and teachers define the rational number. When the
studies are examined, it is seen that students define a rational number as fractional notation, simple verbal
expression, non-irrational real numbers, numbers that can go out of the root, and numbers with a limited or cyclic

decimal. The definition that emerges in the fractional notation sub-category is {%; a,b €Z}. In other words, students

who express rational numbers as fractional notation have the understanding that a and b must be integers. The
definition that emerges in the category of simple verbal expression is ‘the structure consisting of numerator,
denominator and fraction line’. In addition, it has been determined that some students try to define rational numbers
through irrational, rooted or decimal notation. These definitions are as follows; ‘Non-irrational real numbers are
called rational numbers’, ‘Numbers that can go out of the root are called rational numbers’ and ‘Numbers with a

limited or cyclic decimal’.

In the studies examined, it is seen that prospective teachers define rational numbers as fractional notation, simple
verbal expression, non-irrational real numbers and representative of the equivalence class. It has been determined
that there are 3 different definitions in the fractional notation sub-category. In the subcategory of fractional notation,

4 different definitions appear. These are;
{%: a,b €z, aand b relatively prime},
{%: a,b €Z" and b#0},
{%: a,b €Z and b#0}, and
{:abez}.

In addition to these, there are also prospective teacher who stated that the rational number consists of numerator,
denominator and fraction line (simple verbal expression), non-irrational numbers are called rational numbers, and the

expression representing equivalent fractions (representative of the equivalence class) is a rational number.

Teachers, on the other hand, define rational numbers as fractional notation, simple verbal expression and
representative of the equivalence class. In studies conducted with teachers, it has been determined that there are 3

different definitions in the fractional notation category. These are;
{%: a,b €z, aand b relatively prime},
{%: a,b €Z and b#0}, and
{:abez}.

Besides these definitions, there are also teachers who state that the rational number consists of numerator,
denominator and fraction line (simple verbal expression) and that it is an expression representing equivalent fractions

(representative of the equivalence class).
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Another category that has emerged regarding rational numbers is the category of "Meanings of the Rational
Numbers". Within the scope of this category, the meanings attributed to the concept of rational number by students,
prospective teachers and teachers are revealed. In the studies conducted with the students, it was seen that the part-
whole meaning of rational numbers was revealed. Among the students, there are those who express that the whole
should consist of equal parts, as well as those who express that the whole does not have to be divided equally. The
meanings that the prospective teachers attribute to the rational number are the meanings of part-whole, quotient
(division) and ratio. The prospective teachers who said that the rational number expresses the part-whole meaning
did not state that the whole must be divided into equal parts. In the studies conducted with teachers, it has been seen

that only the meaning of ratio is loaded into rational numbers.

Another category that has emerged regarding rational numbers is the category of "Rational Number-Number
Relationship”. In the studies conducted with the students, it was seen that the relationship with natural numbers,
zero, integer, comma expression and other numbers of rational numbers was established. Students have both
opposite views on whether natural numbers and zero are rational numbers or not. It has been observed that some of
the students stated that these expressions were rational numbers, while others stated that they were not rational
numbers. There are three different views on integers. These are the views that ‘rational numbers cover integers’,
‘rational numbers do not cover integers’ and ‘integers are not rational numbers’. There are also two opinions about
the relationship of comma expressions with rational numbers in the form of ‘Numbers with commas are rational
numbers’ and ‘cyclic or decimal expressions are not rational numbers’. Finally, the opinions contained in the other
category are those that ‘every number indicates a rational number’, ‘there are rational numbers that are not real

numbers’ and ‘every irrational number is a rational number’.

