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Abstract

For a top semimodule over a semiring with zero and nonzero identity, this paper stud-
ies the interplay between topological properties of the subtractive prime spectrum and
algebraic properties of the semimodule. We prove that the subtractive prime spectrum
of the subtractively finitely generated top semimodule is a compact space, and establish
necessary and sufficient conditions for the top semimodule to be subtractively finitely gen-
erated. For a multiplication semimodule over a commutative semiring, we prove that the
radical of a subtractive subsemimodule coincides with its subtractive radical, that every
proper subtractive subsemimodule is contained in a subtractive prime subsemimodule,
that the multiplication semimodule is subtractively finitely generated iff its subtractive
prime spectrum is a compact space, that in the subtractive prime spectrum, the intersec-
tion of finitely many basic open sets is compact, and that the subtractive prime spectrum
of the subtractively finitely generated multiplication semimodule is a spectral space.
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1. Introduction

The notion of semirings was introduced by Vandiver [28] in 1934. Semirings are algebraic
systems that generalize both rings and distributive lattices and have many applications
in diverse branches of mathematics and computer science [10, 15]. Semirings have two
binary operations of addition and multiplication which are connected by the ring-like
distributive laws. But, subtraction is not allowed in semirings that are not rings, so there
are considerable differences between ring theory and semiring theory. In order to narrow
the gap, Henriksen [16] defined k-ideals in semirings.

For a top semimodule over a semiring with zero and nonzero identity, this paper studies
the interplay between topological properties of the subtractive prime spectrum, i.e. the set
of all the subtractive prime subsemimodules, and algebraic properties of the semimodule.

It is well known that the prime spectrum of a commutative ring with nonzero identity is
a spectral space and plays an important role in commutative algebra, algebraic geometry

*Corresponding author.

Email addresses: sc.han@ryongnamsan.edukp (S.C. Han), cioc3@ryongnamsan.edu.kp (W.J. Han),
cioc4@ryongnamsan.edu.kp (Won-Sok Pae)

Received: 07.06.2022; Accepted: 27.09.2022


https://orcid.org/0000-0002-3846-5749
https://orcid.org/0000-0003-0764-2850
https://orcid.org/0000-0001-6597-8788

Subtractive prime spectrum of a semimodule 547

and lattice theory [6,8,26]. The prime spectrum of a module over a ring with nonzero
identity has been investigated mainly in [1,2,13,20-22,27,30, 32-34].

For a commutative semiring with zero and nonzero identity, Pena, Ruza, and Vielma
[23] proved that the prime spectrum is a spectral space. Recently, Han, Pae, and Ho [14]
defined a top semimodule over a semiring with zero and nonzero identity and proved that
the prime spectrum is a compact space if the top semimodule is finitely generated. For a
multiplication semimodule over a commutative semiring with zero and nonzero identity,
they proved that the multiplication semimodule is finitely generated iff the prime spectrum
is a compact space and that the prime spectrum is a spectral space if the multiplication
semimodule is finitely generated.

The theme of this paper is originated from [4,12,19]. Lescot [19] proved that the
set of all the saturated prime ideals with the Zariski topology is a spectral space for a
Bj—algebra, where a B;—algebra is an additively idempotent commutative semiring with
zero and nonzero identity and saturated ideals are just subtractive ideals. For arbitrary
commutative semiring with zero and nonzero identity, Han [12] studied topological prop-
erties of the subtractive prime spectrum in detail and proved that the subtractive prime
spectrum is a spectral space. Atani, Atani, and Tekir [4] defined a very strong multipli-
cation semimodule over a commutative semiring with zero and nonzero identity, studied
properties of the subtractive prime spectrum, and proposed a question “Assume that M
is a very strong multiplication semimodule over a commutative semiring with zero and
nonzero identity and let the subtractive prime spectrum of M be compact. Is M finitely
generated?" However, Han, Pae, and Ho [14] pointed that a very strong multiplication
semimodule does not exist. Summing up, there are few previous researches about the sub-
tractive prime spectrum of a semimodule over a semiring with zero and nonzero identity,
as far as we know.

The rest of this paper is as follows. Section 2 is for preliminaries. In Section 3, we
define the subtractive prime spectrum of a top semimodule over a semiring with zero and
nonzero identity, prove that the subtractive prime spectrum is a compact space if the top
semimodule is subtractively finitely generated (Theorem 3.16), and establish necessary and
sufficient conditions for the top semimodule to be subtractively finitely generated (The-
orem 3.17). In Section 4, for a multiplication semimodule over a commutative semiring
with zero and nonzero identity, we prove that the radical of a subtractive subsemimod-
ule coincides with its subtractive radical (Theorem 4.3), that every proper subtractive
subsemimodule is contained in a subtractive prime subsemimodule (Theorem 4.6), that
the multiplication semimodule is subtractively finitely generated iff its subtractive prime
spectrum is a compact space (Theorem 4.7), that in the subtractive prime spectrum, the
intersection of finitely many basic open sets is compact (Theorem 4.12), and that the
subtractive prime spectrum is a spectral space if the multiplication semimodule is sub-
tractively finitely generated (Theorem 4.13).

