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RECONSIDERING THE PARAMETERS OF CONSTANT ELASTICITY OF
SUBSTITUTION PRODUCTION FUNCTION

Ata OZKAYA"

ABSTRACT

This study investigates the properties of constant elasticity of substitution production function. Solving
the differential equation which defines elasticity of substitution, this study exactly defines the model
parameters of production function. In the literature, in previous variant models, those parameters have
been widely accepted as free variables. However, this paper demonstrates that the distribution of
production factors and technology (efficiency) parameters are not arbitrarily free constants, but are
indeed functions of elasticity of substitution and moreover they determine the limiting behavior of factor
productivities. This finding contributes to the literature by reconsidering and revising the relationship
between model parameters, factor productivities and rate of growth for output of the economy. The
results of this study suggest that the economic implications of limiting behavior of factor productivities
are deeper than previously considered. This gives more room to designing alternative growth-enhancing
policies across the world.

Keywords: Production function; constant elasticity of substitution; growth rate of output per capita;
economic growth; efficiency; production factors

SABIT iKAME ESNEKLIGI URETIM FONKSiYONUNUN PARAMETRELERININ
YENIDEN DEGERLENDIRILMESI

OZET

Bu ¢aligmamiz sabit ikame esnekligi iiretim fonksiyonunun 6zelliklerini incelemektedir. Sabit ikame
esnekligini tanimlayan diferansiyel denklemin ¢6ziilmesiyle, bu calismada iiretim fonksiyonuna ait
yapisal degiskenler tam olarak elde edilmektedir. Literatiirde ve daha once modellenmis sabit ikame
esnekligi iretim fonksiyonlarinda bu parametrelerin serbest oldugu varsayilmaktaydi. Halbuki bu
calisma iiretim faktorlerinin dagilimi ve verimlilik parametrelerinin gelisigiizel sabitler olmadigini,
ikame esnekliginin birer fonksiyonu olduklarin ispat etmektedir. Ayrica, bu iki degisken bdylelikle,
faktor tiretkenliginin sinir deger davraniglarini da agiklamaktadir. Bu bulgu, model parametreleri, faktor
iiretkenligi ve ekonomik biiyiime hizi arasindaki iligkinin tekrar ele alinmasi agisindan literatiire katki
sunmaktadir. Bu ¢alismanin sonuglari ek olarak faktor iiretkenliklerinin sinir kosullardaki davranisini
bilmenin daha zengin ekonomi-politik uygulamalara imkan tanidigin1 gostermektedir. Boylelikle
politika yapicilar agisindan, ekonomik biiyiime hizini artirmay:1 hedefleyen alternatif politikalara alan
acgilmaktadir.
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1. INTRODUCTION

In its chronological order, the evolution of constant elasticity of substitution (CES)
production function can be summarized as follows. First, Solow (1956) proposed an example
of CES function, without giving any definition of coefficient which multiply capital. This model
coefficient is an arbitrary term and positively unrestricted. This function has been developed in
Pitchford (1960). The author added second coefficient which multiply labor. David & van de
Klundert (1965) further improved CES production function in order to include the case of
Harrod neutrality of technical progress as well as cases of non-neutrality. Similar to the model
in Pitchford (1960), the author introduced two coefficients multiplying capital and labor
respectively, and representing the temporal levels of efficiency of capital and labor inputs.
However, these studies are a modelling of production type of economy and neither of them
proved how these “free coefficients” can mathematically be derived from neoclassical
assumptions. On the other hand, based on the empirical findings that the value added per unit
of labor used within a given industry varies across countries with the wage rate,
Arrow,Chenery,Minhas, & Solow (1961) proposed a constant elasticity of substitution
production function. In this function, the coefficients multiplying production factors are
assumed to amount to unity, and another parameter representing efficiency multiplies both.
Compounding the functions in Arrow et al. (1961) and David & van de Klundert (1965), Barro
& Sala-i-Martin (1995:43) added two restricted parameters which measure the efficiency of
both production factors, and a distribution parameter is restricted as in the Arrow et al. (1961).
In addition, another parameter (arbitrarily free) multiplies both factors, representing neutral
technical progress in the sense of Hicks. Even though this latter study is based on differential
equation linking marginal product of labor and output per capita, the free coefficients
(integration constants) are not mathematically derived, but stayed as model parameters. In a
recent study, Klump & Preissler (2000) also showed that above-described variants of constant
elasticity of substitution are mathematically derived from a second-order differential equation
which defines elasticity of substitution. The CES variants are based on a functional form
containing two arbitrary constants of integration, which emerge from order of differential
equation. In this sense, the present study is in line with Klump & Preissler (2000). The authors
proved that, apart from the model in Barro and Sala-i-Martin (1995), all other models are
variants of each other. However, the authors do not identify what are these coefficients, and
what do they imply in economic sense. The first aim of this study is to fill this gap.