In the studies conducted with the prospective teachers, it was seen that the relationship with natural numbers,
zero, integer and comma expression of rational numbers was established. Prospective teachers are of the opinion that
‘natural numbers and zero are rational numbers’. There are two opposite opinions in prospective teacher regarding
the integer-rational number relationship as ‘rational numbers cover integers’ and ‘rational numbers don't cover
integers’. In addition, there are opinions about the comma expression as ‘numbers with commas are rational
numbers’ and ‘cyclic or decimal expressions are not rational numbers’. In the studies conducted with teachers, it was
seen that the relationship with zero and integer of rational numbers was established. Teachers have expressed the
opinion that ‘zero is a rational number’. As for the integers, it has been understood that there is a common opinion

that ‘rational numbers cover integers’.

The fourth category that emerged in relation to rational numbers is the “Positivity-Negativity” category. Within
the scope of this category, the opinions of students, prospective teachers and teachers regarding the sign of the
rational number are presented. There are two different opinions among students as ‘rational numbers are negative’
and ‘rational numbers can be positive or negative’. It is revealed that there are three different opinions among
prospective teachers. These are ‘rational numbers are positive’, ‘rational numbers are negative’ and ‘rational

numbers can be positive or negative’. In the studies conducted with teachers, it was seen that teachers expressed a
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common idea about the sign of rational numbers. Teachers express that ‘rational numbers can be positive or

negative’.

The last category that emerged about rational numbers is the category of “Number of Elements”. Within the scope
of this category, the number of elements of rational numbers is revealed. In the studies conducted, it was observed
that students and teachers did not express an opinion about the number of employees. On the other hand, prospective
teachers expressed four different opinions. These are; rational numbers are infinite, countably infinite, uncountable

infinite, and finite.
Findings about Relationship between Fractions and Rational Numbers

As a result of the research, 5 basic categories have emerged regarding the relation between fractions and rational
numbers (see Figure 4). Opinions belonging to the categories Positivity-Negativity and Number with Comma in the
studies conducted with students; Inclusion and No Difference in the studies conducted with prospective teachers; and
Inclusion, No Difference, Symbolic Notation and Positivity-Negativity in the studies conducted with teachers are
included.

Figure 4

The main Categories that Arise for Regarding the Fraction-Rational Number Relationship

-
‘ Teachers

Students Symbolic | | Prospective Teachers
. o Notation |

Inclusion ][ No Difference

The resulting sub-categories related to fraction-rational number relationship are presented in Table 3.
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Table 3

Sub-Categories Related to Fraction-Rational Number Relationship

Sub-categories

Categories -
9 Student Prospective Teacher Teacher
Fractions can contain irrational numbers, but Fractions cover rational numbers
rational numbers can not
Fractions cover rational numbers
. Fractions cover integers, rational numbers don't
Inclusion - -
Rational numbers cover fractions
Rational numbers cover fractions
Rational numbers cover integers, fractions don't
No Fraction and rational number are two concepts Fraction and rational number are two
Difference that have the same meaning concepts that have the same meaning
Symbolic Fraction is one of the symbolic notations of
Notation rational numbers
The number written in % format is a fraction if There is only difference in sign between them
Positivity- itis gg_osmve, and a rational number if it is
Negativity negative - - : ; ;
Fraction can not be negative, rational number Fraction can not be negative, rational number
can be both negative and positive can be both negative and positive
Number | Ifitis infinite after the comma, it is rational, if
with it is finite, it is fraction
Comma
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The first category that emerges regarding the fraction-rational number relationship is the category “Inclusion”. In
this category, it is stated that fraction and rational number concepts differ in terms of the number sets they cover.
While there was no opinion belonging to this category in the studies conducted with the students, the prospective
teachers and teachers gave different opinions. When the opinions of prospective teachers are examined, it is seen that

five different views have emerged. These are;

e Fractions can contain irrational numbers, but rational numbers can not.
e  Fractions cover rational numbers.

e  Fractions cover integers, rational numbers don't.

e Rational numbers cover fractions.

¢ Rational numbers cover integers, fractions don't.

According to the classifications obtained from the studies conducted with teachers, it has been determined that
teachers have two opposite understandings. These are ‘Fractions cover rational numbers’ and ‘Rational numbers

cover fractions’.