Note that some of the main results in this paper cannot be proved by any techniques
similar to what were done in the theory of modules.

2. Preliminaries

In this section, we recall some known definitions and facts [10, 15].

A nonempty set R together with two binary operations of addition + and multiplication
- is called a semiring if (R,+) is a commutative semigroup, (R,-) is a semigroup, and
multiplication distributes over addition from either side. A semiring R is said to be
commutative if rs = sr for all r;s € R. If a semiring R has an additively neutral element
0 and Or = r0 = 0 for all » € R, then 0 is called a zero of R. If R has a multiplicatively
neutral element 1, then 1 is called an identity of R.
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A nonempty subset I of a semiring R is called an ideal of Rif a+b € I, ra € I and
ar € I for all a,b € I and all r € R. An ideal I of a semiring R is said to be proper if
I # R. A proper ideal I of a semiring R is said to be prime in R if for any a,b € R,
aRb C I implies that a € T or b € 1.

For a subsemigroup A of a commutative semigroup (.5, +), the set

A={z €S |z+a=bfor some a,bec A}

is called the subtractive closure or k-closure of A in S. Then A is a subsemigroup of (S, +)

and it holds that A C A and (A) = A. A is said to be subtractively closed or k-closed in S
if A=A, ie. ifz+a € Aanda € Aimply z € A. For subsemigroups 4 and B of (S, +),
A C B implies A C B.

An ideal I of a semiring R is called a subtractive ideal or k-ideal of R if I = 1. If I is
an ideal of a semiring R, then I is a k-ideal of R. R is a k-ideal of itself, and {0} is also a
k-ideal of R if R has a zero 0.

A semimodule over a semiring R or an R-semimodule for short is a commutative semi-
group (M, +) together with a scalar multiplication R x M — M; (r,z) — rx such that
(r+s)x =re+sz, r(x+y) =re+ry, and r(sz) = (rs)z for all ;s € R and all z,y € M.
If an R-semimodule M has an additively neutral element 0, satisfying r70y; = 07 for all
r € R, then 0y is called a zero of M. An R-semimodule M is said to be unitary if the
semiring R has a zero 0 and an identity 1, M has a zero 0ps, and Ox = Op; and 1x = =
hold for all x € M. Throughout this paper, all semimodules are assumed to be unitary.

A nonempty subset N of an R-semimodule M is called a subsemimodule of M if x+y € N
and rx € N for all z,y € N and all r € R. Given a nonempty subset S of an R-
semimodule M, the intersection of all the subsemimodules of M including S is called the
subsemimodule of M generated by S and denoted by (S). For elements ay,...,a, € M,
put (ai,...,an) = {a1,...,an}).

A subsemimodule N of an R-semimodule M is called a subtractive subsemimodule or a
k-subsemimodule of M if N = N. If N is a subsemimodule of an R-semimodule M, then
N is a k-subsemimodule of M. M and {0,;} are k-subsemimodules of M.

For a subsemimodule N of an R-semimodule M, put (N : M) ={r € R| rM C N}.
Then (N : M) is an ideal of R, called the associated ideal of N.

A subsemimodule N of an R-semimodule M is said to be proper if N # M. A proper
subsemimodule P of an R-semimodule M is said to be mazimal in M if for each sub-
semimodule N of M, P C N C M implies that N = P or N = M [11,29]. A proper
subsemimodule P of an R-semimodule M is said to be prime in M if rRm C P with
r € R and m € M implies that m € P or r € (P : M) [3,24,31]. The set of all prime
subsemimodules of an R-semimodule M is denoted by Spec(M).

A proper k-subsemimodule P of an R-semimodule M is said to be subtractively maximal
or k-mazimal in M if for each k-subsemimodule N of M, P C N C M implies that N = P
or N = M [11,29]. The set of all prime k-subsemimodules of an R-semimodule M is
denoted by Spec,(M).

For a subsemimodule N of an R-semimodule M, the radical VN of N is defined to be
the intersection of all prime subsemimodules of M containing N. In case there is no such
prime subsemimodule, put v/ N = M [5,14,34].

Given a subsemimodule N of an R-semimodule M, the subtractive radical or k-radical

VN *) of N is defined to be the intersection of all prime k-subsemimodules of M containing

N. If there is no such prime k-subsemimodule, put v N ® _ [4].
An R-semimodule M is said to be multiplication semimodule if for every subsemimodule
N of M there exists an ideal I of R such that N = IM. Then N = (N : M)M [7,25,31].
Let R be a commutative semiring with zero and nonzero identity and M a multiplication
R-semimodule. If N and K are subsemimodules of M with N = IM and K = JM for
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some ideals I and J of R, then the product of N and K is defined by N-K = (I.J)M, which
is independent of the choice of ideals I and J [31]. If N, K and L are subsemimodules of
M, then (N-K)-L=N-(K-L)and (N+ K)-L=N L+ K -L. For elements m and
m’ in M, the product of (m) and (m’) is simply denoted by m - m/'.