On the other hand, Klump&Preissler (2000) report that “Knowing that different
functional variants share a common ancestor is one thing. Describing the characteristics of
particular ancestors that are responsible for the differences between particular families of CES
functions, however, is altogether another matter. Different families of CES functions emerge if
the two arbitrary constants of integration and thus also the different distribution and efficiency
parameters are further specified.” To propose a method explaining this query, Klump &
Preissler (2000) used the approach introduced in de La Grandville (1989). This approach is the
“normalizing” the parameters of CES utility and production functions in order to distinguish
different families.
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In this perspective, the analysis in this study differs from that of Klump & Preissler
(2000). For a meaningful specification of these parameters, the authors use definition of the
elasticity of substitution as a point elasticity always relying on three given arbitrary baseline
values: a given capital intensity, a given marginal rate of substitution, and a given level of per
capita production. Therefore, the second aim of this study is to directly resolve above-
mentioned second-differential equation, to mathematically derive the integration constants, and
to reveal their economic implications. These economic implications are directly related to
marginal factor productivities. The findings of this study show that “normalization” approach
is a special case of the result of the present. The present study contributes to the literature in
this vein.

In this sense, the approach used in the present study is related to the analyses given in
some other studies as Barelli & Abreu Pessda (2003), Litina & Palivos (2008) and Ozkaya
(2021) respectively. Specifically, Barelli & Abreu Pessda (2003) show that every twice-
continuously differentiable and strictly concave function can be bracketed between two CES
functions at each open interval. Litina & Palivos (2008) claim that Barelli & Abreu Pessoa
(2003) wrongly identified the class of functions with elasticity of substitution asymptotically
equal to one as the Cobb—Douglas class. However, based on the setup of Barelli & Abreu Pessoa
(2003), Ozkaya (2021) proves that the result of Litina & Palivos (2008) is wrong and that Inada
conditions make production function turn into Cobb-Douglas. This study further develops the
finding in Ozkaya (2021).

The study is organized as follows. Section 2 proposes a literature review on theoretical
and empirical studies which focus on the economic growth rate across different countries and
its relation with elasticity of substitution among production factors, and hence with the
technological progress in those countries. As it can be easily seen, although our results give
support to findings of certain studies, our results are in contrast to findings reported in some
other studies. Section 2 enables to state the place of our study in the literature. The findings of
the study are introduced in section 3. We clearly compare our initial results with those given in
the literature. Finally, section 4 reconsiders a new approach known as “normalization”, and
investigates whether this approach is capable of aligning the variants of constant elasticity of
substitution functions mentioned in the literature.

2. LITERATURE REVIEW

The elasticity of substitution between capital and labor is a parameter which defines the
dynamical properties of production function. Beginning from the influential studies in last two
decades (de La Grandville 1989 and 1997, Yuhn 1991, Klump & de La Grandville 2000, Saam
2008), the concept of elasticity of substitution between capital and labor has been widely
analyzed from theoretical perspective. As long as the theoretical uncertainties and
inconsistencies are resolved (Klump & de La Grandville 2000), the researchers reveal richer
economic interpretation of the elasticity of substitution. This enables the rise of empirical
methods which can be applied to modeling the differences between countries from the
perspective of economic growth and development (Nakamura & Nakamura, 2008). In dynamic
macroeconomics, the empirical studies mainly focused on the crucial role of the elasticity of
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substitution in technological developments accelerating countries’ economic activity.
Integration into global markets and increase in competition have been shown as an efficient
way for countries to obtain sustainable growth path driven by elasticity of substitution between
capital and labor (Ventura 1997, Klump 2001, Klump et al., 2012). Taken inversely, the
inefficiency in substitution elasticity may result with income traps (Azariadis 1996, Guo &
Lansing, 2009). If it is considered under the conditions where the demand for production factors
fluctuates, especially the labor demand, then the labor economics is another discipline where
the elasticity of substitution plays central role (Chirinko 2002). In public finance, conditional
on the elasticity of substitution, varying share of labor force and its revenues are determinants
of the optimal tax policy (Rowthorn, 1999).

