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Abstract
For a top semimodule over a semiring with zero and nonzero identity, this paper stud-
ies the interplay between topological properties of the subtractive prime spectrum and
algebraic properties of the semimodule. We prove that the subtractive prime spectrum
of the subtractively finitely generated top semimodule is a compact space, and establish
necessary and sufficient conditions for the top semimodule to be subtractively finitely gen-
erated. For a multiplication semimodule over a commutative semiring, we prove that the
radical of a subtractive subsemimodule coincides with its subtractive radical, that every
proper subtractive subsemimodule is contained in a subtractive prime subsemimodule,
that the multiplication semimodule is subtractively finitely generated iff its subtractive
prime spectrum is a compact space, that in the subtractive prime spectrum, the intersec-
tion of finitely many basic open sets is compact, and that the subtractive prime spectrum
of the subtractively finitely generated multiplication semimodule is a spectral space.
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1. Introduction
The notion of semirings was introduced by Vandiver [28] in 1934. Semirings are algebraic

systems that generalize both rings and distributive lattices and have many applications
in diverse branches of mathematics and computer science [10, 15]. Semirings have two
binary operations of addition and multiplication which are connected by the ring-like
distributive laws. But, subtraction is not allowed in semirings that are not rings, so there
are considerable differences between ring theory and semiring theory. In order to narrow
the gap, Henriksen [16] defined k-ideals in semirings.

For a top semimodule over a semiring with zero and nonzero identity, this paper studies
the interplay between topological properties of the subtractive prime spectrum, i.e. the set
of all the subtractive prime subsemimodules, and algebraic properties of the semimodule.

It is well known that the prime spectrum of a commutative ring with nonzero identity is
a spectral space and plays an important role in commutative algebra, algebraic geometry
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and lattice theory [6, 8, 26]. The prime spectrum of a module over a ring with nonzero
identity has been investigated mainly in [1, 2, 13,20–22,27,30,32–34].

For a commutative semiring with zero and nonzero identity, Peña, Ruza, and Vielma
[23] proved that the prime spectrum is a spectral space. Recently, Han, Pae, and Ho [14]
defined a top semimodule over a semiring with zero and nonzero identity and proved that
the prime spectrum is a compact space if the top semimodule is finitely generated. For a
multiplication semimodule over a commutative semiring with zero and nonzero identity,
they proved that the multiplication semimodule is finitely generated iff the prime spectrum
is a compact space and that the prime spectrum is a spectral space if the multiplication
semimodule is finitely generated.

The theme of this paper is originated from [4, 12, 19]. Lescot [19] proved that the
set of all the saturated prime ideals with the Zariski topology is a spectral space for a
B1−algebra, where a B1−algebra is an additively idempotent commutative semiring with
zero and nonzero identity and saturated ideals are just subtractive ideals. For arbitrary
commutative semiring with zero and nonzero identity, Han [12] studied topological prop-
erties of the subtractive prime spectrum in detail and proved that the subtractive prime
spectrum is a spectral space. Atani, Atani, and Tekir [4] defined a very strong multipli-
cation semimodule over a commutative semiring with zero and nonzero identity, studied
properties of the subtractive prime spectrum, and proposed a question “Assume that M
is a very strong multiplication semimodule over a commutative semiring with zero and
nonzero identity and let the subtractive prime spectrum of M be compact. Is M finitely
generated?" However, Han, Pae, and Ho [14] pointed that a very strong multiplication
semimodule does not exist. Summing up, there are few previous researches about the sub-
tractive prime spectrum of a semimodule over a semiring with zero and nonzero identity,
as far as we know.

The rest of this paper is as follows. Section 2 is for preliminaries. In Section 3, we
define the subtractive prime spectrum of a top semimodule over a semiring with zero and
nonzero identity, prove that the subtractive prime spectrum is a compact space if the top
semimodule is subtractively finitely generated (Theorem 3.16), and establish necessary and
sufficient conditions for the top semimodule to be subtractively finitely generated (The-
orem 3.17). In Section 4, for a multiplication semimodule over a commutative semiring
with zero and nonzero identity, we prove that the radical of a subtractive subsemimod-
ule coincides with its subtractive radical (Theorem 4.3), that every proper subtractive
subsemimodule is contained in a subtractive prime subsemimodule (Theorem 4.6), that
the multiplication semimodule is subtractively finitely generated iff its subtractive prime
spectrum is a compact space (Theorem 4.7), that in the subtractive prime spectrum, the
intersection of finitely many basic open sets is compact (Theorem 4.12), and that the
subtractive prime spectrum is a spectral space if the multiplication semimodule is sub-
tractively finitely generated (Theorem 4.13).

Note that some of the main results in this paper cannot be proved by any techniques
similar to what were done in the theory of modules.

2. Preliminaries
In this section, we recall some known definitions and facts [10,15].
A nonempty set R together with two binary operations of addition + and multiplication

· is called a semiring if (R, +) is a commutative semigroup, (R, ·) is a semigroup, and
multiplication distributes over addition from either side. A semiring R is said to be
commutative if rs = sr for all r, s ∈ R. If a semiring R has an additively neutral element
0 and 0r = r0 = 0 for all r ∈ R, then 0 is called a zero of R. If R has a multiplicatively
neutral element 1, then 1 is called an identity of R.
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A nonempty subset I of a semiring R is called an ideal of R if a + b ∈ I, ra ∈ I and
ar ∈ I for all a, b ∈ I and all r ∈ R. An ideal I of a semiring R is said to be proper if
I 6= R. A proper ideal I of a semiring R is said to be prime in R if for any a, b ∈ R,
aRb ⊆ I implies that a ∈ I or b ∈ I.