Another category that has emerged regarding the fraction-rational number relationship is the category of "No
Difference". In this category, it is stated that there is no difference between the concepts of fractions and rational
numbers. In the studies conducted with the students, it was seen that the students did not express their opinions in
this category. It has been observed that prospective teachers and teachers have the understanding that ‘fraction and

rational number are two concepts that have the same meaning’.

The third category that emerged regarding the fraction-rational number relationship is the “Symbolic Notation”
category. It has been observed that students and prospective teachers did not express their opinions regarding this
category. In the teachers under this category, there is an idea that ‘fraction is one of the symbolic notations of

rational numbers’.

The fourth category that emerged regarding the fraction-rational number relationship is the “Positivity-
Negativity” category. People who are included in the scope of this category have the opinion that fractions and
rational numbers differ due to their signs. In the studies conducted with prospective teachers, there is no opinion
expressing that fraction and rational numbers differ due to their signs. In the studies conducted with students, it was

determined that there were two opinions about the difference in sign. These are; ‘the number written in % format is a

fraction if it is positive, and a rational number if it is negative’ and ‘fraction can not be negative, rational number can
be both negative and positive’. Two opinions have also emerged in studies conducted with teachers. These are; ‘there
is only difference in sign between them’ and ‘fraction can not be negative, rational number can be both negative and
positive’.

The last category that emerged regarding the fraction-rational number relationship is the category of “Number
with Comma”. Prospective teachers and teachers did not express an opinion on this category. On the other hand, the
students who expressed their opinions in the category of numbers with commas hold the opinion that "if it is infinite

after the comma, it is rational, if it is finite, it is fraction".
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Discussion, Conclusion & Suggestions

One of the remarkable results that emerged as a result of the synthesis of studies on the concept of fraction is
related to the definitions of teachers and prospective teachers under the fractional notation category. While

prospective teachers have the opinion that a and b can take real number values in the expression %, this opinion is not
found in the teachers. Teachers are of the opinion that a and b can take integer, natural number or positive integer
values in the expression %. While it is expected that teachers will master higher-level definitions due to factors such

as academic equipment and experience, the opposite situation has arisen. The reason why the high-level definition
did not appear in teachers may be related to the age level at which they are actively teaching. While the concept of
fraction is defined over positive integers at the younger age level, the range of the definition set is expanded as the
age level progresses. Therefore, it can be said that teachers have over time moved away from the high-level
definition and adopted the definition of the age level at which they teach. It is thought that the reason why
prospective teachers make higher-level definitions is that they encounter definitions at this level during their
undergraduate courses.

The effect of defining the concept of fraction, defined over positive integers at young age levels, as high level at
higher age levels is also seen in the findings related to the sign of the fraction. In the studies carried out on the
fraction sign, the students have said that the fraction can only be positive, while the teachers and prospective teachers
said that the fraction can only be positive besides can receive both positive and negative values. While it is an
expected result that the students think that the fraction should only be positive, the opinion of the teachers and
prospective teachers that the fraction can only have a positive value is compatible with the different definitions. This
situation is considered as an indication that teachers and prospective teachers have adopted the definition appropriate

for the age level they are teaching/will be doing instead of the high-level definition.

One of the interesting results that has emerged regarding the concept of fractions is that some students and
prospective teachers define a fraction as the ratio of two exact divisible numbers. According to this definition, the set

of integers and the set of fraction numbers overlap each other. The ratio of two numbers that are not exactly divisible

(having a decimal notation) is not defined as a fraction. Accordingly, the expression g indicates a fraction, while the

. 2
expression 2 does not.