Among production functions exercised in the literature, the Cobb-Douglas production
function has long been attired more attention. However, as it has been pointed out by the
empirical studies, the Cobb-Douglas production function is not satisfactory in terms of
economic implications and does not consistent with novel observations. In their recent study
Klump et al. (2012) suggest that “...Indeed, there is now mounting empirical evidence that
aggregate production is better characterized by a non-unitary (and in particular below unitary)
elasticity of substitution (see e.g., Chirinko et al.1999; Klump et al.2007; Le on-Ledesma et
al.2010a). Chirinko (2008)’s recent survey suggests that most evidence favors elasticities
ranges of 0.4-0.6 for the United States. Moreover, Jones (2005) argued that capital shares
exhibit such protracted swings and trends in many countries as to be inconsistent with Cobb—
Douglas or CES with Harrod-neutral technical progress (see also Blanchard 1997; McAdam
and Willman 2013). Such variability would also suggest the presence of biases in technical
change...” . As we indicate above, the elasticity of substitution defines the dynamics of
production function. Then we have to query the range of this parameter observed across actual
country datasets.

Yuhn, K. (1991) reports that “...the United States and South Korea. The test results
support the de la Grandville hypothesis that the elasticity of substitution is a potent explanatory
variable of economic growth. This inquiry also provides a clue to the puzzle that the U.S.
elasticity of substitution between labor and capital is well below unity whereas that of South
Korea is close to unity; nonetheless, the U.S. Factor shares have tended to remain fairly stable
whereas the distributive shares of South Korea seem to have changed in favor of capital. Their
findings indicate that a high elasticity of substitution is a bad signal for the distribution of
income under the paradigm of modern technology.”

In a related study for the observed value of substitution parameter across countries
Palivos & Karagiannis (2010) state that “...Hence, an elasticity of substitution that eventually
becomes greater than unity can counteract the role of diminishing returns to capital. This
renders factor substitution a powerful engine of growth. Duffy and Papageorgiou (2000),
estimating a CES production function, find that the elasticity of substitution is greater than one
in a subsample of 21 high-capital countries, whereas it is less than one in a subsample of 23
low-capital countries.”
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Among the recent studies, Mallick (2012) estimates the elasticity of substitution value
for 90 countries using the CES production function. The author reports that about a fifth to a
quarter of the growth rate differential between East Asia and Sub-Saharan Africa can be
explained by substitution elasticity alone. Hence, a higher value of substitution is shown to
broaden the efficient production possibilities.

Based on the accumulating empirical literature, we see that the level of accumulated
capital per labor and economic development may be major determinants of the elasticity
between capital and labor. Moreover, Klump et al. (2012) report that under the case where
elasticity of substitution is greater than one their findings shed light on why some countries
have enjoyed a high rate of per capita growth without exhibiting much technical progress.

More recently, Knoblach et al. (2020) show that heterogeneity in reported estimates is
driven by the choice of estimation equations, the modeling of technological dynamics, and data
characteristics. Based on the underlying meta-regression sample the authors find out that the
long-run elasticity of U.S economy stays in the range of 0.6 to 0.7. For all estimated elasticities
Knoblach et al. (2020) reject the hypothesis of a Cobb-Douglas production function.

We see that the empirical studies agree with the range of observed value of elasticity of
substitution in developed countries. However, the literature has much to do in order to explain
how the accumulation of capital per labor ratio coincides with these values. Our study
contributes to the literature in this vein.

3. THE INTEGRATION CONSTANTS OF THE CES PRODUCTION FUNCTION

To further progress, first, let us write Cobb-Douglas technology function, Y =
F(K,L) = A.K% L*~% There are two input factors for production, capital services and labor.
The exponential parameter 0 < a < 1 denotes the capital share of the production, while A is
exogeneous technology parameter. This type of function is a “neoclassical” type production
function, where all input factors are essential and Inada conditions are satisfied (Barro & Sala-
i-Martin,1995, Irmen & Maussner, 2017). As it is known, constant elasticity of substitution
production function does not satisfy these requirements.

