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ABSTRACT. In this paper, hyper-Fibonacci and hyper-Lucas polynomials are defined and some of their algebraic
and combinatorial properties such as the recurrence relations, summation formulas, and generating functions are
presented. In addition, some relationships between the hyper-Fibonacci and hyper-Lucas polynomials are given.
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1. INTRODUCTION

The Fibonacci and Lucas number sequences, which are the most famous integer sequences, are defined by the
formulas
Fooo=F,+F,, with Fy=0, F,=1,
and
Lyg=L,+L,, with Ly=2, L;=1
forn > 1[12].

The Fibonacci and Lucas polynomials have attracted the attention of researchers as a generalization of the Fibonacci
and Lucas number sequences [2-5,9,11,13,14,16-19]. The Fibonacci and Lucas polynomials were defined by Catalan
and Bicknell with initial conditions Fy (x) =0, F1 (x) = 1, Ly (x) = 2 and L; (x) = x, and forn > 2

Fy (%) = xFp_y () + Fy2 (%)
and

Ly (x) = xLy—y (%) + L2 (), (1.1)
respectively, where x is any variable quantity. The Fibonacci and Lucas polynomials give the Fibonacci and Lucas
number sequences for x = 1, respectively. Moreover, they can also be extended to negative subscripts as

F,()=C1"F,(x and L, =(-1)"L, (),

such as the Fibonacci and Lucas number sequences [10, 15]. Using the induction method, the following relationships
can be obtained between the Fibonacci and Lucas polynomials:

xF, (x) +L, ()C) = 2Fn+1 (-x) (1 2)
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and
xF, (x) = L, (x) = =2F, 1 (x). (1.3)

The generating functions for the Fibonacci and Lucas polynomials are as follows, respectively [11,13]:

= t

F ' ———
Z n () 1—xt—12
n=0

and

- 2 —xt
L (0" = ——.
= (1) l—xt—12
n=0
As another generalization of the Fibonacci and Lucas number sequences, we encounter hyper-Fibonacci and hyper-

Lucas numbers. These numbers were defined by Dil and Mez§ [6], by the formulas

n
F'(lr) - Z Fl(<r_l) with Fr(zO) =Fy, F(()r) =0, FY) =1
k=0

and
n

=30 with LP=1L, L)=2 L=2+1,
k=0
where r is positive integer, F,, and L, are the ordinary Fibonacci and Lucas numbers, respectively. The authors pre-
sented the generating functions

t
Ff = ,
Z " (1-t-2)Q-0"

n=0

00

ZL(r)th 2—t
" 1-t-2)1-0"

n=0

and the following recurrence relations forn > 1 and r > 1

FO =F" +FIb,

7™ -1
LY =L" +L7™"

for the hyper-Fibonacci and hyper-Lucas numbers [6]. The relationship between hyper-Fibonacci and Fibonacci num-

bers
Sfn+r—s—1
F<’>=§ F,,
" S:O( r—1 ) *

and similarly the relationship between hyper-Lucas and Lucas numbers
S (n+r—s—1
LY = L
" ; ( r—1 )
were obtained by Bahsi et al. [1].
The aim of this paper is to introduce hyper-Fibonacci and hyper-Lucas polynomials and to examine some algebraic

and combinatoric properties of newly defined polynomials such as the recurrence relations, summation formulas and
generating functions.
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2. MAIN REsuLrs

Definition 2.1. Hyper-Fibonacci and hyper-Lucas polynomials are defined as

FO'(x) = Z FUV(x) with FO@=F,x), F’x=0 F’@)=1
s=0
and
LY (x) = Z LV with LY=L, x), LY(x)=2 L"x=x+2r
5s=0

where r is positive integer, F, (x) and L, (x) are the ordinary Fibonacci and Lucas polynomials, respectively.

The first few hyper-Fibonacci polynomials are
F'(x) =x+1,
Fgl)(x) =x>+x+2,
Ff‘l) x) =x2+x2+3x+2,
Fél)(x) =x*+ 0 +4x? +3x+3

and
FP ) =x+2,
F;z) (x) =x2+2x+4,
FP(x) =x+22%+5x+6,
FP ) =x*+2x% +6x% + 8x +9.