A topological space is called a Ty-space if for each pair of distinct points, there is a
neighborhood of one point to which the other does not belong. A topological space is
called a Ti-space if each subset which consists of a single point is closed. A topological
space is said to be compact if each open cover has a finite subcover. A subset A of a
topological space is said to be compact if the subspace A is compact [18].

A nonempty topological space X is said to be irreducible if every pair of nonempty open
subsets in X have the nonempty intersection. A subset Y of a topological space X is said
to be irreducible if the subspace Y is irreducible. A subset Y of a topological space X is
irreducible iff for any closed subsets Y7 and Y5 in X, Y C Y7 Y5 implies that Y C Yj or
Y C Y, IfY is a closed subset of a topological space X and there exists a y in X such
that Y = @, then y is called a generic point of Y. A topological space X is said to be
spectral if it is a compact Tp-space, the compact open subsets form a base for the topology
and are closed under finite intersection, and every irreducible closed subset has a generic
point [17].

Let A be an arbitrary nonempty set of subscripts and N denote the set of all positive
integers.

We end this section by describing the results from [14], which will be used in Sections 3
and 4, where R is a semiring with zero and nonzero identity, M is an R-semimodule, and
it is assumed that Spec(M) # (.

Remark 2.1. ([14]) If P € Spec(M), then (P : M) is a prime ideal of R.
For a nonempty subset S of M, put V(S) = {P € Spec(M)| S C P}.

Lemma 2.2. ([14]) If M is an R-semimodule, then the following hold.
(1) If0 £ S CT C M, then V(T) C V(S).

)

YIfO#S C M, then V(S) =V ((S)) =V (/(S)).

) If S and T are nonempty subsets of M, then V(S)JV(T) CV(SNOT).

) V({0pr}) = Spec(M) and V(M) = 0.

) If Ny are subsemimodules of M for all A € A, then Nyep V(INX) = V(X aen Na)-
)

(8) If N and K are subsemimodules of M with V(N) C V(K), then K C v/N.

An R-semimodule M is called a top semimodule if for any subsemimodules N and L
of M, there exists a subsemimodule 7" of M such that V(N)J V(L) = V(T). For a top
R-semimodule M, the collection {V(S)| 0 # S C M} of subsets of Spec(M) satisfies all
the axioms for closed sets on a topology. The resulting topology is called the Zariski
topology on Spec(M) and then Spec(M) is called the prime spectrum of M. The open
set Spec(M) \ V() of Spec(M) is denoted by D(S). For every element m € M, put
V(m) =V ({(m)) and D(m) = D({(m)). D(m) is called a basic open set of Spec(M) [14].

Lemma 2.3. ([14]) If M is a top R-semimodule, then the collection {D(m)| m € M} is
a base for the Zariski topology on Spec(M).

Lemma 2.4. ([14]) If M is a top R-semimodule, then Spec(M) is a Ty-space.

If ) #Y C Spec(M), then the intersection of all prime subsemimodules belonging to Y
is denoted by 7(Y) [14].

Lemma 2.5. ([14]) If M is a top R-semimodule and ) # Y C Spec(M), then Y =
V(r(Y)).
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Lemma 2.6. ([14]) Let M be a top R-semimodule and ) #Y C Spec(M). Then'Y is an
irreducible subset of Spec(M) iff T7(Y') is a prime subsemimodule of M.

Lemma 2.7. ([14]) Let R be a commutative semiring. If N and K are subsemimodules
of a multiplication R-semimodule M, then V(N)JV(K)=V(N-K)=V(NNK).

Lemma 2.8. ([14]) Let R be a commutative semiring. If M is a multiplication R-
semimodule and f,g € M, then f - g is a finitely generated subsemimodule of M.

Lemma 2.9. ([14]) Let R be a commutative semiring. If N and K are finitely generated
subsemimodules of a multiplication R-semimodule M, then N - K is a finitely generated
subsemimodule of M .

Lemma 2.10. ([14]) Let R be a commutative semiring. If N is a subsemimodule of a
multiplication R-semimodule M, then N = {m € M| mF C N for some k € N}.

Lemma 2.11. ([14]) Let R be a commutative semiring. If N is a subsemimodule of a
multiplication R-semimodule M, then /N = /AM, where A= (N : M).

Lemma 2.12. ([14]) Let R be a commutative semiring. A multiplication R-semimodule
M is a top semimodule.

3. k-prime spectrum of a top semimodule

Throughout this section, R is a semiring with zero and nonzero identity, M is an R-
semimodule, and it is supposed that Spec, (M) # 0. Then M # {0x}.