For a subsemigroup A of a commutative semigroup (S, +), the set

A = {x ∈ S | x + a = b for some a, b ∈ A}

is called the subtractive closure or k-closure of A in S. Then A is a subsemigroup of (S, +)
and it holds that A ⊆ A and (A) = A. A is said to be subtractively closed or k-closed in S
if A = A, i.e. if x + a ∈ A and a ∈ A imply x ∈ A. For subsemigroups A and B of (S, +),
A ⊆ B implies A ⊆ B.

An ideal I of a semiring R is called a subtractive ideal or k-ideal of R if I = I. If I is
an ideal of a semiring R, then I is a k-ideal of R. R is a k-ideal of itself, and {0} is also a
k-ideal of R if R has a zero 0.

A semimodule over a semiring R or an R-semimodule for short is a commutative semi-
group (M, +) together with a scalar multiplication R × M → M ; (r, x) 7→ rx such that
(r + s)x = rx + sx, r(x + y) = rx + ry, and r(sx) = (rs)x for all r, s ∈ R and all x, y ∈ M .
If an R-semimodule M has an additively neutral element 0M satisfying r0M = 0M for all
r ∈ R, then 0M is called a zero of M . An R-semimodule M is said to be unitary if the
semiring R has a zero 0 and an identity 1, M has a zero 0M , and 0x = 0M and 1x = x
hold for all x ∈ M . Throughout this paper, all semimodules are assumed to be unitary.

A nonempty subset N of an R-semimodule M is called a subsemimodule of M if x+y ∈ N
and rx ∈ N for all x, y ∈ N and all r ∈ R. Given a nonempty subset S of an R-
semimodule M , the intersection of all the subsemimodules of M including S is called the
subsemimodule of M generated by S and denoted by 〈S〉. For elements a1, . . . , an ∈ M ,
put 〈a1, . . . , an〉 = 〈{a1, . . . , an}〉.

A subsemimodule N of an R-semimodule M is called a subtractive subsemimodule or a
k-subsemimodule of M if N = N . If N is a subsemimodule of an R-semimodule M , then
N is a k-subsemimodule of M . M and {0M } are k-subsemimodules of M .

For a subsemimodule N of an R-semimodule M , put (N : M) = {r ∈ R| rM ⊆ N}.
Then (N : M) is an ideal of R, called the associated ideal of N .

A subsemimodule N of an R-semimodule M is said to be proper if N 6= M . A proper
subsemimodule P of an R-semimodule M is said to be maximal in M if for each sub-
semimodule N of M , P ⊆ N ⊆ M implies that N = P or N = M [11, 29]. A proper
subsemimodule P of an R-semimodule M is said to be prime in M if rRm ⊆ P with
r ∈ R and m ∈ M implies that m ∈ P or r ∈ (P : M) [3, 24, 31]. The set of all prime
subsemimodules of an R-semimodule M is denoted by Spec(M).

A proper k-subsemimodule P of an R-semimodule M is said to be subtractively maximal
or k-maximal in M if for each k-subsemimodule N of M , P ⊆ N ⊆ M implies that N = P
or N = M [11, 29]. The set of all prime k-subsemimodules of an R-semimodule M is
denoted by Speck(M).

For a subsemimodule N of an R-semimodule M , the radical
√

N of N is defined to be
the intersection of all prime subsemimodules of M containing N . In case there is no such
prime subsemimodule, put

√
N = M [5, 14,34].

Given a subsemimodule N of an R-semimodule M , the subtractive radical or k-radical√
N

(k) of N is defined to be the intersection of all prime k-subsemimodules of M containing
N . If there is no such prime k-subsemimodule, put

√
N

(k) = M [4].
An R-semimodule M is said to be multiplication semimodule if for every subsemimodule

N of M there exists an ideal I of R such that N = IM . Then N = (N : M)M [7, 25,31].
Let R be a commutative semiring with zero and nonzero identity and M a multiplication

R-semimodule. If N and K are subsemimodules of M with N = IM and K = JM for



Subtractive prime spectrum of a semimodule 549

some ideals I and J of R, then the product of N and K is defined by N ·K = (IJ)M , which
is independent of the choice of ideals I and J [31]. If N , K and L are subsemimodules of
M , then (N · K) · L = N · (K · L) and (N + K) · L = N · L + K · L. For elements m and
m′ in M , the product of 〈m〉 and 〈m′〉 is simply denoted by m · m′.

A topological space is called a T0-space if for each pair of distinct points, there is a
neighborhood of one point to which the other does not belong. A topological space is
called a T1-space if each subset which consists of a single point is closed. A topological
space is said to be compact if each open cover has a finite subcover. A subset A of a
topological space is said to be compact if the subspace A is compact [18].

A nonempty topological space X is said to be irreducible if every pair of nonempty open
subsets in X have the nonempty intersection. A subset Y of a topological space X is said
to be irreducible if the subspace Y is irreducible. A subset Y of a topological space X is
irreducible iff for any closed subsets Y1 and Y2 in X, Y ⊆ Y1

∪
Y2 implies that Y ⊆ Y1 or

Y ⊆ Y2. If Y is a closed subset of a topological space X and there exists a y in X such
that Y = {y}, then y is called a generic point of Y . A topological space X is said to be
spectral if it is a compact T0-space, the compact open subsets form a base for the topology
and are closed under finite intersection, and every irreducible closed subset has a generic
point [17].