The first few hyper-Lucas polynomials are
L(zl) x) =x2+x+4,
Lgl) x) =x+x2+4x+4,
LY x) =x*+x+5x>+4x+6,
Lil)(x) =X+ +6°3+5x2+9x+6
and
L(Zz) (x) =x>+2x+8,
LP(x) =x>+222+6x+12,
L§2> (x) = x*+2x° + 727 + 10x + 18,
LY (x) =2 +2x* +8x° + 1222 + 19x + 24.
We note that the hyper-Fibonacci and hyper-Lucas polynomials give the hyper-Fibonacci and hyper-Lucas numbers

for x = 1, respectively.
Definition 2.1 yields the following recurrence relations for the hyper-Fibonacci and hyper-Lucas polynomials for n > 1

and r > 1:

F(x)=F” (0 +F/ ™ (x),
and

LY =L", 0+ LI ().
Theorem 2.2. The generating function for the hyper-Fibonacci polynomials is

N o0 _Fo()+1(Fi1(x) - Fo(x)x) t
g0 =) BP0 = A-x-2) -1y  (U-xt-2)1-1"

n=0

Proof. We use the mathematical induction method on r. Since
(o) (e t
— (0) — no_
g =) FPW =) Fy(i" = .
n=0 n=0
the result is true for r = 0. Suppose that the result is true for r. Then, we have

N 0 !
g(r)—;Fn W= T a
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Now, we must show that the result is true for r + 1. Considering the Cauchy product, we have

8

gr+1) Z (”l)(x)t"

n=0
(o]

> r)r

n S

(B 5

(1 —xt—t2)(1 -

m]
Theorem 2.3. The generating function for the hyper-Lucas polynomials is
% Lo (x) +t(L; (x) — Lo (x) x) 2 —xt
Gr=) LY 01" = = .
") ; n ) (1=-xt—2)(1 -1 A1=-xt—-2)(1-1)
Proof. We use the induction method on r. If » = 0, then we have
= = 2 —xt
GO)=)> LO9)r"= ) L,(x)"= ——.
0) ZO @ (x) Z; O
Thus, the result is true for » = 0. Assume that the result is true for » = k. Then,
Gly=Y L0 =LY ®+LP @+ LY @72+ LY (0F +--- .
n=0
For r = k + 1, we have
Gk+1) = Z LEY = L () + LY 01+ LV 0 A+ LI 08+
n=0
G+ =Ly e+ LY 02+ LY 08+
Then, by subtracting the above equalities, we get
A=-0Gk+1) =L @)+ (L 0 - L @)t + (L5 (1) - LY () 2
+(L5Y 0 - LY () £
= Lg‘) (x) + L(lk) ()t + L(zk) (0 + Lgk) (0 +
=G (k).
This completes the proof. o

Theorem 2.4. Ifn > 1 and r > 1, then there are the following relationships between hyper-Fibonacci and Fibonacci
polynomials, and similarly between hyper-Lucas and Lucas polynomials:

W FP 0= (” T ])Fs )

s=0
Sn+r—s—1
i) LY (x) = L, (x).
(ii) Ly (x) Z;( o ) &)
Proof. (i) According to the Euler-Seidel algorithm in [7], the symmetric infinite matrix with entries a), has the

following recurrence relation:

aozan, ag=a" (n=0)),

a =a +an] n>1,r>1),
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where (a,,) and (a") are two real initial sequences. Then, the entries «/, has the following symmetric relation [6]:

Sn+r—i—1) SNn+r—s—1 0
"= o+ . 2.1
T i T Y rari ¢ o

s=1

For the values a =F9

r+l . n+l

4l n+r—i+1 n+r—s+1

art = +> Fyu1 (2).
p n r

w1 (0 = Fp(x)andag = F (lr) (x) = 1, equation (2.1) turns into the following form:

Then, we have

, S n+r—i SN(n+r—s
n-:ll =Z( )+ZO( r )Fs+2(x)

= ( " k) + ( -: b)Fn—b+2 (x),

b=0
where k = r — i and b = n — 5. From the following property of the combinations [8]

2le)= (0

t=a

we have
n+r+1 r+b
;:_11 = ( i1 ) ( )FanrZ (%)
n e\ r
el
r+b
= ( )F n—b+2 (X).
o\ T
Then,

g Sn+b-1 S (n+r—s—1
1=F,§’(X)=Z( L )Fn_b(x)=Z( o )Fs(x).

b=0 s=

(i1) The proof is similar to the proof of (i).