In the literature, it is stated that the fraction has five different meanings: quotient (division), operator, ratio,
measure, and part-whole (Lamon, 1999). As a result of the research, it was seen that students, teachers and
prospective teachers have knowledge about all of these meanings. However, it is understood that there is confusion
in the all three groups about the part-whole meaning of the fraction, about whether or not the whole must be divided
equally. In the definitions and explanations made about the meaning of fraction, it is seen that there is no emphasis
on the necessity of equal fragmentation of the whole, which should be emphasized mainly in the sense of the part-
whole of the fraction.
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Although the concepts of fraction and rational number are both shown as % some academic definitions require

that the values of a and b be prime between them for rational numbers (Kieren, 1976). When the categories that
emerged as a result of the studies conducted with the students are examined, it is seen that the students stated the
condition of being prime among them for fractions, but they did not mention such a condition for rational numbers.
This situation can be interpreted as the students cannot make sense of being prime among them and therefore confuse

the concepts of fractions and rational numbers.

It is seen that the common definition for the concept of fraction and rational number in students, prospective
teachers and teachers is a simple verbal expression, that is, the definition that includes numerator, denominator and
fraction line. This situation means that individuals make a definition by using the symbolic notation of the fraction in
order to define the concepts. Thus, it can be said that in the definitions made, there is not enough information about
the properties of the numbers that should be included in the numerator and denominator of the fraction or rational
number, or there is a lack of awareness of the need to include this information in the definitions. Therefore, there are

no differences between the concepts of fraction and rational number for individuals who make these definitions.

One of the interesting results that emerged as a result of the research is related to the signs of fraction and rational
number concepts. In the studies conducted with the students, the opinion that the fraction can only take a positive
value emerged, while the opinions about the rational number concept that it can only take a negative value and be
positive or negative emerged. Therefore, while students associate negativity with the concept of rational number,
they associate positivity with the concept of fraction. This finding is also supported by the findings regarding the
fraction-rational number relationship as a result of the studies conducted with the students. In the studies conducted,
some of the students stated that the fraction and the rational number are separated from each other only because of
the sign difference. In this direction, two different opinions have emerged. However, the common situation in both

opinions is that the fraction is associated with positivity and the rational number with negativity.

It has been revealed that teachers and prospective teachers have the opinion that there is no difference between
fractions and rational numbers (that is, these expressions are two concepts with the same meaning). However, it is
noticeable that no findings in this direction have been obtained in the studies conducted with the students. While it is
possible for students to think of fraction and rational number concepts as the same concept under normal conditions,
this situation was observed in teachers and prospective teachers. This situation can be explained by the fact that
teachers and prospective teachers cannot synthesize different definitions of fraction and rational number concepts
and the relationships between them, and they have a mental confusion about the differences between the two

concepts.
Recommendations

In the current study, it is revealed that students, teachers and prospective teachers have various understandings of
the concepts of fraction and rational number. The conceptual confusion of teachers and prospective teachers who will
be teachers of the future can be shown as the reason for the different understandings that arise in students. Because
the fact that the concepts are not correctly sense making in the mind of the person who teaches will naturally affect

the content of the teaching they will give. Therefore, in order for students to understand the concepts correctly, it is
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important that first of all, prospective teachers know the correct meanings and correct definitions of the concepts. For
this reason, it is suggested that the different meanings of the concepts of fractions and rational numbers in the
undergraduate education within the scope of the research, the different views in the literature on this subject and how

they can be taught to students should be questioned with a critical perspective.

Fraction and rational number concepts are related to concepts such as integer, natural number, irrational number,
rooted expression. However, as a result of the study, it is seen that the relationship between these concepts in
individuals is not sufficiently established. For this reason, the relationship between these concepts at every learning
level should be emphasized and discussed. The elementary school-middle school level fraction and integer
relationship can be compared, while the high school level fraction and rational number have a rooted expression,
irrational number, etc. comparisons can be made with.

The research carried out reveals the current understanding of fraction and rational number concepts in the Turkish
sample. A similar research can be carried out with studies with a foreign sample in order to reveal the existing
understandings of these concepts abroad. Thus, it can be determined how the understandings regarding of the

concepts differ between the Turkish and foreign samples.
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