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ABSTRACT. In this article, identification of the time-dependent lowest term in
a fourth order in time partial differential equation (PDE) from knowledge of
a boundary measurement is studied by means of contraction mapping.

1. INTRODUCTION

Fourth order derivative in time arises in various fields. For instance, in the
Taylor series expansion of the Hubble law [22], in the study of chaotic hyper jerk
systems [2] and in the kinematic performance of long-dwell mechanisms of linkage
type [8]. The fourth order in time equation, that is our motivation point, was
introduced and investigated by Dell’Oro and Pata [5] for the first time

Orrrry(®, T) + Q07 rry(2, T) + BOr-y(x, T) — YOr27+Y(2, T) — 0020y (2, T) — pOzay(x, 7) = 0

where «, 3,7, 6, p are real numbers. This model is obtained from the third-order Moore—
Gibson—Thompson equation with memory, which has been extensively studied in the lit-
erature, [7,/13}/14]. More recently, this model has attracted the attention of many authors,
see [3},/15,(164/18}/19].

Consider the third order in time nonlinear partial differential equation model in abstract
form

Orrry(z,7) + 0rry(x, 7) — czﬁmy(x, T) — bOgury(x,7) = G(T, 7, Y, Yr, Yrr) (1)

where G(z,t,y,yr,yrr) is a non-linear or linear function and «, ¢, b > 0 are given parame-
ters. This type of model is often called Moore-Gibson-Thompson equation and appeared
in many scientific fields such as nonlinear acoustics, medical ultrasound, viscoelasticity
and thermoelasticity, [4}/6L[10H12L[20].
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Taking the subtraction

8T - oz,

we obtain

Orrrry(z,7) — a2677y(x, T) — bOzarry(z, T)
+ a?pay(z,7) 4 (b — ) Opury(z,7) = 8, G — aG. (2)

c2

Taking into account that the critical parameter (C.P. = a — ) of the third
order in time equation is zero. i.e. the energy is conservative and no decay of
the energy occurs. Then ab—c? = 0. In this case, the fourth order in time equation

reads

577772/(% T) +68-r7'y($ T) - ’Yaa:a:‘rry(m T) - pawwy(x T) = F(I 7Y, yrvy-r‘r)a (3)

where F(2, 7,9, Yr, Yrr) = 0,G — aG, B = —a? v =b and p = —ac.

In this paper, we choose the right hand side of the fourth order in tlme PDE (3]
as a linear function such that F'(z,7,v, yr,yr-) = a(7)y(z,7) + f(z,7). Our aim is
to investigate the solvability of the inverse problem of simultaneous identification
of the solely time-dependent lowest term (a(7)) and displacement function (y(z, 7))
in the fourth order in time PDE

aTTTTy('T77—) + ﬁ@TTy(m,T) - ’YaﬁchTy('T,T) - paxwy(w,T) = a(T)y(a:, T) + f(va)v (4)

for (z,7) € Dy subject to the initial conditions

y(@,0) = &o(x), yr(2,0) = & (), yrr (2,0) = §5(2), Yrrr (2,0) = §3(2), z €[0,1],  (5)
and the boundary conditions
y(0,7) = y2(1,7) =0, 7 €[0, 7], (6)
and the additional condition
y(1,7) = h(r), 7 € [0,T], (7)

where Dy = {(z,7): 0 <2 <1, 0 <7 < T} for some fixed T > 0, 5,7,p > 0 are
given constants, f(z,7) is the force function, £,(x), & (x), £5(), {5(x) are initial
displacements, and h(7) is the extra measurement to obtain the solution of the
inverse problem.

The inverse problems of determining time or space dependent coefficients for
the higher order in time (more than 2) PDEs attract many scientists. The inverse
problem of recovering the solely space dependent and solely time dependent coef-
ficients for the third order in time PDEs are studied by [1] and [21], respectively.
More recently, in [9] authors studied the inverse problem of determining time de-
pendent potential and time dependent force terms from the third order in time
partial differential equation by considering the critical parameter equal to zero.