Remark 3.1. If P € Spec, (M), then (P : M) is a prime k-ideal of R. In fact, by Remark
2.1, it suffices to show that (P : M) is k-closed in R. If a+b € (P: M) and a € (P : M),
then for all m € M, am +bm = (a+ b)m € P and am € P. Since P is k-closed in M,
bm € P and thus b € (P : M).

For a nonempty subset S of M, put Vi(S) = {P € Spec,(M)| S C P}. Then Vi(S) =
V(S) NSpecy(M).

Lemma 3.2 is easily verified by Lemma 2.2 and direct computation.

Lemma 3.2. If M is an R-semimodule, then the following hold.
(1) If0#£S CT C M, then Vi(T) C Vi(S).

(2) If 0 # Sy € M for all X € A, then Nyep Vi(Sx) = Vi(Uxen Sr)-

(3) 70 £ 5 C M, then Vi(8) = Vi((S)) = Vi(v/()).

(4) If S and T are nonempty subsets of M, then Vi.(S)UVi(T) C Vi(SNT).

(5) Vi({0r}) = Specy (M) and Vi,(M) = 0.

(6) If Ny are subsemimodules of M for all X € A, then Nycp Vi(N2) = Vi(Xaer Na)-
(7) If N is a subsemimodule of M, then Vi(N) = Vi(N) = Vi(VN) =V} (\/N(k))

(8) If N and K are subsemimodules of M with Vj,(N) C Vi(K), then K C \/N(k).

Definition 3.3. For a top R-semimodule M, the topological subspace Specy (M) of the
prime spectrum Spec(M) is called the subtractive prime spectrum or k-prime spectrum of
M.

Then {Vi(S)| 0 # S C M} is the collection of all the closed subsets in Specy(M).
The open subset Specy, (M) \ Vi(S) in Specy (M) is denoted by Dg(S). Then Dy(S) =
D(S)N Spec,(M). For every element m € M, put Vi(m) = Vi((m)) and Di(m) =
Dy ({m)). Dy(m) is called a basic open set of Specy(M).

Lemma 3.4. If M is a top R-semimodule, then {Dy(m)| m € M} is a base for the
topology on Specy,(M).
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Proof. 1t follows from Lemma 2.3 and the fact that Dy(m) = D(m) ) Spec (M) for all
m € M. U

Theorem 3.5 generalizes Proposition 2.4 in [34].
Theorem 3.5. If M is a top R-semimodule, then Spec, (M) is a Ty-space.
Proof. 1t follows from Lemma 2.4. O

Lemma 3.6. If M is a top R-semimodule and ) #Y C Specy, (M), then the closure of Y
in Specy, (M) is Vi (1(Y)).

Proof. By Lemma 2.5, the closure Y of Y in Spec(M) is V(7(Y')). Hence, the closure of
Y in Spec,, (M) is Y (Spec, (M) = V(7(Y)) N Specy, (M) = Vi (7(Y)). O

Theorem 3.7 generalizes Theorem 4.9 in [12] and Theorem 3 in [30].

Theorem 3.7. Let M be a top R-semimodule. Then Specy (M) is a Ti-space iff every
prime k-subsemimodule is not contained in the other prime k-subsemimodule in M.

Proof. (=) If Spec, (M) is a Ti-space, then for every P € Spec, (M), {P} is a closed
subset in Specy(M). By Lemma 3.6, the closure of {P} in Spec, (M) is Vi(7({P})) =
Vi(P), and so {P} = Vi(P). Hence, the only prime k-subsemimodule containing P is P
in M.

(<) Let P € Specy,(M). If P is the unique prime k-subsemimodule of M containing P,
then by Lemma 3.6, the closure of {P} in Specy (M) is Vi (7({P})) = Vi(P) = {P}, and
so {P} is a closed subset in Spec,(M). Hence, Specy (M) is a Ti-space. O

Theorem 3.8 generalizes Theorem 4.14 in [12], Proposition 3 in [30] and Theorem 2.6(1)
in [34].

Theorem 3.8. If M is a top R-semimodule and ) #Y C Spec (M), then the following
are equivalent to one another.
(1) Y is an irreducible subset in Specy(M).
(2) Y is an irreducible subset in Spec(M).
(3) 7(Y) is a prime subsemimodule of M.
(4) 7(Y) is a prime k-subsemimodule of M.
(1

Proof. (1)=(2) Suppose that Y is irreducible in Spec,, (M ). If Y7 and Y; are closed subsets
of Spec(M) with Y C Y1 Y2, then

Y =Y [Spec, (M) C (Y1) Specy,(M)) [ J(Ya (") Specy (M)).

Since Y1 () Spec, (M) and Y () Specy (M) are closed subsets of Specy (M), it follows that
Y C Y1 Speci, (M) or Y C Y5 () Spec, (M), which implies that Y C Y] or Y C Ys. Hence,
Y is irreducible in Spec(M).