Let Λ be an arbitrary nonempty set of subscripts and N denote the set of all positive
integers.

We end this section by describing the results from [14], which will be used in Sections 3
and 4, where R is a semiring with zero and nonzero identity, M is an R-semimodule, and
it is assumed that Spec(M) 6= ∅.

Remark 2.1. ([14]) If P ∈ Spec(M), then (P : M) is a prime ideal of R.

For a nonempty subset S of M , put V (S) = {P ∈ Spec(M)| S ⊆ P}.

Lemma 2.2. ([14]) If M is an R-semimodule, then the following hold.
(1) If ∅ 6= S ⊆ T ⊆ M , then V (T ) ⊆ V (S).
(2) If ∅ 6= Sλ ⊆ M for all λ ∈ Λ, then

∩
λ∈Λ V (Sλ) = V (

∪
λ∈Λ Sλ).

(3) If ∅ 6= S ⊆ M , then V (S) = V (〈S〉) = V (
√

〈S〉).
(4) If S and T are nonempty subsets of M , then V (S)

∪
V (T ) ⊆ V (S

∩
T ).

(5) V ({0M }) = Spec(M) and V (M) = ∅.
(6) If Nλ are subsemimodules of M for all λ ∈ Λ, then

∩
λ∈Λ V (Nλ) = V (

∑
λ∈Λ Nλ).

(7) If N is a subsemimodule of M , then V (N) = V (
√

N).
(8) If N and K are subsemimodules of M with V (N) ⊆ V (K), then K ⊆

√
N .

An R-semimodule M is called a top semimodule if for any subsemimodules N and L
of M , there exists a subsemimodule T of M such that V (N)

∪
V (L) = V (T ). For a top

R-semimodule M , the collection {V (S)| ∅ 6= S ⊆ M} of subsets of Spec(M) satisfies all
the axioms for closed sets on a topology. The resulting topology is called the Zariski
topology on Spec(M) and then Spec(M) is called the prime spectrum of M . The open
set Spec(M) \ V (S) of Spec(M) is denoted by D(S). For every element m ∈ M , put
V (m) = V (〈m〉) and D(m) = D(〈m〉). D(m) is called a basic open set of Spec(M) [14].

Lemma 2.3. ([14]) If M is a top R-semimodule, then the collection {D(m)| m ∈ M} is
a base for the Zariski topology on Spec(M).

Lemma 2.4. ([14]) If M is a top R-semimodule, then Spec(M) is a T0-space.

If ∅ 6= Y ⊆ Spec(M), then the intersection of all prime subsemimodules belonging to Y
is denoted by τ(Y ) [14].

Lemma 2.5. ([14]) If M is a top R-semimodule and ∅ 6= Y ⊆ Spec(M), then Y =
V (τ(Y )).
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Lemma 2.6. ([14]) Let M be a top R-semimodule and ∅ 6= Y ⊆ Spec(M). Then Y is an
irreducible subset of Spec(M) iff τ(Y ) is a prime subsemimodule of M .

Lemma 2.7. ([14]) Let R be a commutative semiring. If N and K are subsemimodules
of a multiplication R-semimodule M , then V (N)

∪
V (K) = V (N · K) = V (N

∩
K).

Lemma 2.8. ([14]) Let R be a commutative semiring. If M is a multiplication R-
semimodule and f, g ∈ M , then f · g is a finitely generated subsemimodule of M .

Lemma 2.9. ([14]) Let R be a commutative semiring. If N and K are finitely generated
subsemimodules of a multiplication R-semimodule M , then N · K is a finitely generated
subsemimodule of M .

Lemma 2.10. ([14]) Let R be a commutative semiring. If N is a subsemimodule of a
multiplication R-semimodule M , then

√
N = {m ∈ M | mk ⊆ N for some k ∈ N}.

Lemma 2.11. ([14]) Let R be a commutative semiring. If N is a subsemimodule of a
multiplication R-semimodule M , then

√
N =

√
AM , where A = (N : M).

Lemma 2.12. ([14]) Let R be a commutative semiring. A multiplication R-semimodule
M is a top semimodule.

3. k-prime spectrum of a top semimodule
Throughout this section, R is a semiring with zero and nonzero identity, M is an R-

semimodule, and it is supposed that Speck(M) 6= ∅. Then M 6= {0M }.

Remark 3.1. If P ∈ Speck(M), then (P : M) is a prime k-ideal of R. In fact, by Remark
2.1, it suffices to show that (P : M) is k-closed in R. If a + b ∈ (P : M) and a ∈ (P : M),
then for all m ∈ M , am + bm = (a + b)m ∈ P and am ∈ P . Since P is k-closed in M ,
bm ∈ P and thus b ∈ (P : M).

For a nonempty subset S of M , put Vk(S) = {P ∈ Speck(M)| S ⊆ P}. Then Vk(S) =
V (S)

∩
Speck(M).

Lemma 3.2 is easily verified by Lemma 2.2 and direct computation.

Lemma 3.2. If M is an R-semimodule, then the following hold.
(1) If ∅ 6= S ⊆ T ⊆ M , then Vk(T ) ⊆ Vk(S).
(2) If ∅ 6= Sλ ⊆ M for all λ ∈ Λ, then

∩
λ∈Λ Vk(Sλ) = Vk(

∪
λ∈Λ Sλ).

(3) If ∅ 6= S ⊆ M , then Vk(S) = Vk(〈S〉) = Vk(
√

〈S〉).
(4) If S and T are nonempty subsets of M , then Vk(S)

∪
Vk(T ) ⊆ Vk(S

∩
T ).

