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THE A - TRANSLATION ARD THE CONVEXITY
OF A EUCLIDEAN HYPERSURFACE
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SUMMARY
in this paper , we studied some properties of the first and second fundamental tensors of
4 closed convex hypersurtace in g Euclidean space and worked out that the A- translalion
preserves the canvexity of the hypersurface providedthat A > 0.

OKLIiD UZAYINDA BiR HIPERYUZEYIN KGNYEXSLIGIE ¥E A - OTFLENMESI

0ZET
Bu makalede bir Gklid uzagindaki kapall konveks bir hiperyiizeyin birinci ve ikinci
temiel tensorlerimn baz ozellikierini caligip bir A - Gtelenmesinin , A > O olmak sart ile

mperyidzenn konvekstiffini korudujuny elde ettik.



M. Erdogan, A. Kilig

LONTROGUCTION

Let '\.-’n_‘ be 4 hypersurface imbedded ina Euchidesn space R” of n-dimensiun. We shall
suppose that the hypersurface is represented parsmetrically by the equations
x=xIu™), ==12,.0-1, _ (1.1)

inwhich the n-1 = m -variables u> represent the parameters of V“_l and the x)* s are the

local conrdinates in R™ . 1t will be assumed that the functions of {1.1) are al least of ¢lass C5

inthe uo . Furthermore ,we will assume that the matrix | 3x3/ 3 o] has the maximal rank m .

Throughout s paper Greek indices take the values 1 to n-1 and Latin indices the values 1 ton
unless stated otherwise. we use the convention thet repested indices imply summation.

o
By using the Christoffel symbols of Vn_1 and R" we can define the mixed covariant

vectars. axJ/ 3 uP i3 a covariant vector field and we can define the mixed covariant derivation of

it {with respect to u¥) a3 ([1],[2))

¥y 92 T U TR VP v
. _ Ty, +ly — — . (12)

ab or  aufay Jut aul o duY

It will be used a comma to distinguish the mixed covariant derivatives from the usual ones. So

1t i3 a scalar muttiply of the normal vector field of \/n_‘ , that is
¥yl
.= Q'}Y Nj . . (13)
aubP uf

[I.SOME RELATIONS BETWEEN THE FUNDAMENTAL FORMS

(f ghj(xk) denotes the metric tensor of R" - fromg hj ND NI = 1 snd Ricei's lemma | it

follows that 9pj N3Nz aut=0 ,30 that 4 NI/ du¥ isin the tangent space of ¥ _, Thus we
may write '

Copd 4 oy 2= q“vfaxif ay ™! URY

When we difju>ntiate 9y (32217 3uB YN with respect to oY and noting (1.2), (1.3) and
{11.1} we get that
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ths)ﬁvuh Nj+qm(l ad s P Cad s 9™y “Y=u and that
apacn ™, T By (1.2)
Let us define @ new symbol Qﬁ‘X:gﬁ‘( QYﬁ,thenitis possible to write that
Cani / Jul“) Cand yauProf (1D

A displacement st a point MCxPCut, 01y, L X Wl u 1)) of ¥.; 18 given in the
tangent space T, (M) by the equations

n-1 i
el T a7 ™ w®™ L., " T (" W W™
K=t ==

Thas imply édisptacement of normal vector at paint M, by using ¢ 1 .3) we have it as follows
W = (a2, 00%) W or W =-cadsauB) o fw™ (L

Thus we may write the second fundamental tensor as follows

S S IR Y O S B
hocft = i L DL |1 SO . — QﬁY
3™ auff ™, af W™ Y
or
ho3 = oy Qﬁ‘f {1.6)

#s to third fundamentsl tensor, from {1t .3), (11 .5) and its classical definition we have that

arh gnm &Il b
e“ﬁ=gjh—"‘ —_—= gjh_,____ - Qo‘aQﬁc {“.?)
A, aub ad At
or by taking into that
o 0x) axh

'lcxﬁ : Oy~
™ {sul3
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and using that &)ﬁo‘:qﬁ?‘ Q.f,x we get

€ o= Py (11 8)
Finally from { 11 .6} we find that

s

Copy= 45s Qdmgaﬁ . {1t.9)

I, A —TRANSLATION AND THE COMYEXITY OF A HYPERSURFACE

THEOREM (.0 A 3mooth closed hypersurface of R" which i3 locally diffesmorphic to a
typersphere is convex if and only if its second fundamental form is semi- definite jie.

heef “xP <o @ e %P 2 0) holds at its each point.