(2)=-(1) Let Fy and F> be closed subsets of Spec;, (M) with Y C Fj|J F». Then there
exist closed subsets Y7 and Y5 of Spec(M) such that Fy = Yj()Spec,(M) and Fy =
Y2 N Specy, (M), and so

Y C (Y1) Spec(M)) | J(¥Y2 [ Specy,(M)) € Y1 | JYa.

Suppose that Y is irreducible in Spec(M). Then it follows that Y C Y] or Y C Y5, which
implies that either Y C Y Spec, (M) = Fy or Y C Yo\ Spec, (M) = F,. Hence, Y is
irreducible in Spec,(M).

(2)<(3) follows from Lemma 2.6.

(3)=(4) follows from the fact that any intersection of k-subsemimodules of M is a
k-subsemimodule of M.

(4)=-(3) is obvious. O
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Theorem 3.9 generalizes Corollary 1 in [30] and Theorem 2.6(2)(3) in [34].

Theorem 3.9. If N is a subsemimodule of a top R-semimodule M, then the following
are equivalent to one another.
(1) Vi(N) is an irreducible subset in Specy,(M).

(2) \/N(k) is a prime k-subsemimodule of M.

(3) \/N(k) is a generic point of Vi,(N) in Specy(M).
Proof. (1)< (2) follows from Theorem 3.8.

(2)=(3) If \/N(k) € Specy, (M), then by Lemmas 3.6 and 3.2(7), the closure of {\/N(k)}
in Speeg(M) is Vi(r({vN'"}) = (VN™) = viav).

(3)=(2) is obvious. O
Corollary 3.10. If M is a top R-semimodule, then every irreducible closed subset has a
generic point in Specy(M).

Proof. 1t follows from Lemma 3.2(3) and Theorem 3.9. O

Definition 3.11. An R-semimodule M is said to be subtractively finitely generated or
k-finitely generated if there exists a nonempty finite subset F' of M such that M = (F).

Obviously, every finitely generated R-semimodule is k-finitely generated, but the con-
verse is not true, as shown in Example 3.12.

Example 3.12. Let B; = {0, 1} be a Boolean lattice and M = NJ{0, +oo}. For a,b € M
and r € By, define

a, if r=1,

a + b = max{a, b}, r'a—{O’ fr—0
Then M is a Bj-semimodule. Since {(ay,...,a,) = {0,a1,...,a,} for arbitrary finitely
many elements ay,...,a, € M, M is not finitely generated. But for every element a € M,

a+ (+00) = 400 and so a € (+00). Hence, M = (+00), which implies that M is k-finitely
generated.

Lemma 3.13. ([11]) Let M be a k-finitely generated R-semimodule. If N is a proper
k-subsemimodule of M, then there exists a k-mazimal subsemimodule of M containing N .
Therefore, M has a k-maximal subsemimodule.

Lemma 3.14 generalizes Proposition 2.12 in [34].
Lemma 3.14. FEvery k-mazimal subsemimodule K of an R-semimodule M is prime.

Proof. Suppose that rRm C K withr € Rand m € M. If m ¢ K, then K C K + (m) C

K + (m) and so M = K + (m). For every © € M, there are ki, ks € K and 1,72 € R such
that z+ k1 +7r1m = ky+rom, and solx+rk:1 +rrim = rko+rrom. Since vk +rrim € K
and Tk + rrom € K, we have rz € K = K. Hence, K is prime. ]

Lemma 3.15 generalizes Lemma 2.8 in [34].

Lemma 3.15. Let M be a k-finitely generated R-semimodule. If M = Y \ca(fr), then
there exists a nonempty finite subset I' of A such that M =3 \cr(f))-

Proof. Let M = (my,...,my). For every j with 1 < j < n, m; € M and so there are
nj,t; € Nwith ny <t;, {jg] 1 <k <t;} CAand {r;,| 1 <k <t;} C R such that
tj

nj
mj + erkfjk = Z Tjkfjk’
k=1

k:nj+1
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which implies that m; € ZZJ;1<Tjkfjk> C ZZ] 1(fj.)- Hence,
n n %
M= {m) € 30> {fi)

j=1

J=1k=1

and thus M =377 1Zk 1 {Fin)- O
Theorem 3.16 generalizes Theorem 2.13 in [34].

Theorem 3.16. If M is a k-finitely generated top R-semimodule, then Specy (M) is a
compact space.

Proof. By Lemma 3.4, it suffices to show that every cover of Specy, (M) consisting of basic
open sets has a finite subcover. Suppose that Spec, (M) = Uyepa Di(fx). Then by Lemma
3.2(6)(7),

0 = Spec,(M)\ | De(£) = [ Vi({fa) = Ve(D_(fa) = (Z(fA>)
A€A AEA AEA AEA

Now show that M = > yca(fa). In fact, if 3°\ca(fy) # M, then by Lemma 3.13,
there exists a k-maximal subsemimodule K of M containing > yc(f)). By Lemma 3.14,
K € Specy, (M), and so Vi (X xca(fr)) # 0, a contradiction.