Proposition 1.

Following the results of both Barelli & Abreu Pessoa (2003) and Ozkaya (2021), any
production function which can be squeezed between two CES functions, can be written in the
f(k1)
ky.f'(k1)?

integration constant and ¢ is the elasticity of substitution parameter, ¢ € [0, ).

form given by (1). Let f (k) be per-capita production function, where the term is an

_ f(kq) L rING
f(k) = m-k-f (k)
1)

For the proof please see Appendix I.
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Proposition 2.

Following the result in Ozkaya (2021), the differential equation (1) has general solution for
both o > 1 and o < 1, which are shown in (3) and (4), respectively.

Proof 2.
Let u= f(k)l_% and u' = (1 —%)f’.f‘i.

Substituting these terms into (1) and integrating, yields (2).

1
_ (k1S (k)0 1—%
u(k) = (—ﬂm ) K+ C )
where 0 < C < c0.We note that if integration constant C is equal to zero, f'(k) will be
constant also. On the other hand, if C is infinite, then f (k) will be undefined. However, by
definition of the production function these cases are not possible. Therefore, C satisfies the
following limiting cases, a.) and b.) :

a)u(0)=C ifo>1 and b)) u(w)=C if ¢ < 1.

The general solution for f (k) can be obtained as shown below.

1
That is, since u = f(k)' ", the per-capita production function is

1
1

1
_ (s e it N\
f(k)-(( L)k +c>

Inserting the possible values of C , we have (3) and (4), respectively. For the case ¢ > 1, the
expression (3) determines the per-capita production function depending on the initial condition,

namely £ (0).

1
1

fle) = ((%y.kl"i +f(0)1—§>1‘5 o

For the case o <1, the expression (4) determines the per-capita production function
depending on the terminal condition, namely f (o).

1
1_1

fi0 = <(—k1f<'i'3)o)g-k1‘§ +f<oo>1‘5) ’ @

First, we rearrange (3) and (4) in terms of two production factors and second, we compute the
1

ki f'(kq)?
f(k1)
respectively.

term ( )° which identifies different conditions for the case 0 >1 and o<1,
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Computing the limiting cases, one can have:
1. For o > 1, the initial conditions of the CES function

mF(K,L) = F,(0,L).L and LimF(K,L) = F¢(K,0).K

The initial conditions with respect to input factors, Fx (K, 0) and F, (0, L) are obtained:

f(0) =F,(0,L)

This expression is defined for all 0 < L < oo, and is constant with respect to the input factors
and does not vary with the elasticity of substitution.

1
kif'(ky)?\o _ %

()

is defined for all 0 < K < oo, and is constant with respect to the input factors.
2.Foro <1,

LmF(K,L) = F(0,L).L and  limF(K,L) = Fg(K,0).K

(6)

The terminal conditions Fy (K, o) and F; (oo, L) are obtained as given below.

f () = F; (oo, L) isdefined forall 0 < L < oo, and is constant with respect to the input factors
and does not vary with the elasticity of substitution.

1

"(k1)\o a1 . . .
(%) = Fyx(K,o) o is defined for all 0 < K < oo, and is constant with respect to
1

the input factors.

The terms F (K, O)UT1 and F; (0, L)UT1 correspond to the free parameters that have already
been introduced in previous models in Solow (1956), Pitchford (1960), Arrow et al. (1961) and
David & van de Klundert (1965). As it is already explained, Solow's variant was generalized
by Pitchford (1960), the term multiplying capital was considered as “the constant attached to
capital”, and a similar term multiplying labor is a constant “attached to labor”
(Pitchford,1960,Klump&Preissler 2000). According to Pitchford, both terms depend on the

substitution parameter. When it is compared to Pictchford’s coefficients, our finding is
o—-1

consistent with the author’s model, the terms Fx(K,0) ¢ and F (0, L)UT1 have elasticity of
substitution as exponent. However, different from previous models, this study proved the
existence of these coefficients. On the other hand, for the case of o < 1 there should be another
set of terms. Neither Pitchford nor other models did not explain what happens when elasticity

o—-1
of substitution is ¢ < 1. Our results indicate that the free terms should become Fy (K, ) o
o—-1

and F, (oo, L) o respectively. These coefficients represent different type of behavior of
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marginal products than those shown for the case o > 1. Therefore, our results generalize the
findings of above-mentioned previous studies. We consider that each of the initial and the
terminal conditions represents the structural properties of the production process and cannot be
chosen arbitrarily.