Theorem 2.5. If r > 1 and n > 2, then there are the following recurrence relations for the hyper-Fibonacci and
hyper-Lucas polynomials

(i) FO (0 = xF, (0 + FO, (0 + ( o 2),

+r—-2 +r-1
i) LY (x) = xL? | (x) + L7, (x) - x(” : 1 )+2(” d 1 )
.

Proof. (i) The proof is similar to the proof of (ii).
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(i) Considering Theorem 2.4 and equation (1.1), we get

L' =)

|

Sfn+r—s—1

)Ls (x)

-1
) (-XLS—I (x) + Ls—Z (X))

n+r—s-—1 Sn+r—s—1
x ( )LH @+ ( )sz (x)
4 r—1 — r—1

n-2
(n+r—(s+ 1) - I)Ls(x)+ Z (n+r—r(j+2)— I)Ls(x)

r—1 = 1

[n—1
. ((n -D+r- )L 0+ (n +r— )L1 (x)}
r—1 -1

S

| s=

n-2
nm-2)+r—s—1 n+r—2 n+r—1
+Z( 1 )Ls(x)+( o )L_l(x)+( . )L_z(x)

—x (r)() (n+r )

LD (x)+ ( 12)(—x)+("::1)(x2+2)

n+ 2 + —1
=xL;r>1<x)+Lg>2<x>_x( r- )+2(" ’ )

r—1 r—1

Theorem 2.6. Ifn > 1 and r > 1, then there are the following relationships between the hyper-Fibonacci and hyper-

Lucas polynomials:

@) xF,” () + L (x) = 2F), (),
(i) xFy (x) = L (x) = — (le 09 + ( r- 1))

r—1

Proof. By using Theorem 2.4, equations (1.2) and (1.3), we have

®

WP () + L) () =x ( o I)Fs(x)+2(n+r:i_1)Ls(x)

5=0
- ( nr )(xF (x) + Ly (x))
s=0
= Z(” o )2Fv+1 ()
—~ r—1
n+l
_ s (n+r—(s )_I)Fs(x)
r—1

1

n+1
((n+1)+r—s—1) X() (IZ+}’) 0( )]
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(ii)
FP WL () =xy (" e 1)F (x) - Z:(; (" T I)Ls (x)

s=0 1

- (” e 1) (xF, () — Ly ()
s=0 N
- (” e 1) (-2F, 1 ()

Nnrr—(s+1)—1
r—1

)F s (X)

i
Theorem 2.7. Ifn > 1 and r > 1, then the summation formulas
@) DLFY @) = FU) () + (1= ) Fy (x) = Foy (%),
s=0
(i) D LY () = L0 () + (1= 0) Ly (9 = Lyt ()
s=0
are valid.
Proof. (i) By using Theorem 2.4, we have
r v r n + t 1
DR = ( (” o )F, (x))
s=1 s=1 \ =0 s—
. S (n+s—t—1
= (F,(x)Z( o1 ))
tT’lO s=1
n+r—t
=> ( O )F, )
©((m+D+r—t-1
= ( ! )Fr (%) = Fpy1 (%)
=0 r=
= Fy) () = Fra (0).
Thus,
SEY@ =FY W+ Y FYw
s=0 s=1
=F () + F) (0) = Fauy (0
= Fy (x) + Fy)y (0 = xF, () = Fpp (3)
= FyL )+ (1= ) Fy (0) = Fomt ().
(i1) The proof is similar to the proof of (i).
mi
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