(5) Vk({0M }) = Speck(M) and Vk(M) = ∅.
(6) If Nλ are subsemimodules of M for all λ ∈ Λ, then

∩
λ∈Λ Vk(Nλ) = Vk(

∑
λ∈Λ Nλ).

(7) If N is a subsemimodule of M , then Vk(N) = Vk(N) = Vk(
√

N) = Vk(
√

N
(k)).

(8) If N and K are subsemimodules of M with Vk(N) ⊆ Vk(K), then K ⊆
√

N
(k).

Definition 3.3. For a top R-semimodule M , the topological subspace Speck(M) of the
prime spectrum Spec(M) is called the subtractive prime spectrum or k-prime spectrum of
M .

Then {Vk(S)| ∅ 6= S ⊆ M} is the collection of all the closed subsets in Speck(M).
The open subset Speck(M) \ Vk(S) in Speck(M) is denoted by Dk(S). Then Dk(S) =
D(S)

∩
Speck(M). For every element m ∈ M , put Vk(m) = Vk(〈m〉) and Dk(m) =

Dk(〈m〉). Dk(m) is called a basic open set of Speck(M).

Lemma 3.4. If M is a top R-semimodule, then {Dk(m)| m ∈ M} is a base for the
topology on Speck(M).
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Proof. It follows from Lemma 2.3 and the fact that Dk(m) = D(m)
∩

Speck(M) for all
m ∈ M . □

Theorem 3.5 generalizes Proposition 2.4 in [34].

Theorem 3.5. If M is a top R-semimodule, then Speck(M) is a T0-space.

Proof. It follows from Lemma 2.4. □
Lemma 3.6. If M is a top R-semimodule and ∅ 6= Y ⊆ Speck(M), then the closure of Y
in Speck(M) is Vk(τ(Y )).

Proof. By Lemma 2.5, the closure Y of Y in Spec(M) is V (τ(Y )). Hence, the closure of
Y in Speck(M) is Y

∩
Speck(M) = V (τ(Y ))

∩
Speck(M) = Vk(τ(Y )). □

Theorem 3.7 generalizes Theorem 4.9 in [12] and Theorem 3 in [30].

Theorem 3.7. Let M be a top R-semimodule. Then Speck(M) is a T1-space iff every
prime k-subsemimodule is not contained in the other prime k-subsemimodule in M .

Proof. (⇒) If Speck(M) is a T1-space, then for every P ∈ Speck(M), {P} is a closed
subset in Speck(M). By Lemma 3.6, the closure of {P} in Speck(M) is Vk(τ({P})) =
Vk(P ), and so {P} = Vk(P ). Hence, the only prime k-subsemimodule containing P is P
in M .

(⇐) Let P ∈ Speck(M). If P is the unique prime k-subsemimodule of M containing P ,
then by Lemma 3.6, the closure of {P} in Speck(M) is Vk(τ({P})) = Vk(P ) = {P}, and
so {P} is a closed subset in Speck(M). Hence, Speck(M) is a T1-space. □

Theorem 3.8 generalizes Theorem 4.14 in [12], Proposition 3 in [30] and Theorem 2.6(1)
in [34].

Theorem 3.8. If M is a top R-semimodule and ∅ 6= Y ⊆ Speck(M), then the following
are equivalent to one another.

(1) Y is an irreducible subset in Speck(M).
(2) Y is an irreducible subset in Spec(M).
(3) τ(Y ) is a prime subsemimodule of M .
(4) τ(Y ) is a prime k-subsemimodule of M .

Proof. (1)⇒(2) Suppose that Y is irreducible in Speck(M). If Y1 and Y2 are closed subsets
of Spec(M) with Y ⊆ Y1

∪
Y2, then

Y = Y
∩

Speck(M) ⊆ (Y1
∩

Speck(M))
∪

(Y2
∩

Speck(M)).

Since Y1
∩

Speck(M) and Y2
∩

Speck(M) are closed subsets of Speck(M), it follows that
Y ⊆ Y1

∩
Speck(M) or Y ⊆ Y2

∩
Speck(M), which implies that Y ⊆ Y1 or Y ⊆ Y2. Hence,

Y is irreducible in Spec(M).
(2)⇒(1) Let F1 and F2 be closed subsets of Speck(M) with Y ⊆ F1

∪
F2. Then there

exist closed subsets Y1 and Y2 of Spec(M) such that F1 = Y1
∩

Speck(M) and F2 =
Y2

∩
Speck(M), and so

Y ⊆ (Y1
∩

Speck(M))
∪

(Y2
∩

Speck(M)) ⊆ Y1
∪

Y2.

Suppose that Y is irreducible in Spec(M). Then it follows that Y ⊆ Y1 or Y ⊆ Y2, which
implies that either Y ⊆ Y1

∩
Speck(M) = F1 or Y ⊆ Y2

∩
Speck(M) = F2. Hence, Y is

irreducible in Speck(M).
(2)⇔(3) follows from Lemma 2.6.
(3)⇒(4) follows from the fact that any intersection of k-subsemimodules of M is a

k-subsemimodule of M .
(4)⇒(3) is obvious. □
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Theorem 3.9 generalizes Corollary 1 in [30] and Theorem 2.6(2)(3) in [34].

Theorem 3.9. If N is a subsemimodule of a top R-semimodule M , then the following
are equivalent to one another.