Since M is k-finitely generated, by Lemma 3.15, there exists a nonempty finite subset
' of A such that M = >, (fr). By Lemma 3.2(5), Vi(Xser(/fr)) = Vi(M) = 0, and by
Lemma 3.2(6)(7),

Uner Di(fr) = Specy(M)\ Mxer Vi((fx)) = Specy (M) \ Vk(EAeF(f)\>)

= Specy (M) \ Vi(Xaer(fr)) = Specy (M),
which completes the proof. ]

Theorem 3.17. If M is a top R-semimodule, then the following are equivalent to one
another.

(1) M is k-finitely generated.

(2) Specy (M) is a compact space and for every proper k-subsemimodule N of M, there
exists a k-mazimal subsemimodule of M containing N .

(3) Specy (M) is a compact space and for every proper k-subsemimodule N of M, there
exists a prime k-subsemimodule of M containing N.

Proof. (1)=(2) follows from Lemma 3.13 and Theorem 3.16.

(2)=(3) follows from Lemma 3.14.

(3)=(1) By Lemma 3.4, there is a nonempty subset {f; € M| i € A} of M such
that Specy(M) = U;eca Di(fi). Since Specy (M) is compact, there is a nonempty fi-
nite subset I' of A such that Spec,(M) = U;cr Di(fi). By Lemma 3.2(6)(7), 0 =
Nier Vi(fi) = Vi(Eier (fi) = Va(Zier (fi))- I Xier(fi) # M, then there exists a prime
k-subsemimodule of M containing Y, (fi), and so Vi (3> ;er(fi)) # 0, a contradiction.
Therefore, M = > (fi)- O

4. k-prime spectrum of a multiplication semimodule

Throughout this section, R is a commutative semiring with zero and nonzero identity,
and M is a nonzero multiplication R-semimodule.

Lemma 4.1. [31] For a proper subsemimodule P of a multiplication R-semimodule M,
the following are equivalent to one another.

(1) P is prime in M.

(2) For all subsemimodules U and V of M, U -V C P implies that U C P or V C P.
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(3) For all elements m and m’ in M, m -m’ C P implies that m € P or m' € P.

Lemma 4.2. If N and K are subsemimodules of a multiplication R-semimodule M, then
Vi(N)UVi(K) = V(N - K) = V(NN K).

Proof. 1t follows from Lemma 2.7. U
Theorem 4.3 generalizes Lemma 4.1 in [12].

Theorem 4.3. If N is a k-subsemimodule of a multiplication R-semimodule M, then

JN = \/N(k).

Proof. 1t suffices to show that \/N(k) C v/N. Assume that \/N(k) Q V/N. Then there is

an m € \/N(k) such that m ¢ v/N, and by Lemma 2.10, m* ¢ N for all k € N.

Let ¥ be the family of all the k-subsemimodules T of M such that N C T and mF ¢T
for all kK € N. Since N € X, ¥ is nonempty and a partially ordered set under set-inclusion.

Now show that for every chain C' = {T;| i € A} in ¥, ;cp T; is an upper bound of C
in ¥. Obviously, U,cp 75 is a k-subsemimodule of M and N C J;ep Ti- If m* C U;en T
for some k € N, then by Lemma 2.9, mF is a finitely generated subsemimodule of M, so
there are f1,..., fs € M such that 37_; (fi) = m* C J;cp Ti- For every t with 1 <t < s,
there is an 4, € A such that f; € T;,. Since C' is a chain, there is a T; € C such that
{fil 1 <t < s} CTj, and so mF = 37 (f;) C Ty, which contradicts that T; € ¥. Thus
Uiea Ti € 2.

Therefore, by Zorn’s lemma, ¥ has a maximal element P.

Now show that P is prime in M. If P is not prime in M, then there are r ¢ (P : M)
and x ¢ P such that ra € P. By the maximality of P, P+ (z) ¢ ¥ and P+ rM ¢ 3, so
there are l1,lo € N such that

mh C P+ (x), (4.1)
m'2 C P+ 7M. (4.2)

By Eq.(4.1), for every y € m!!, there are py, p} € P andr1,r] € Rsuchthat y+p;+riz =
py + rixz, and so ry + rp1 + rirx = rp| + rirz. Since rz € P, we have ry € P = P. Thus
rmht C P. Since (m) = IM for some ideal I of R and m't = I"M, rI"M = rmh C P,
which implies that 71t C (P : M).

By Eq.(4.2), for every z € m/2, there are po, py € P and n,n’ € M such that z+py+rn =
phy +rn’, and so for every s € I, sz + spy +rsn = sph +rsn’. Since rs € rI't C (P : M),
we have rsn,rsn’ € P, and so sz € P = P. Thus I'"'m* C P.