Main purpose of this paper is the simultaneous identification of the time-dependent
lowest coefficient a(7), and y(x, ), for the first time, from the equation , initial
conditions , homogeneous boundary conditions @ and additional condition
under the assumption on the parameters.
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The article is organized as following: In Section 2, we first present the eigen-
values and eigenfunctions of the corresponding Sturm-Liouville spectral problem
for equation . Then two Banach spaces are introduced and roots of the fourth
order polynomial (quartic) are investigated. In Section 3, we transform the inverse
problem into the system of integral equations which are Volterra type by using the
eigenfunction expansion method. Then, the theorem of the existence and unique-
ness of the solution of the inverse problem is proved via Banach fixed point theorem
for sufficiently small times under some conformity and consistency conditions on
the initial and boundary data.

2. AUXILIARY SPECTRAL PROBLEM AND PRELIMINARIES

The corresponding spectral problem of the inverse problem — is
W"(x)+ AW (z) =0, 0<z<1,
(3)
w(0) =W’'(1) = 0.
The eigenvalues and corresponding eigenfunctions of these eigenvalues of the spec-
tral problem are \, = (2”—2“71')2 and W, (z) = v2sin(v z), n = 0,1,2, ...,
respectively. The system of eigenfunctions W, (x) are biorthonormal on [0, 1], i.e.:

1 ;m=n

/01 Wn(x)Wm(x)da?:{ 0 m£n

Also the system W, (x) = v2sin(v/A,z), n = 0,1,2,... forms a Riesz basis in
L»[0,1].

Now, let us introduce two Banach spaces that are connected with the eigenvalues
and eigenfunctions of the auxiliary spectral problem :

1:

Br = {y(@.7) = 3" pa(r)Wal@) : yu(r) € CL0,T],
n=0

0o 1/2
JT<y>=(Z(Af/z||yn<f>||C[o,T]>2> <+oo}, (9)

n=0
where Jr(y) := |ly(z,7)| 3, is the norm of the function y(z, 7).
ii: Ep = By x C[0,T] is a Banach space with the norm
(@, Dl g, = Iy )l 5, + a0y 5
where v(z,7) = {y(x,7),a(r)} is a vector function.
These spaces are suitable to investigate the solution of the inverse problem —

@.
Consider the quartic polynomial P(k)

P(k) = E* + (B + vk + pp.
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Let us denote A,, = (8+v\n)? — 4p\,,, and consider A,, > 0. Therefore, the roots
of the quartic polynomial P(k) are

k12 = V-5,

k3,4 = + \% —g,,“

where s, = % VA”, and 5, = % VAn - Since B,7,p, and A, are strictly
positive, s,, and §,, are also positive. Thus we have four complex conjugate roots
k1,2 = ipy,
k‘374 = :|:Z'7’n,

where p,, = 75+7)‘”2_V E \/73‘*7’\"2'“ Su and s, = p2, 5, = 2.

3. EXISTENCE AND UNIQUENESS

In this section, our aim is to set and prove the main theorem that is about the
unique solvability of the inverse problem for the fourth order in time PDE. Before
giving these let us define the classical solution of the inverse problem.

Let the pair of functions {y(z,7),a(r)} be from the class C**(Dr) x C[0,T]
and satisfies the equation and conditions —. Then we call that the pair
{y(z,7),a(r)} is the classical solution of the inverse problem (4)-(7).

The existence and uniqueness theorem of the solution of the inverse problem is
as follows:

Theorem 1. Let the assumptions

As: &o(x) € C40,1], ¢ (2) € Lo[0,1],

£0(0) = €4(1) = €5(0) = £5'(1) = €57 (0) = 0,
Ao & (2) € C3)0,1], €M (x) € Ly[0, 1],
£,(0)=¢,(1) =¢/(0)=¢"(1) =0,
A3: 52(93) S 02[071]3 5/2”(33) € LQ[Ov 1}7
£5(0) = &5(1) = £5(0) = 0,
Ay &5(x) € 01[071], §g(ac) € L»[0,1],
£3(0) = &3(1) =0,
As: h(1) € C*0,T], h(r) #0, V7 € [0,T],
h(0) = &o(1), A'(0) =&, (1), h"(0) = &5(1), "' (0) = &5(1),
Ag: f(x,7) € C(D1), fo, fou, fzaz € C[0,1], YT € [0,T],

f(OaT) = fﬂf(laT) = fﬂc%(OvT) =0,
be satisfied, B,v,p > 0, and A, = (B + Y\)? — 4p\, > 0. Then, the inverse
problem -@ has a unique solution for small T.