In order to compare different economies in perspective of production capabilities, there can
be three cases based on the initial and terminal conditions and on the elasticity of substitution
level as well.

i.) Fig(K,0) # Fjx (K, 0) and/or Fy;,(0,L) # F;,(0,L) ,and o; = 0; > 1, where, i,j=1,..,n and
i# denote the country.

ii.) 0; # 0; > 1 and Fix (K, 0) = Fx (K, 0) and/or F;;,(0,L) = F;,(0,L).
iii.) o; # 0; > 1 and Fi, (K, 0) # Fx (K, 0) and/or F;;,(0,L) # F;(0,L).

In order to identify a common root for variants of constant elasticity of substitution
function, the following analysis is presented, and the expressions (7),(8) and (9) are introduced.

Recall that the CES function proposed by Arrow et al. (1961) is:

1

Y =F(K,L)=(B.KP+a.LP)?

This production function is written out more symmetrically as:

-1

Y=F(K,L)=y[6.K”+(1-6).L"P]r

wherea + g =y~P; B.yP =4, E_ % PP = % — 1 and o is the elasticity of substitution.

a

ag
1

o+ o L]o-1
Thus, the efficiency parameter appears to be y = I(%)” + (“;L(;—KLL)))Gl and the

5 _ Fg(K.L) (5)5

distribution parameter, § should satisfy 5= ko \L
- L\&,

We have the following precise result: (5) and (6) demonstrate that the efficiency parameter
depends only on the value of elasticity of substitution. The efficiency parameter is obtained:

o—-1 o—-1 cr%
(FK(K, 0) o + F, (0, L)T) Yfor o>1
- o1 135
((FK(K,oo) o + F,(c0,L) @ ) for o<1
(7)

o—1

In addition, (3) and (5) demonstrate that fora > 1, B = §.y~° must be equal to Fx(K,0) =,
which depends on the elasticity of substitution. Similarly, from (3) and (6) it can be easily seen
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o—1
that « = (1 — &).y P must be equal to F;,(0,L) ¢, which depends only on the elasticity of
substitution as well. Above arguments lead to (8). Then, the distribution parameter, § is:

a-1 g-1 o-1
Fe(K,0) 7 / (Fe(K,00 % +F,(0,L)7 ) for o>1

Fo(K,00) 7 / (Fe(x, )% + F, (oo, L)UT_I) for o<1
(8)

From (3) and (4), it is precise that whenever ¢ > 1, fo-1 = Fx(K, 0) is the minimum marginal
product of capital and as-1 = F; (0, L) isthe minimum marginal product of labor. On the other
hand, for 0 < 1, fo-1 = Fx(K, ) denotes the maximum marginal product of capital whereas

as-1 = F; (oo, L) denotes the maximum marginal product of labor.

From (7) we easily see that the efficiency parameter imposed in Arrow et al. (1961) is equal to

a particular point, namely y = F(1,1). Moreover, homogeneity makes it equal to y = F(:n)-

By the definition, we have

-1

)° Fe(K, L)

F(K,L)

o—-1
5.y = Fe(K,0) s = ( -

Finally, the distribution parameter is obtained in (9).

o—-1 o-1

o= () - (e
©)

However, it is hard to understand why the particular set of points F(1,1) should be
F(1,0)
F(1,1)
the result of the present study, the finding in Arrow et al.(1961) is misleading.

defined as the efficiency parameter and that as the distribution parameter. According to

The behavior of the CES function as p takes the limiting values, 0 and oo (infinite) is
considered as follow. The findings of this study (7), (8) and (9) demonstrate that both efficiency
parameter and distribution parameter depend upon the elasticity of substitution, and that above-
given argument is false and should be corrected. * Thus, it is not mathematically consistent to
relate the CES production function to the Theorem 3 of Mean theory of Hardy et al. (1934). In
proof, taking logarithms of the production functions and then setting ¢ — 1 in (3) and (4), is
sufficient to reach the result. Similarly, Arrow et al. (1961) claim that: “And as p — oo, the
elasticity of substitution tends to zero and we approach the case of fixed proportions. We may
prove this by making the appropriate limiting process on (13). And once again the general
theory of mean values assures us that as a mean value of order —co we have....” Unfortunately,
this argument is false too. This result of the present study is in sharp contrast with the finding

“ Similarly, the approach of Pitchford (1960) is also misleading
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in Arrow et al. Note again that the CES production function does not satisfy the assumptions
for Theorem 4 of Mean theory of Hardy et al. (1934).