Therefore, mhti2 = [hJl2 \f = [hypl2 C P, which contradicts that P € X.

Since P € ¥, P € Vi(N) and m ¢ P, so m ¢ \/N(k), a contradiction. O

Remark 4.4. Example 4.3 in [12] shows that the assumption “N is k-closed” cannot be
omitted in Theorem 4.3.

Corollary 4.5 generalizes Theorem 2.12 in [9].
Corollary 4.5. If N is a k-subsemimodule of a multiplication R-semimodule M, then
VY = (N TIOM.
Proof. 1t follows from Theorem 4.3 and Lemma 2.11. O
Theorem 4.6 generalizes Theorem 3.3 in [19].

Theorem 4.6. Let M be a multiplication R-semimodule. If N is a proper k-subsemimodule
of M, then there is a prime k-subsemimodule of M containing N. Therefore, Specy (M) #

0.
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Proof. Suppose that there are no prime k-subsemimodules of M containing N. Then

\/N(k) = M. By Corollary 4.5, \/N(k) =AM and so M = \/ZM, where A = (N : M).
If m € M, then (m) = IM for some ideal I of R, thus (m) = I(vAM) = (IV/A)M =
(VAIM = A(IM) = v/A(m). Hence, m = rm for some r € v/A. Since r* € A for
some k € N, we have m = rm = r?m = ... = r*m € AM = N. Therefore, M = N, a
contradiction. O

Theorem 4.7 generalizes Proposition 3.9 in [2].

Theorem 4.7. A multiplication R-semimodule M is k-finitely generated iff Specy (M) is
a compact space.

Proof. 1t follows from Lemma 2.12, Theorem 3.17 and Theorem 4.6. U
Theorem 4.8 generalizes Theorem 4.6 in [12] and Theorem 3.7 in [2].

Theorem 4.8. If M is a multiplication R-semimodule, then every basic open set of
Specy (M) is compact.

Proof. By Lemma 3.4, it suffices to consider every cover consisting of the basic open
sets. Let Dy(f) be a basic open set of Specy(M). Suppose that Dy(f) € Usen Dr(ft)
and put N = ({f;| ¢ € A}). By Lemma 3.2(6)(7), Vk(f) 2 Neea Vi) = Vi(Xiea(fr) =

Vi(Crent)) = Vi(N). By Lemma 3.2(8), (f) € VN and by Corollary 4.5, VN =
VAM, where A = (N : M). Thus f € (f) € VAM, and so f = >¢_, rym; for some
r,...,7s € VA and some my,...,mgs € M. For every i with 1 < i < s, réi € A for some
l; € N, and (m;) = I; M for some ideal I; of R. Now put [ = >_5_; l;. Then

s s s s
i=1 =1 i=1 =1
and

Zr” )M C Zwﬂ M C irﬁifi)M
i=1
—ZrlIM Zr m;) —irl'mQ.
=1

For each ¢ with 1 < i < s, since

rilm, € AM =N = Z<ft>
teA

we can see that

!
rimi Frifin 4 e fike = Tk fikr o T fim

l _
rems + rslfsl +---+ rsk:sfsks = Tsks—i—lfsk’s—i-l +---+ Tsnsfsns

for some k;,n; € N with k; < n;, 5, € R and fi;, € {fi| t € A}, where 1 < i < s and
1 < j; < n;. Then there exists a nonempty finite subset I' of A such that

{fl.]z‘ 1<i<s, 1§ji§ni}:{ft’t€f‘}.

Thus for all i with 1 <4 < s, rlim; € ({f;| t € T'}), which implies that

flCZr m;) C ({fie] t € T}).
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By Lemmas 4.1 and 3.2(6)(7),
Ve(f) = Ve(f) 2 Vi({ Al t€TH) = Vi O () = Ve O () = () Va(fo),

ter ter ter
and so Dy(f) C User Dr(f¢). Therefore, Dy(f) is compact. O

Corollary 4.9 generalizes Corollary 4.7 in [12] and Corollary 3.8 in [2].

Corollary 4.9. Let M be a multiplication R-semimodule. An open set of Specy (M) is
compact iff it is a union of a finite number of basic open sets.

Proof. Let Dy (S) be an open set of Spec;,(M).
(=) By Lemma 3.4, Dy(S) = U;ep Di(fi) for some subset {f;| ¢ € A} of M. If Dy(S) is
compact, then there exists a nonempty finite subset I" of A such that Dy(S) = U;cr Di(fi)-
(<) follows immediately from Theorem 4.8. O

Corollary 4.10. If N is a k-finitely generated subsemimodule of a multiplication R-
semimodule M, then Dy (N) is compact in Specy(M).