(1) Vk(N) is an irreducible subset in Speck(M).
(2)

√
N

(k) is a prime k-subsemimodule of M .
(3)

√
N

(k) is a generic point of Vk(N) in Speck(M).

Proof. (1)⇔(2) follows from Theorem 3.8.
(2)⇒(3) If

√
N

(k) ∈ Speck(M), then by Lemmas 3.6 and 3.2(7), the closure of {
√

N
(k)}

in Speck(M) is Vk(τ({
√

N
(k)})) = Vk(

√
N

(k)) = Vk(N).
(3)⇒(2) is obvious. □

Corollary 3.10. If M is a top R-semimodule, then every irreducible closed subset has a
generic point in Speck(M).

Proof. It follows from Lemma 3.2(3) and Theorem 3.9. □
Definition 3.11. An R-semimodule M is said to be subtractively finitely generated or
k-finitely generated if there exists a nonempty finite subset F of M such that M = 〈F 〉.

Obviously, every finitely generated R-semimodule is k-finitely generated, but the con-
verse is not true, as shown in Example 3.12.

Example 3.12. Let B1 = {0, 1} be a Boolean lattice and M = N
∪

{0, +∞}. For a, b ∈ M
and r ∈ B1, define

a + b = max{a, b}, r · a =
{

a, if r = 1,
0, if r = 0.

Then M is a B1-semimodule. Since 〈a1, . . . , an〉 = {0, a1, . . . , an} for arbitrary finitely
many elements a1, . . . , an ∈ M , M is not finitely generated. But for every element a ∈ M ,
a + (+∞) = +∞ and so a ∈ 〈+∞〉. Hence, M = 〈+∞〉, which implies that M is k-finitely
generated.

Lemma 3.13. ([11]) Let M be a k-finitely generated R-semimodule. If N is a proper
k-subsemimodule of M , then there exists a k-maximal subsemimodule of M containing N .
Therefore, M has a k-maximal subsemimodule.

Lemma 3.14 generalizes Proposition 2.12 in [34].

Lemma 3.14. Every k-maximal subsemimodule K of an R-semimodule M is prime.

Proof. Suppose that rRm ⊆ K with r ∈ R and m ∈ M . If m /∈ K, then K ⊂ K + 〈m〉 ⊆
K + 〈m〉 and so M = K + 〈m〉. For every x ∈ M , there are k1, k2 ∈ K and r1, r2 ∈ R such
that x+k1 +r1m = k2 +r2m, and so rx+rk1 +rr1m = rk2 +rr2m. Since rk1 +rr1m ∈ K
and rk2 + rr2m ∈ K, we have rx ∈ K = K. Hence, K is prime. □

Lemma 3.15 generalizes Lemma 2.8 in [34].

Lemma 3.15. Let M be a k-finitely generated R-semimodule. If M =
∑

λ∈Λ〈fλ〉, then
there exists a nonempty finite subset Γ of Λ such that M =

∑
λ∈Γ〈fλ〉.

Proof. Let M = 〈m1, . . . , mn〉. For every j with 1 ≤ j ≤ n, mj ∈ M and so there are
nj , tj ∈ N with nj < tj , {jk| 1 ≤ k ≤ tj} ⊆ Λ and {rjk

| 1 ≤ k ≤ tj} ⊆ R such that

mj +
nj∑

k=1
rjk

fjk
=

tj∑
k=nj+1

rjk
fjk

,
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which implies that mj ∈
∑tj

k=1〈rjk
fjk

〉 ⊆
∑tj

k=1〈fjk
〉. Hence,

M =
n∑

j=1
〈mj〉 ⊆

n∑
j=1

tj∑
k=1

〈fjk
〉

and thus M =
∑n

j=1
∑tj

k=1〈fjk
〉. □

Theorem 3.16 generalizes Theorem 2.13 in [34].

Theorem 3.16. If M is a k-finitely generated top R-semimodule, then Speck(M) is a
compact space.

Proof. By Lemma 3.4, it suffices to show that every cover of Speck(M) consisting of basic
open sets has a finite subcover. Suppose that Speck(M) =

∪
λ∈Λ Dk(fλ). Then by Lemma

3.2(6)(7),

∅ = Speck(M) \
∪

λ∈Λ
Dk(fλ) =

∩
λ∈Λ

Vk(〈fλ〉) = Vk(
∑
λ∈Λ

〈fλ〉) = Vk(
∑
λ∈Λ

〈fλ〉).

Now show that M =
∑

λ∈Λ〈fλ〉. In fact, if
∑

λ∈Λ〈fλ〉 6= M , then by Lemma 3.13,
there exists a k-maximal subsemimodule K of M containing

∑
λ∈Λ〈fλ〉. By Lemma 3.14,

K ∈ Speck(M), and so Vk(
∑

λ∈Λ〈fλ〉) 6= ∅, a contradiction.
Since M is k-finitely generated, by Lemma 3.15, there exists a nonempty finite subset

Γ of Λ such that M =
∑

λ∈Γ〈fλ〉. By Lemma 3.2(5), Vk(
∑

λ∈Γ〈fλ〉) = Vk(M) = ∅, and by
Lemma 3.2(6)(7),∪

λ∈Γ Dk(fλ) = Speck(M) \
∩

λ∈Γ Vk(〈fλ〉) = Speck(M) \ Vk(
∑

λ∈Γ〈fλ〉)
= Speck(M) \ Vk(

∑
λ∈Γ〈fλ〉) = Speck(M),

which completes the proof. □
Theorem 3.17. If M is a top R-semimodule, then the following are equivalent to one
another.