In proof, we allow ¢ — 0 in (6), and we obtain
F(K' L) = mln(FK(K: OO)K; FL(OOJ L)L),

which is the minimum of the production shares having maximum marginal product. The
future research agenda should be concerned with the revision of the related results” stated in
modern textbooks (i.e., Acemoglu 2009, Barro & Sala-i-Martin, 2003, de La Grandville, 2009)
on the economic growth theory, which are particularly based on constant elasticity of
substitution. Here we restrict ourselves to demonstrate that, for any K, L and any given value
of the parameters of the production function, income (and income per capita) are decreasing
functions of the elasticity of substitution. Taking logarithms of (3) and (4), and then
differentiating with respect to elasticity of substitution immediately give the desired result.
Hence, our actual knowledge on link between elasticity of substitution and economic growth
should be revised.

4. NORMALIZATION OF CONSTANT ELASTICITY OF SUBSTITUTION
FUNCTION

The “normalization” of the CES function at some arbitrarily chosen baseline values is
initialized by de La Grandville (1989). In their theoretical study, Klump & de La Grandville
(2000) apply the normalization method to compare the rate of growth of the economies which
are distinguished by their elasticity of substitution.

In a related study, Klump&Preissler (2000) claim that there are certain inconsistencies and
controversies arising from the variants of the CES production function in growth models. To
align the use of the variants of the CES functions, the authors propose normalization of the CES
parameters in terms of arbitrary chosen values for the capital-labor ratio, the per capita
production, and the marginal rate of substitution. Even though we give support to above-
mentioned studies in the sense of investigating the implication and the interpretation of the CES
parameters, the analysis in this study differs from those by the methodology, by the structure
of the function and by the results. The findings in previous section reveal a query: is it necessary
to “normalize” the parameters of the CES function at some arbitrary chosen values?

As Arrow et al. (1961) did, Klump & de La Grandville (2000) employ another partitioning
of the CES coefficients. That is: Klump & La Grandville (2000) propose the normalized CES
per-capita production function™ which is given below.

“ In a forthcoming study, we revise the findings of the literature on the effects of the elasticity of substitution
on the rate of growth, and we analyze the steady-state threshold values for saving rate, population growth rate and
elasticity of substitution.

" Klump & de La Grandville (2000) define the substitution parameter as ﬁ .
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o—1

ag

y = A(o) <a(0)kﬁ + (1 - a(a)))

In above-given function A(o) and a(o) depend on arbitrarily chosen values of three
variables, namely capital-labor ratio, marginal rate of substitution value and per-capita
production. Adopting (3) and (4) to above-given normalized CES function, we determine the
normalization parameters in terms of initial and terminal conditions:

Foro>1 , A(a)ﬁ.a(a) = Fx (K, 0)6%1. On the other hand, foro < 1, A(a)ﬁ.a(a) =
Fx (K, »)o-1. Since, for ¢ > 1 the relationship between marginal product and average product
of capital services is shown by

1

dl (K'L))E.FK(K, L). This expression shows that A(c) and a(c) denote the

Fe(K, 0)5-1 = (£5
particular points:

a a

A() = F(LY) and a(e) = (A7) = (ram) ™
(10)

One can easily compute the normalized parameters for ¢ < 1.

From (8) and (10), it is clear that Klump & de La Grandville (2000) model is same as
(reduced form) the variants in Solow (1956), Pitchford (1960), Arrow et al. (1961), David &
van de Klundert (1965). Moreover, the findings in this study demonstrate that the
inconsistencies and controversies reported by Klump & Preissler (2000) are eliminated by (3)
and (4) (see the expressions A.4 and A.5 in Appendix Il). Therefore, the results of this study
point out that normalizing the CES parameters does not create any novel knowledge, and that
the initial and terminal conditions inherently identify the aforementioned differences in
economies.