Proof. Let N = (f1,..., fn). By Lemma 3.2(6)(7),

Ve(V) = Ve(lfis s £)) = (Y VilF),

i=1
and so Dy(N) = Ui~ Di(f;), which is compact by Corollary 4.9. O

Lemma 4.11. If M is a multiplication R-semimodule and f,g € M, then the following
hold for Specy(M).

(1) Di(f)N Dr(g) = Di(f - 9)-

(2) Dp(f-g) is compact.
Proof. (1) follows from Lemma 4.2.

(2) By Lemma 2.8, f-g¢ is a finitely generated subsemimodule of M. By Lemma 3.2(6),
Dy (f - g) is expressed as a union of a finite number of basic open sets. So the conclusion
follows from Corollary 4.9. O

Theorem 4.12. If M is a multiplication R-semimodule, then the intersection of finitely
many basic open sets is compact in Specy (M ).

Proof. Use induction on the number n of basic open sets. In case n = 2, the statement
is true by Lemma 4.11. Assume that the statement is true in case n = k and consider the
case n = k+ 1. Let fi1,..., fre1 € M. By inductive hypothesis, ﬂle Dy(f;) is compact
and by Corollary 4.9, it equals the union Ué’:1 Dy(g;) of a finite number of basic open
sets. Then

2 DR(fi) = N1 Dr(fi) N Di(frs1)
= (U5=1 Di(9)) N D fr1) = U1 (Di(g5) N D (frs1))-

By Lemma 4.11, Dy (g;) N Di(frs1) are all compact, so is (i Dy (f:). O

Theorem 4.13 generalizes Theorem 4.18 in [12] and the part about saturated prime
ideals in Corollary 6.3 in [19].

Theorem 4.13. If M is a k-finitely generated multiplication R-semimodule, then Spec, (M)
is a spectral space.

Proof. By Theorem 3.16, Spec (M) is a compact space. By Theorem 3.5, Spec, (M) is
a Tp-space. By Lemma 3.4 and Theorem 4.8, the compact open subsets form a base for
the Zariski topology in Spec,(M). By Corollary 4.9 and Theorem 4.12, the intersection
of finitely many compact open subsets is also a compact open subset in Spec,(M). By
Corollary 3.10, every irreducible closed subset has a generic point in Specy(M). Hence,
Spec, (M) is a spectral space. O
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We give an example of a k-finitely generated multiplication semimodule that is not
finitely generated.

Example 4.14. Let R = ZJ{a,b,+0}, where a and b are two distinct elements, not
belonging to Z|J{+oc0}. Extend the natural ordering on Z onto R by defining a < b <
x < 4oo for all x € Z so that R is a linearly ordered set. For x,y € R, define

m-y—{ max{z,y}, if x# aandy# a,

v +y =max{z,y}, a if x=aory=na.

Then R is an additively idempotent and multiplicatively idempotent commutative semiring
with zero a and identity b, and the nonzero proper ideals of the semiring R are M = R\ {b}
and I, = (k) = {a} U{z € R| = > k}, where k € Z|J{+0o0}. Obviously, M is a unique
maximal ideal of the semiring R and is an R-semimodule.

Show that M is a multiplication R-semimodule. In fact, if NV is a subsemimodule of M,
then NV is an ideal of the semiring R and so NM C NR = N. Since R is multiplicatively
idempotent, N = N2 C NM and hence N = NM.

Show that this multiplication R-semimodule M is k-finitely generated, but not finitely
generated. In fact, for every x € M, x + (+00) = +00 and so = € (+00), which implies
M = (4+00). Assume that there exists a nonempty finite subset S of M such that M = (S).
Then S # {a} and for the least element s in S\ {a}, s € Z{J{+o0} and so S C (s) = I,
which implies M = I, a contradiction.

In addition, it is easy to see that this multiplication R-semimodule M has no maximal
subsemimodule.

Given below is an example of a multiplication semimodule without k-maximal subsemi-
module.

Example 4.15. Let R = Z|J{—o00,+o0}. Extend the natural ordering on Z onto R
by defining —o0 < z < +oo for all x € Z so that R is a linearly ordered set. For
z,y € R, define z +y = max{x,y} and -y = min{z,y}. Then R is an additively
idempotent and multiplicatively idempotent commutative semiring with zero —oo and
identity +o0, and the nonzero proper ideals of the semiring R are M = R\ {+oo} and
Jm = (m) = {z € R| x < m} which are all k-ideals, where m € Z. Obviously, M is a
unique maximal ideal of the semiring R and turns out to be a multiplication R-semimodule
in the same way as in Example 4.14.

Show that this multiplication R-semimodule M has no k-maximal subsemimodule. In
fact, assume that K is a k-maximal subsemimodule of M. Then K is a proper ideal of the
semiring R, neither M nor {—oo}, and so K = J,, for some m € Z. But for n € Z with
n > m, Jy, is a proper k-subsemimodule of M containing K properly, a contradiction.
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