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Abstract. The present study initially introduced a new type Lorentzian al-

most para contact manifold using the generalized symmetric metric connec-
tions of type (α, β). Later, some results is given about new type Lorentzian

almost para contact manifold.

1. Introduction

A linear connection ∇ on a (semi-)Riemannian manifold M is suggested to be a
generalized symmetric connection if its torsion tensor T is presented as follows:

(1.1) T (X,Y ) = α{u(Y )X − u(X)Y }+ β{u(Y )ϕX − u(X)ϕY },

for any vector fields X and Y on M , where α and β are constant functions on M
[2, 3]. ϕ can be viewed as a tensor of type (1, 1) and u is regarded as a 1-form
connected with the vector field which has a non-vanishing smooth non-null unit.
Moreover, the connection ∇ is called to be metric connection if ∇g = 0, with g
metric tensor [1].

A linear metric connection satisfying the equation (1.1) is called generalized
symmetric metric connections of type (α, β). We remark that generalized symmet-
ric metric connections of type (1, 0) is semi-symmetric connection and generalized
symmetric metric connections of type (0, 1) is quarter-symmetric connection, re-
spectively [4, 5].

In the present paper, we define a new type Lorentzian almost para contact man-
ifold using the generalized symmetric metric connections of type (α, β)
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2. Lorentzian almost para contact manifold with parallelized
generalized symmetric metric connection

Let M be a differentiable manifold endowed with a (1, 1) tensor field φ, a con-
travariant vector field ξ, a 1-form η and Lorentzian metric g, which satisfies

η(ξ) = −1, φ2(X) = X + η(X)ξ,(2.1)

g(φX, φY ) = g(X,Y ) + η(X)η(Y ), g(X, ξ) = η(X),(2.2)

φξ = 0, η(φX) = 0.(2.3)

for all vector fields X, Y on M , where ∇ is the Levi-Civita connection with respect
to the Lorentzian metric g. Such manifold (M, ξ, η, g) is called Lorentzian almost
para contact manifold. If we mark Φ(X,Y ) = g(φX, Y ) for all vector fields X, Y
on M , then the tensor field Φ is a symmetric (0, 2) tensor field [6, 7, 8].

Now, we will give the main characterization theorem.

Theorem 2.1. For an Lorentzian almost para contact manifold, the generalized
symmetric metric connection ∇ of type (α, β) is given by

(2.4) ∇XY = ∇XY + α{η(Y )X − g(X,Y )ξ}+ β{η(Y )φX − g(φX, Y )ξ}.

Proof. There is the following relationship between a linear connection ∇ and Levi-
Civita connection ∇

∇XY = ∇XY +H(X,Y ),

for all vector field X and Y . The following is obtained so that ∇ is a generalized
symmetric metric connection of ∇, in which H is viewed as a tensor of type (1, 2);

(2.5) H(X,Y ) =
1

2
[T (X,Y ) + T

′
(X,Y ) + T

′
(Y,X)],

where T is viewed as the torsion tensor of ∇ and

(2.6) g(T
′
(X,Y ),W ) = g(T (W,X), Y ).

Thanks to (1.1) and (2.6), we obtain the following;

(2.7) T
′
(X,Y ) = α{η(X)Y − g(X,Y )ξ}+ β{η(X)φY − g(φX, Y )ξ}.

Using (1.1), (2.5) and (2.7) we obtain

H(X,Y ) = α{η(Y )X − g(X,Y )ξ}+ β{η(Y )φX − g(φX, Y )ξ}.
This proves to our assertion. �

Using (2.4), we have

(2.8) ∇Xξ = ∇Xξ − α{X + η(X)ξ} − βφX.
If the unit timelike vector field ξ is parallel with respect to generalized symmetric
metric connection, that is,

(2.9) ∇Xξ = 0⇔ ∇Xξ = α{X + η(X)ξ}+ βφX,

then ∇ is called generalized symmetric metric ξ connection.
With the help of equations (2.1), (2.2) and (2.4), we obtain

(2.10) (∇Xη)Y = (∇Xη)Y − α{η(X)η(Y ) + g(X,Y )} − βg(φX, Y )

and
(2.11)
(∇Xφ)Y = (∇Xφ)Y−α{g(X,φY )ξ+η(Y )φX}−β{g(X,Y )ξ+2η(X)η(Y )ξ+η(Y )X},
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for any vector field X, Y on M .
Now, we suppose that (∇Xη)Y = 0 and (∇Xφ)Y = 0. Then the equations (2.10)

and (2.11) will be as follows:

(2.12) (∇Xη)Y = α{η(X)η(Y ) + g(X,Y )}+ βg(φX, Y )

and

(2.13) (∇Xφ)Y = α{g(X,φY )ξ+η(Y )φX}+β{g(X,Y )ξ+2η(X)η(Y )ξ+η(Y )X}.
A linear ∇ satifying equations (2.12) and (2.13) is called η− parallel generalized
symmetric metric and φ− parallel generalized symmetric metric connection, respec-
tively.