5. CONCLUSION AND DISCUSSION

The findings (7), (8) and (9) of the present study demonstrate that both the efficiency
parameter and the distribution parameter depend upon the elasticity of substitution. In this
sense, this finding confirms the model in Pitchford (1960). On the other hand, the result of this
study explains how the variants in Solow (1956), Pitchford (1960), Arrow et al. (1961), David
& van de Klundert (1965), Klump & de La Grandville (2000) can be unified and reduced to one
functional from.

In addition, the present study proves that the distribution and the efficiency parameters are
composed of the initial and the terminal conditions, which are omitted in previous studies.
Finally, the findings in this study show that defining the initial and terminal conditions is
capable of aligning the variants of the CES production function.

Sayfa 1084




Cilt: 6

‘ Sayi: 3
Uluslararast Anadolu Sosyal Bilimler Dergisi Yil: 2022
| (akademik, hakemli, indexli, uluslararast dergi)...........c.cc.....n

A widely accepted property of constant elasticity of substitution function in the literature is
that this function is a class of function defined as “mean value of order -p” (Barro&Sala-i-
Martin 1995, and 2003, Acemoglu,2009, de La Grandville, 2009). However, one of the crucial
results of this study is to prove that the CES function is not a class of function defined as a mean
value of order -p, substitution parameter. Secondly, to make the efficiency parameter equal to
1, one has to choose the initial and the terminal conditions such that F(n,n) = n, foralln > 0
, Which is a particular case. However, it can be easily seen from (7) and (8) that both efficiency
and distribution parameters depend on elasticity of substitution. This dependence violates the
fundamental hypothesis of both Weighted means theorem and Ordinary means theorem in
Hardy et al. (1934).

Finally, unless the minimum (maximum) marginal product of input factors are shown to
have more elementary components, all possible variants of the CES function should be written
out in terms of the initial and terminal conditions.

It is important to establish the linkage between theoretical results in the present study and
empirical findings in the literature. Especially, the policy makers focusing on growth increasing
economic-policies should identify the effects of marginal productivities and elasticity of
substitution on rate of growth. As an example, the U.S. economy historically has elasticity of
substitution level lower-than-unity. A recent survey in Chirinko (2008) suggests that most
evidence favors elasticities ranges of 0.4-0.6 for the United States. Knoblach et al. (2020) report
that the elasticities for the US economy stay between 0.45 and 0.87. For all estimated elasticities
Knoblach et al. (2020) reject the hypothesis of a Cobb-Douglas production function. These
findings suggest that in an economy where elasticity of substitution is lower-than-unity should
address maximum marginal productivity of capital services and labor as well. The results given
in (3) and (4) indicate that this policy should be different for developing economies where
elasticity level is higher-than-unity (Palivos& Karagiannis, 2010).

The future researches should focus on: first, whether the elasticity of substitution promotes
the rate of growth, second on the sensitivity of steady-state capital per labor ratio to the elasticity
of substitution; third, on the threshold for the elasticity of substitution to entail ever-sustained growth.
These analyses will shed light on sustainability conditions for growth enhancing policies and help to
increase the efficiency of existing monetary and fiscal policies amid Covid-19 supply shocks.

Appendix |

The elasticity of substitution is defined (see de La Grandville (1997))

_ I ®~k.f (k)]
o) = == a0 rwo
(A1)

such that (k) = 0 for k = 0. Reorganizing o(k), we get

o) = 505 5

1
G'(k) k

Sayfa 1085




Cilt: 6

Sayi: 3
Uluslararast Anadolu Sosyal Bilimler Dergisi Yil: 2022

| (akademik, hakemli, indexli, uluslararast dergi)...........c.cc.....n

where G(k) =k —% <0 and G'(k) <0O.

Suppose that o (k) is bounded and continuous on k € [0, k,]; that is, a(0) —e <oa(k) <

g(0) + ¢ .Letg(0) —e < a(k) < a(0) + € < u besatisfied and a(0) = u may or may not be

equal to 1. To analyse the case u = 1 is out of scope of the present study. For the case u = 1,

please refer to Ozkaya (2021). For notational ease, let o_ and o* signify o_ = ¢(0) — ¢ and
t =0(0) + ¢, respectively. The same applies for a(), and we suppose that o (k) is

bounded and continuous on k € [k;,); hence () — e < a(k) < g() + «.