Proof. Let a(r) € C[0,T] be an arbitrary function. Thus,we will use the Fourier
(Eigenfunction expansion) method to construct the formal solution of the inverse
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problem ([4)-(7). In keeping with this aim, let us consider

T) = Z Yn(T)Wa(2), (10)
n=0

is a formal solution of the inverse problem (4| . .
Since y(z,7) is the formal solution of the inverse problem (4 . 7), we get the
following Cauchy problems with respect to y,(7) from the equation (4 and initial

conditions ({b);

o (1) + (B + VAW (T) + pAayn(T) = Fu(T50,y), o
yn(o) = gOn) y;’b(o) = €1na yn( ) €2n?y”/< ) = 5317,7 n = Oa 1527

Here
Fu(ria,y) = a(T)yn(7) + fu(7),
1
- \/5/0 y(z, 1) sin(v/Anx)da
= \/i/o f(z,7) sin(y/ Anz)dz
and

1
Ein = \/5/ &,(x)sin(v/ A\ox)de, i =0,1,2,3, n=0,1,2,....
0
These Cauchy problems have the quartic characteristic polynomial
P(k) = E* + (B+ v An)k? + pAn.

Since A, = (8 + v \n)? — 4p),, > 0, solving by using the roots of this charac-
teristic polynomlal that are investigated in previous section, we obtain

) _r% cos(pnT) — P2 cos(vﬂnT)g n 3 sin(r,7) — p2 sin(pnT)5
Yn - ﬁAn Oon Pl ﬁAn in
cos(pnT) — cos(r,T) T Sin(r,T) — Py sin(py7)
§2n + §3n

VA PnTnVAn
[ s ) = e sintoulr = )| Falos oo
(12)
Substitute the expression into to determine y(z, 7). Then we get

< .2 .2 3 g — 3
y(z,7) = Z [rn cos(pnT) — pz cos(r,T) €+ s sin(r,T) — ps sin(p,7)

VA, PnTnVAn

gln

n=0
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cos(pn7) — cos(r,T) T Sin(r,7) — pp sin(p,7)

N PtV Bn

T Pn . Tn . .
] [ st ) o sinte )| Faoa ]
X Wy (). (13)

Let us derive the equation of a(7). If we evaluate the equation at z =1 and
consider the additional condition (7)), then we have:

5271 + g.’.’m

a(t) = % [h<4)(7) + B8R (1) = F(L,7) + Y ()" A (v (7) + Pyn(T))] (14)
n=0

where y,,(7) is defined in and
W (7) :pflr% (cos(r,T) — cos(pnT))g r> sin(p, ) — p> sin(r,7)
n ﬁAn on PnTn ﬁAn in
72 cos(rp,T) — p? cos(pnT) €, + p3 sin(p,7) — 3 sin(r,7)
VA, o ParaV B o

/T aln_ (pn( ) TaPn_ (rn( ) ( )d
————SIn(pp (7 — — —(——— 8" (7T — F.(n;a, .

o LVAnpAn K AnpA, " 4, Y)an
(15)

We convert the inverse problem -@ into the system of Volterra integral equa-
tions (13)-(14) with respect to y(z,7) and a(r) by considering

1
Yn(T) = / y(z, T)Wp(z)dz, n=0,1,2,...
0

is the solution of the system of differential equations . Analogously, we can prove
that if {y(z,7),a(r)} is a solution of the inverse problem ([4)-(7), then y,(7), n =
0,1, 2, ...satisfy the system of differential equations . For proof of this assertion
please see ( [17]). From this assertion we can conclude that proving the uniqueness
of the solution of the inverse problem —@, It is enough to prove the unique
solvability of the system —.

To prove the existence of a unique solution of the system and we need to
rewrite this system into operator form and to show that this operator a contraction

operator. Consider v(z,7) = [y(z,7),a(r)]” is a 2 x 1 inverse problem’s solution
vector function. Thus, we can rewrite the system of equations and into
the operator equation form as

v=0(v) (16)

where O(v) = [01,0,]" and ¢, and ¢, are

2. [r2 cos(pnT) — p2 cos(ry,T rd sin(r,7) — p2 sin(p, T
01(V)=Z{ (PnT) — pp, cos( )fon+ (rn7) — Py, sin(p )é“ln

VA, DPnTnVAn
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cos(pn7) — cos(r,T) Ty SIN(rp,T) — pr sin(p, )