(1) M is k-finitely generated.
(2) Speck(M) is a compact space and for every proper k-subsemimodule N of M , there

exists a k-maximal subsemimodule of M containing N .
(3) Speck(M) is a compact space and for every proper k-subsemimodule N of M , there

exists a prime k-subsemimodule of M containing N .

Proof. (1)⇒(2) follows from Lemma 3.13 and Theorem 3.16.
(2)⇒(3) follows from Lemma 3.14.
(3)⇒(1) By Lemma 3.4, there is a nonempty subset {fi ∈ M | i ∈ Λ} of M such

that Speck(M) =
∪

i∈Λ Dk(fi). Since Speck(M) is compact, there is a nonempty fi-
nite subset Γ of Λ such that Speck(M) =

∪
i∈Γ Dk(fi). By Lemma 3.2(6)(7), ∅ =∩

i∈Γ Vk(fi) = Vk(
∑

i∈Γ〈fi〉) = Vk(
∑

i∈Γ〈fi〉). If
∑

i∈Γ〈fi〉 6= M , then there exists a prime
k-subsemimodule of M containing

∑
i∈Γ〈fi〉, and so Vk(

∑
i∈Γ〈fi〉) 6= ∅, a contradiction.

Therefore, M =
∑

i∈Γ〈fi〉. □

4. k-prime spectrum of a multiplication semimodule
Throughout this section, R is a commutative semiring with zero and nonzero identity,

and M is a nonzero multiplication R-semimodule.

Lemma 4.1. [31] For a proper subsemimodule P of a multiplication R-semimodule M ,
the following are equivalent to one another.

(1) P is prime in M .
(2) For all subsemimodules U and V of M , U · V ⊆ P implies that U ⊆ P or V ⊆ P .
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(3) For all elements m and m′ in M , m · m′ ⊆ P implies that m ∈ P or m′ ∈ P .

Lemma 4.2. If N and K are subsemimodules of a multiplication R-semimodule M , then
Vk(N)

∪
Vk(K) = Vk(N · K) = Vk(N

∩
K).

Proof. It follows from Lemma 2.7. □

Theorem 4.3 generalizes Lemma 4.1 in [12].

Theorem 4.3. If N is a k-subsemimodule of a multiplication R-semimodule M , then√
N =

√
N

(k).

Proof. It suffices to show that
√

N
(k) ⊆

√
N . Assume that

√
N

(k) ⊈
√

N . Then there is
an m ∈

√
N

(k) such that m /∈
√

N , and by Lemma 2.10, mk ⊈ N for all k ∈ N.
Let Σ be the family of all the k-subsemimodules T of M such that N ⊆ T and mk ⊈ T

for all k ∈ N. Since N ∈ Σ, Σ is nonempty and a partially ordered set under set-inclusion.
Now show that for every chain C = {Ti| i ∈ Λ} in Σ,

∪
i∈Λ Ti is an upper bound of C

in Σ. Obviously,
∪

i∈Λ Ti is a k-subsemimodule of M and N ⊆
∪

i∈Λ Ti. If mk ⊆
∪

i∈Λ Ti

for some k ∈ N, then by Lemma 2.9, mk is a finitely generated subsemimodule of M , so
there are f1, . . . , fs ∈ M such that

∑s
t=1〈ft〉 = mk ⊆

∪
i∈Λ Ti. For every t with 1 ≤ t ≤ s,

there is an it ∈ Λ such that ft ∈ Tit . Since C is a chain, there is a Tj ∈ C such that
{ft| 1 ≤ t ≤ s} ⊆ Tj , and so mk =

∑s
t=1〈ft〉 ⊆ Tj , which contradicts that Tj ∈ Σ. Thus∪

i∈Λ Ti ∈ Σ.
Therefore, by Zorn’s lemma, Σ has a maximal element P .
Now show that P is prime in M . If P is not prime in M , then there are r /∈ (P : M)

and x /∈ P such that rx ∈ P . By the maximality of P , P + 〈x〉 /∈ Σ and P + rM /∈ Σ, so
there are l1, l2 ∈ N such that

ml1 ⊆ P + 〈x〉, (4.1)

ml2 ⊆ P + rM. (4.2)
By Eq.(4.1), for every y ∈ ml1 , there are p1, p′

1 ∈ P and r1, r′
1 ∈ R such that y+p1+r1x =

p′
1 + r′

1x, and so ry + rp1 + r1rx = rp′
1 + r′

1rx. Since rx ∈ P , we have ry ∈ P = P . Thus
rml1 ⊆ P . Since 〈m〉 = IM for some ideal I of R and ml1 = I l1M , rI l1M = rml1 ⊆ P ,
which implies that rI l1 ⊆ (P : M).

By Eq.(4.2), for every z ∈ ml2 , there are p2, p′
2 ∈ P and n, n′ ∈ M such that z+p2+rn =

p′
2 + rn′, and so for every s ∈ I l1 , sz + sp2 + rsn = sp′

2 + rsn′. Since rs ∈ rI l1 ⊆ (P : M),
we have rsn, rsn′ ∈ P , and so sz ∈ P = P . Thus I l1ml2 ⊆ P .

Therefore, ml1+l2 = I l1I l2M = I l1ml2 ⊆ P, which contradicts that P ∈ Σ.
Since P ∈ Σ, P ∈ Vk(N) and m /∈ P , so m /∈

√
N

(k), a contradiction. □

Remark 4.4. Example 4.3 in [12] shows that the assumption “N is k-closed” cannot be
omitted in Theorem 4.3.