In particular, suppose that 6(0) + € < . Since o_ < g(k) < o™ < u, which after plugging in

elasticity of substitution (A.1) leads to o_ < dcl(k) Gg‘) < u. Rearranging this as Ji —>
dk

and integrating over the k € [0, k,] yields
- _ I i
k
k=Gl () < L2 <k -6k ()"

Reorganizing this formulation and re-integrating, we get the per-capita production function
demonstrated between lower and upper bounds

1

1
1 _1
/ (kl-a%_ctki)y‘a_-\ / (kl z a(m) ﬁ\
f(kq) | kla_— | f(kq) | kl_ i
1 "

o | 1 | =< fl) <=~ ==
=

\ e

Similarly, suppose that o(0) — & > u. The aforementioned calculation steps immediately
follow that

1
1
/( 1—% G(k1)> _ﬁ\ /(kl—%_c(;lﬂ)l—a_"'\
f(kl) S f(k) S f(kl) k10'+

kq . kq :
(o) / (o)

Squeezing o(0)+s<u and o(0)—&>u and then, looking for the common condition
satisfying a(k) = u for k [0,k,] , yields the following equations (A.2) and (A.3). For
conventional use, let us replace u with o.

H

";IH

kf'(k) 1

fao 1_6(1\;1),65-1
kg

(A.2)
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1

(1_G(k1)k%—1>1‘%
1
f(k) f(k1) k. k10

1

o\

(A.3)

Inserting (A.2) into (A.3) and rearranging gives (1). That is,

_1 _1
( fk) )1—3 ( f(k) )1—3
F(k) = f(kl) I k.f (k) and fk) _ f(ky) 1 k.f (k)
5 KfIK) ke fGR) .
L) Y=g (Ll )i
(kl.f’(kl) kq.f' (k1)
Sk

Thus, reinserting ——— into f(k), we have

k.f' (k)

fl = L2 ke ()7

Appendix |1

Klump and Preissler (2000:45) propose the normalized CES function:

ag

F(K,L) =Y, [”0 (i_;)%l + (1 —m) (2—;)%]6_1,

where 1y, Yy, Ky, Lo are arbitrary initial values. i, denotes the capital share in total income at
the point of normalization Y, :

_ 1Ko
g = _Yo
whether m, = —22 then,

ToKo+woLo

D) = Pl o) [ ()7 st ()|

TOK0+WOL0 KO T0K0+W0L0 LO

Fe(K,L) = F(KoLo) \K, F(KoLo) \L

F(KOJLO)GT_lﬂ(%)UT_l-i—F(KO'LO)JT_I woLog (ﬂ)%lr—l

where F(Ko, Lo) = T()KO + WOLO

Under perfect competition, m,, this distribution parameter is equal to the capital income share
but, under imperfect competition with non-zero aggregate mark-up, it equals the share of capital
income over total factor income.

ToKo

To K
0 and m, =

These are Ty = m v
oKotwoLo 0
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a
o—1

Ft(K’L)zl(L)%r°<Kf)dTﬂ+( . )%WO@tFlE

F(Ko,Lo) F(Ko,Lo)

1

KO g _
Then (—F(KO‘LO)) 1o = Fe (K, 0)

(A4)

o—1
a

where r, should be equal to Fx(K,L) at a given normalization point (chosen by Klump &
Preissler 2000). Since for any 0 < K < oo ,Fx(K,0) = Fx(K*,0), this leads back our
definition.

1

( Lo )Ew = F(0,L) %
F(KoLo)) 0 "L\

(A5)

likewise wy.

Equation (A.4) and (A.5) depict the normalized parameters, which correspond to initial
conditions of the CES function with the elasticity of substitution greater than unity.
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Catisma Beyani: Makalenin yazarlar1 bu calisma ile ilgili taraf olabilecek herhangi bir kisi ya da
finansal iligkileri bulunmadigini dolayisiyla herhangi bir ¢ikar ¢atigsmasinin olmadigini beyan eder.

Destek ve tesekkiir: Calismada herhangi bir kurum ya da kurulustan destek alinmamustir.

Etik Kurul Karari: Bu aragtirma, Etik Kurul Karar1 gerektiren makaleler arasinda yer almamaktadir.
Katki Orami: Makale tek yazarlidir.
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