Definition 2.2. Let M be a Lorentzian almost para contact manifold. If M pro-
vide the equations (2.9), (2.12) and (2.13), then M is called Lorentzian almost
para contact manifold with parallelized generalized symmetric metric connection,
this means that the connection ∇ is generalized symmetric metric ξ connection,
η− parallel generalized symmetric metric connection and φ− parallel generalized
symmetric metric connection.

In this new type manifold, using (2.9), (2.12) and (2.13) we have the following
identities.

Proposition 1. In a Lorentzian almost para contact manifold with parallelized
generalized symmetric metric connection, curvature tensor R and Ricci tensor S
has the following relations

R(X,Y )ξ = (α2 + β2)(η(Y )X − η(X)Y ) + 2αβ(η(Y )φX − η(X)φY ),(2.14)

η(R(X,Y )Z) = −(α2 + β2)(η(Y )g(X,Z)− η(X)g(Y,Z))

+ −2αβ(η(Y )g(φX,Z)− η(X)g(φY,Z)),(2.15)

R(ξ,X)Y = (α2 + β2)(g(X,Y )ξ − η(Y )X) + 2αβ(g(φY,X)ξ − η(Y )φX),

S(Y, ξ) =

{
(α2 + β2)(−n− 1) + 2αβ(traceφ)

}
η(Y ),(2.16)

for any X,Y, Z ∈ χ(M).

In a 3− dimensional manifold, the curvature tensor is given by

R(X,Y )Z = S(Y, Z)X − g(X,Z)QY + g(Y,Z)QX − S(X,Z)Y

−r
2
{g(Y, Z)X − g(X,Z)Y },(2.17)

where Q is Ricci operator.

Theorem 2.3. In a 3− dimensional Lorentzian almost para contact manifold with
parallelized generalized symmetric metric connection, scalar and Ricci curvature is
given by the following expressions

r =
−8

3

{
2(α2 + β2)− αβφ

}
,(2.18)

S(Y,Z) =
2

3

{
β2 + α2 − αβφ

}{
g(Y,Z) + η(Y )η(Z)

}
+ 8

{
β2 + α2 − 4αβφ

}
η(Y )η(Z)

+ (−2αβ)g(φY,Z).(2.19)
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Proof. If we write ξ instead of X in (2.17), we have

η(R(ξ, Y )Z) = −S(Y,Z)− η(Z)S(Y, ξ) + g(Y, Z)S(ξ, ξ)− S(ξ, Z)η(Y )

+
r

2
{g(Y, Z) + η(Y )η(Z)}.(2.20)

Using Proposition1 in (2.20), we obtain

S(Y, Z) = (−β2 − α2 +
r

2
+ Λ)(g(Y,Z) + η(Y )η(Z)) + (−2αβ)g(φY,Z)

+ 2Λη(Y )η(Z),(2.21)

where Λ = 4(β2 + α2)− 2αβφ. Taking an orthanormal frame field in the equation
(2.21) over X and Y , we have the scalar curvature.

Using (2.21) in (2.18), the expression of the Ricci tensor is obtained. �

We know that

(∇XS)(Y,Z) = XS(Y, Z)− S(∇XY, Z)− S(Y,∇XZ).

Using this with (2.21), we have

(∇XS)(Y,Z) = µ
{

(∇Xη)Y η(Z) + (∇Xη)Zη(Y )
}
,(2.22)

where µ = 1
3

{
β2 + α2 − 8αβφ

}
. If we use the equation (2.13) in (2.22), we obtain

(∇XS)(Y,Z) = µ

{
2αη(X)η(Y )η(Z)− βg(φX, Y )η(Z)− βg(φX,Z)η(Y )

+g(X,Y )Z + g(X,Z)Y

}
.(2.23)

The equation (2.23) gives the following result

Proposition 2. In a 3− dimensional Lorentzian almost para contact manifold
with parallelized generalized symmetric metric connection, the manifold is Ricci
symmetric if and only if β2 + α2 − 8αβφ = 0.

3. Conclusion

In this study, we introduced new type Lorentzian almost para contact manifold
using generalized symmetric metric connection. This concept is similar Lorentzian
trans sasakian structure. Thus, all the studies done in this structure can also be
examined for the new structure we introduced.
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