Corollary 4.5 generalizes Theorem 2.12 in [9].

Corollary 4.5. If N is a k-subsemimodule of a multiplication R-semimodule M , then√
N

(k) =
√

(N : M)M .

Proof. It follows from Theorem 4.3 and Lemma 2.11. □

Theorem 4.6 generalizes Theorem 3.3 in [19].

Theorem 4.6. Let M be a multiplication R-semimodule. If N is a proper k-subsemimodule
of M , then there is a prime k-subsemimodule of M containing N . Therefore, Speck(M) 6=
∅.
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Proof. Suppose that there are no prime k-subsemimodules of M containing N . Then√
N

(k) = M . By Corollary 4.5,
√

N
(k) =

√
AM and so M =

√
AM , where A = (N : M).

If m ∈ M , then 〈m〉 = IM for some ideal I of R, thus 〈m〉 = I(
√

AM) = (I
√

A)M =
(
√

AI)M =
√

A(IM) =
√

A〈m〉. Hence, m = rm for some r ∈
√

A. Since rk ∈ A for
some k ∈ N, we have m = rm = r2m = . . . = rkm ∈ AM = N . Therefore, M = N , a
contradiction. □

Theorem 4.7 generalizes Proposition 3.9 in [2].

Theorem 4.7. A multiplication R-semimodule M is k-finitely generated iff Speck(M) is
a compact space.

Proof. It follows from Lemma 2.12, Theorem 3.17 and Theorem 4.6. □

Theorem 4.8 generalizes Theorem 4.6 in [12] and Theorem 3.7 in [2].

Theorem 4.8. If M is a multiplication R-semimodule, then every basic open set of
Speck(M) is compact.

Proof. By Lemma 3.4, it suffices to consider every cover consisting of the basic open
sets. Let Dk(f) be a basic open set of Speck(M). Suppose that Dk(f) ⊆

∪
t∈Λ Dk(ft)

and put N = 〈{ft| t ∈ Λ}〉. By Lemma 3.2(6)(7), Vk(f) ⊇
∩

t∈Λ Vk(ft) = Vk(
∑

t∈Λ〈ft〉) =
Vk(

∑
t∈Λ〈ft〉) = Vk(N). By Lemma 3.2(8), 〈f〉 ⊆

√
N

(k) and by Corollary 4.5,
√

N
(k) =√

AM , where A = (N : M). Thus f ∈ 〈f〉 ⊆
√

AM , and so f =
∑s

i=1 rimi for some
r1, . . . , rs ∈

√
A and some m1, . . . , ms ∈ M . For every i with 1 ≤ i ≤ s, rli

i ∈ A for some
li ∈ N, and 〈mi〉 = IiM for some ideal Ii of R. Now put l =

∑s
i=1 li. Then

f =
s∑

i=1
rimi ∈

s∑
i=1

ri〈mi〉 =
s∑

i=1
riIiM = (

s∑
i=1

riIi)M

and

f l ⊆ (
s∑

i=1
riIi)lM ⊆ (

s∑
i=1

rli
i I li

i )M ⊆ (
s∑

i=1
rli

i Ii)M

=
s∑

i=1
rli

i IiM =
s∑

i=1
rli

i 〈mi〉 =
s∑

i=1
〈rli

i mi〉.

For each i with 1 ≤ i ≤ s, since

rli
i mi ∈ AM = N =

∑
t∈Λ

〈ft〉,

we can see that
rl1

1 m1 + r11f11 + · · · + r1k1f1k1 = r1k1+1f1k1+1 + · · · + r1n1f1n1
...

rls
s ms + rs1fs1 + · · · + rsksfsks = rsks+1fsks+1 + · · · + rsnsfsns

for some ki, ni ∈ N with ki < ni, riji ∈ R and fiji ∈ {ft| t ∈ Λ}, where 1 ≤ i ≤ s and
1 ≤ ji ≤ ni. Then there exists a nonempty finite subset Γ of Λ such that

{fiji | 1 ≤ i ≤ s, 1 ≤ ji ≤ ni} = {ft| t ∈ Γ}.

Thus for all i with 1 ≤ i ≤ s, rli
i mi ∈ 〈{ft| t ∈ Γ}〉, which implies that

f l ⊆
s∑

i=1
〈rli

i mi〉 ⊆ 〈{ft| t ∈ Γ}〉.
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By Lemmas 4.1 and 3.2(6)(7),

Vk(f) = Vk(f l) ⊇ Vk(〈{ft| t ∈ Γ}〉) = Vk(
∑
t∈Γ

〈ft〉) = Vk(
∑
t∈Γ

〈ft〉) =
∩
t∈Γ

Vk(ft),

and so Dk(f) ⊆
∪

t∈Γ Dk(ft). Therefore, Dk(f) is compact. □
Corollary 4.9 generalizes Corollary 4.7 in [12] and Corollary 3.8 in [2].

Corollary 4.9. Let M be a multiplication R-semimodule. An open set of Speck(M) is
compact iff it is a union of a finite number of basic open sets.
Proof. Let Dk(S) be an open set of Speck(M).

(⇒) By Lemma 3.4, Dk(S) =
∪

i∈Λ Dk(fi) for some subset {fi| i ∈ Λ} of M . If Dk(S) is
compact, then there exists a nonempty finite subset Γ of Λ such that Dk(S) =

∪
i∈Γ Dk(fi).