\/Tn pnrn\/Fn

[ s = 1) = g sin(on(r )| Pl )i

x Xp(x),

5277, + €3n

and

Os(v) = % [h(‘” (7) + BR" (1) = F(L,7) + D (=)™ A (i (r) + pyn(T))l :

We can easily obtain following equalities

1 1 1 1 1
gon = @Omna f1n = Ealna fzn = WOK%; fgn = Eagm fn(T) = @Wn(T%

n=0

using integration by parts under consideration of the assumptions (A4;) — (Ag),
where

wn(T) = —\/5/0 foza (@, 7) cos(v/ Anz)d,
aon, = \/5/ 585)(x)cos(\/gx)da:,
0

1

aon = —V2 [ & (x)cos(v/ Anz)da,

0

and
1
Qgn = f\@/ &5 (z) sin(y/ A\, z)dz.
0
Since v/2sin(v/A,z) (or v/2cos(v/A,z)) forms a biorthonormal system of func-
tions on [0, 1], by using Bessel’s inequality we get the estimates

n < b n S b
> ool < 6], S < 7,

= 2 = 2
Z |O‘2n|2 S H§/21/||L2[O,u ) Z |O‘3n|2 S HggHLQ[O’l] )
n=0 n=0

oo

S lwn (P < M fawa ()1 00 - (17)

n=0
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Also we can easily obtain the following estimates of the coefficients which arise
in the operator equations O1(v) and Oz (v):

Cl2 d3 d4 d5
X1 (7)] < di, [x2(7)| < Now Ixs(m)| < P Ix4(7)| < W? Ixs(7)| < N
D
IT1(7)| < AuD1, [Ta(7)] < v AnDo, |Ts(7)] < D3, [Ty(7)] < \/Ti’ ITs(7)| < Ds,
' (18)

where

cos(r,T) rd sin(r,7) — p2 sin(p,7)

uin = VBa = S
cos(pn7) — cos(r,T) (r) = T SIN(rpT) — P sin(p,T)

* PnTnvV A, ’

- 77))7

T'n

X5 (t) = m sin(r,, (7 — 7)) N sin(pn (7

i(r) = x/(r), i = 1,5, d; and D;, i = 1,5 are positive real constants. (These
boundaries can be obtained by taking A, common multiplier)

Now we can show in two steps that O is a contraction operator by considering
the assumptions and estimates are given above.

I) First let us verify that O is a continuous map which maps the space Er
onto itself continuously. That is to say, our aim is to show O;(v) € Br and
05(v) € C[0,T] for arbitrary v(z,7) = [y(z,7),a(r)]" such that y(z,7) € Br,
a(t) € C[0,T].

Let us start with O1(v) € Br, i.e. we need to verify

00 1/2
Jr(01) = (Z()\iﬂ ||01,n(7)|c[o,T])2> < +o0,
n=0
where
Or n(7) 72 cos(pnT) — P2 cos(rnT)g n rdsin(r,7) — p sin(pnT)€
n\T) = n n
: v An 0 PnTnvV An !
cos(p,T) — cos(r,T 7y, sin(r,7) — pp sin(p, T
(PnT) ( )€2n+ (rnT) — pnsin(p )§3n

VA, PrnTnV Ay

+ /T {pn sin(r, (7 —1n)) — I sin(py, (1
0 \ Anp/\n " \% Anp/\n "

After some manipulations under the assumptions (A;)—(Ag), using the estimates

we obtain

=) | Fn(n;a,y)dn.
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(Ir(00)* = 3 (N2 1010l o0 1)
n=0
<6d22\a0n| +6d22|a1n\ +6d2Z|a2n| +6d22|a3n|
n=0
oo 2
22
+6d:T Zg(orgnrang |wn(7)>
2 oo 2
2
#0272 (s o)) Y- (W (o)
n=0

Since y(z, ), a(r) belong to the spaces Br, and C[0, T, respectively, the series
at the right hand side of (Jy(¢,))? are convergent from the Bessel’s inequality
(considering the estimates (I7)). Jr(Oy) is convergent (i.e. J7(O1) < 400) because
(J7(01))? is bounded above. Thus we can conclude that O; (v) belongs to the space
By

Now let us prove that Oz(v) € C[0,T]. By using the equation of a(r) (I4), we
can write