(⇐) follows immediately from Theorem 4.8. □
Corollary 4.10. If N is a k-finitely generated subsemimodule of a multiplication R-
semimodule M , then Dk(N) is compact in Speck(M).
Proof. Let N = 〈f1, . . . , fn〉. By Lemma 3.2(6)(7),

Vk(N) = Vk(〈f1, . . . , fn〉) =
n∩

i=1
Vk(fi),

and so Dk(N) =
∪n

i=1 Dk(fi), which is compact by Corollary 4.9. □
Lemma 4.11. If M is a multiplication R-semimodule and f, g ∈ M , then the following
hold for Speck(M).

(1) Dk(f)
∩

Dk(g) = Dk(f · g).
(2) Dk(f · g) is compact.

Proof. (1) follows from Lemma 4.2.
(2) By Lemma 2.8, f · g is a finitely generated subsemimodule of M . By Lemma 3.2(6),

Dk(f · g) is expressed as a union of a finite number of basic open sets. So the conclusion
follows from Corollary 4.9. □
Theorem 4.12. If M is a multiplication R-semimodule, then the intersection of finitely
many basic open sets is compact in Speck(M).
Proof. Use induction on the number n of basic open sets. In case n = 2, the statement
is true by Lemma 4.11. Assume that the statement is true in case n = k and consider the
case n = k + 1. Let f1, . . . , fk+1 ∈ M . By inductive hypothesis,

∩k
i=1 Dk(fi) is compact

and by Corollary 4.9, it equals the union
∪l

j=1 Dk(gj) of a finite number of basic open
sets. Then∩k+1

i=1 Dk(fi) =
∩k

i=1 Dk(fi)
∩

Dk(fk+1)
= (

∪l
j=1 Dk(gj))

∩
Dk(fk+1) =

∪l
j=1(Dk(gj)

∩
Dk(fk+1)).

By Lemma 4.11, Dk(gj)
∩

Dk(fk+1) are all compact, so is
∩k+1

i=1 Dk(fi). □
Theorem 4.13 generalizes Theorem 4.18 in [12] and the part about saturated prime

ideals in Corollary 6.3 in [19].
Theorem 4.13. If M is a k-finitely generated multiplication R-semimodule, then Speck(M)
is a spectral space.
Proof. By Theorem 3.16, Speck(M) is a compact space. By Theorem 3.5, Speck(M) is
a T0-space. By Lemma 3.4 and Theorem 4.8, the compact open subsets form a base for
the Zariski topology in Speck(M). By Corollary 4.9 and Theorem 4.12, the intersection
of finitely many compact open subsets is also a compact open subset in Speck(M). By
Corollary 3.10, every irreducible closed subset has a generic point in Speck(M). Hence,
Speck(M) is a spectral space. □
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We give an example of a k-finitely generated multiplication semimodule that is not
finitely generated.

Example 4.14. Let R = Z
∪

{a, b, +∞}, where a and b are two distinct elements, not
belonging to Z

∪
{+∞}. Extend the natural ordering on Z onto R by defining a < b <

x < +∞ for all x ∈ Z so that R is a linearly ordered set. For x, y ∈ R, define

x + y = max{x, y}, x · y =
{

max{x, y}, if x 6= a and y 6= a,
a, if x = a or y = a.

Then R is an additively idempotent and multiplicatively idempotent commutative semiring
with zero a and identity b, and the nonzero proper ideals of the semiring R are M = R\{b}
and Ik = 〈k〉 = {a}

∪
{x ∈ R| x ≥ k}, where k ∈ Z

∪
{+∞}. Obviously, M is a unique

maximal ideal of the semiring R and is an R-semimodule.
Show that M is a multiplication R-semimodule. In fact, if N is a subsemimodule of M ,

then N is an ideal of the semiring R and so NM ⊆ NR = N . Since R is multiplicatively
idempotent, N = N2 ⊆ NM and hence N = NM .

Show that this multiplication R-semimodule M is k-finitely generated, but not finitely
generated. In fact, for every x ∈ M , x + (+∞) = +∞ and so x ∈ 〈+∞〉, which implies
M = 〈+∞〉. Assume that there exists a nonempty finite subset S of M such that M = 〈S〉.
Then S 6= {a} and for the least element s in S \ {a}, s ∈ Z

∪
{+∞} and so S ⊆ 〈s〉 = Is,

which implies M = Is, a contradiction.
In addition, it is easy to see that this multiplication R-semimodule M has no maximal

subsemimodule.

Given below is an example of a multiplication semimodule without k-maximal subsemi-
module.

Example 4.15. Let R = Z
∪

{−∞, +∞}. Extend the natural ordering on Z onto R
by defining −∞ < x < +∞ for all x ∈ Z so that R is a linearly ordered set. For
x, y ∈ R, define x + y = max{x, y} and x · y = min{x, y}. Then R is an additively
idempotent and multiplicatively idempotent commutative semiring with zero −∞ and
identity +∞, and the nonzero proper ideals of the semiring R are M = R \ {+∞} and
Jm = 〈m〉 = {x ∈ R| x ≤ m} which are all k-ideals, where m ∈ Z. Obviously, M is a
unique maximal ideal of the semiring R and turns out to be a multiplication R-semimodule
in the same way as in Example 4.14.

Show that this multiplication R-semimodule M has no k-maximal subsemimodule. In
fact, assume that K is a k-maximal subsemimodule of M . Then K is a proper ideal of the
semiring R, neither M nor {−∞}, and so K = Jm for some m ∈ Z. But for n ∈ Z with
n > m, Jn is a proper k-subsemimodule of M containing K properly, a contradiction.
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