7 O]+ s @+ 1)

+Z>\ (7 [y (D) + p lya (7))

Taking into account the estimates and and using the Cauchy-Schwartz
inequality, from the inequality for |¢(v)| we get

< -
o [02()] S <o

+mlz|0¢0n| +m22|041n| +m32\042n| +m42|a3n\2
n=0
2 oo

—|—m5T( max la(T )|) Z (Ai/z Hyn(T)HC[O,T])Q

n=0

+m6TZ (s, tentr ) (19)

R0+ 81071+ 1,7
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o 1\1/2 o 1\Y?% .
where m; = "}/D,L (Zn:O x) + sz (Zn:O )\7‘%) , 1=

1/2 1/2
mg = vDs (ZZO:O é) + pds (ZZO:O %) . Considering the estimates 1) and

> ﬁ, > o5 and Y7 <k are convergent, the majorizing series 1} are
convergent. AccordTiLng to Weierstrass M-test Os(v) is absolutely continuous. Thus,
O (v) belongs to the space C[0,T].

Thereby, we have shown that O is a continuous and onto map on Erp.

IT) Since O in a continuous map onto Er, let us prove that the operator O is

contraction mapping operator. Assume that let 1 and v be any two elements of Er
such that v; = [y(i)(x, T),a(i)(T)]T, ¢ = 1,2. From the definition of the space Er,
we have |O(v1) — O(v2)|| g, = [O1(v1) — O1(v2)l 5, + |02(v1) — O2(v2)llcjo 7-
For the convenience of this norm, let us consider the following differences

1)~ O1r) = 3 [ (st = ) = g sin(oulr =)

x (Fu(n;a',y") = Fu(n;a®,y°)) dn] Wi (),

1,5 and

n=0

B 1 oo T p?ﬂ’n . ’I”%pn .
0s() = 0s() =5 | 3 [ | e sintonr = ) = 2 sintra(r = )|

x (Fp(n;a,y") — Fa(n;a®,y?)) dn

T'n

1p /OT {p" sin(ry, (1 — 1)) — —s—=—sin(pn(7 — 77))]

VALPA, VALpA,
X (Fu(n;a',y') — Fu(n;a®,y%)) dn}).
After some manipulations in last equations under the assumptions (Aq)-(Ag)
and using the estimates - , we obtain

[01(v1) = O1(v2)llp, < T [Cl Hy(l) - y(g)‘ +Cr Ha(l) B a(Z)Hc[o T]] ’

Br

T
- e ol @
102(1) = O2(v2)ll o, < —— (7)) {CSH@/ Y ‘
0<r<T

o=
Br clom)’

where O}, k = 1,4 are the constants depend on the norms Ha(l) Hc[o L y? HBT ,

ms, and mg . From the last inequalities it follows that

10(v1) = O(v2) |l g, < AT)C(a™M,y) ms, mg) lv1 — va 5,

where A(T) =T (1 + mmlh(T)> and C(a™M,y?) ms, mg) = max {Cy,Cy, Cs,Cy}
0<7<T

is the constant dependsion the norms Ha(l)HC[O’T], ’y@)HBT , ms, and mg.
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Since h(7) € C4[0,T], h(r) #0, VY7 €[0,T], aV(r) € C[0,T], y?(x,7) € Br

and ms, mg are finite constants, m and C(a(l), y@), ms, mg) are bounded
0<r<T

above. Thus A(T)C(a™,y®,ms, mg) tends to zero as T'— 0. In other words, for
sufficiently small 7' we have 0 < A(T)C(a™),y) ms,mg) < 1. This means that
the operator O is a contraction mapping operator.

From the first and second steps, the operator O is contraction mapping operator
that is a continuous and onto map on Ep. Then according to Banach fixed point

theorem the solution of the operator equation exists and it is unique. ([l

4. CONCLUSION

The paper studies the inverse initial-boundary value problem of determining the
time dependent lowest term together with the displacement function in a fourth
order in time PDE from an additional observation. The unique solvability of the
solution of the inverse problem on a sufficiently small time interval has been proved
by using of the contraction principle. The proposed work is novel and has never
been solved theoretically nor numerically before. Our results shed light on the
methodology for the existence and uniqueness of the inverse problem for the fourth
order in time PDEs in two dimensions.

Declaration of Competing Interests This work does not have any conflicts of
interest.
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