PROOF: We assume that the normal of hypersuriace ¥ _, is directed outwards. Suppose that
h.;xﬁ x“xﬁ <0 holds ewerywhere and that ¥, _ | i3 not convex Now, let r(u®) = r{ u! L !

be a parametrizationin P, with P = r(0,...,0). the distance from a pointQ = r{ u!,_u® 1) to
the tangent plane Tp( Y-y ) is given by q,'r% Since r(u™) is differentiable , we have

Taylor's fermula:
n-1 -1

el 10, e 2 (™) et | T (Frran® ™) w2

X=1] X=]
n-1
2T (il o ®uf| VB,
a{ﬁ:l
c<a=|'j

where the derivatives are taker at {0,...,0) and the remsinder R satisfies the condition

-1

Lim {RIZ (W2 ) =0
0(=|

(W oY s (0.0
Hence it follows that

- .
Hy PO = Np( el -0, 0 ) =

n-1 n-1
(/%) Enp. (PFrsawu®)yw®2+ 22 (Frran®aub)o P R,
o= G =1

oc*ﬁ
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where R = pre , Of
NPQ= 172 (hgp du=duby + p (011

Figure 1))

Gince ¥,y 13 connected and loceily diffeomorphic to & sphere by the Gauss map , it has a positive

definite Gauzsisn curvature and |, therefore , it is bending away from its tangent space in all
tangent directions et p. Thus, we cat find a line segaent PO such thet PO existon ¥ and the

lenght of P i3 o short that

NP =142 (hmﬁdu“duﬁ) + .50, (i 2)
where N denotes the unit normal at peint P. From (H1.2) we write that

nea =lInlt {PRll cosB<0 or cosB£D,where B = < (K,PG).
30 we get /253 /2, thus we see that the line segment PQ does ot lie on the outside of ¥ _,.
This contradicts the assumption. Hence ¥ -113 convex. Nexi suppose that V _, i3 convex and at
the point P of ¥,y , {Ree )y B> ¢ 9o p *%B 20 holds. Then we have tnat

Ny =y Ny 172 (h‘x[j}pdu'xduﬂ st (11.3)
where r=04,r, =0P ,and Ais o neighboring point of Pon ¥,y ard {e] is an infinitesimal
quantity whose degree i3 higher than that of (g mp)pdumduﬁ . Putting du™ = ¥t we have
from {114.3)

.
(- 1My =172 i:hm-ﬁ)px“"xl3 et ¢4}

[fweput 0P =r{u™) 0Py =r (u™+t &%), 0P, = r (u™-t 1 %),
then we 1ind from (1(1.4) that the line seqment P, P-, ties on the oulside of ¥ _y if Itt is small
enough. :
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A slightly different version of the proof of this theorem can be found in [ 3].

DEFINITIOM 110.1: Let ¥y bea compaét and nrientablé hypersurface which is imbedded in s
Euclidesn space R™. 1 r = (X' {u™ ), ., ¥ u™ }), 12 « < n-1,issny pointon ¥, _; and
H=Hu™ ) isC™ unit normal vector field on ¥, . then we may consider an imbedding
%Yoy R defined by

Girt=riM) =re N AeR, (ILs)

where , u™ s are the parameters of ¥, and %V's are the lacal coordinates in ¥,-1 - Then this
imbedding may be catled the A- translationof ¥ _, .

Since N u™ }.3r/ 3u™ =0 -differentiating {111.5) along¥,_, we may write that
ar{dy @r N 3 r(A)
c— T =0, N(M)=HN.

TR u™ e au=

Herice we can get the fundamental relations of ¥, (1) by the following equations

Frir) &N
h.;sqg(l)= N e ———— Mﬁ""}t(“
™ b au™ b

)= hop = A eop (.7

LEMMA [1).1:For aconvex nypersurface ¥,_, , when A >0 the quadratic form 9x i (A ™ xP
i3 positive definite.

PROOF We have from ( 111.6)

Sy (M= xbe ( Oeey” lha\,) ¥ ( G5~ A hgg) ® g0, Sox(j (A% %P becomes
zern i snd only if ¢ Soey™ .lhm‘,) XY = 0 . Hence we get 9xp x *yff o Ahmﬁ %X xB How
constdering Theorem (111.1) , if the last equality holds |, then %o x*xP<0 andso X =0.
LEMMA 111.2:For a canvex hypersurface ¥, , when A >0 the quadratic form h&ﬁ (™ %P

is neqative semidefinite .

PROOF-From (11.6% - ¢11.9) ,  I1.7) snd the Theorem !il.1 we can write

e x> xP e hxp (X = %B- Aeoe % « 2 hexp x * xf- Ah oy figs gt ¥ x *«P
=h0<|3x°‘xﬁ-uh°<¥x°‘)(h,,5xﬁ) g <0 .

From Lemma 111.1 , Lemma 111.2 and the Theorem 111.1 we have easily the fo“owihg

96



The d-Translation and ......

THEOREM 11.2: Let ¥,_, be a closed convex hypersuriace of ¥,_y , which is locally

tiffecmor ptoc to a sphere . When A 30 |, the A- translation preserves the convexity of the
hypersurface.

IY A-TRANSLATION AND THE PRINCIPAL CURYATURES OF A HYPERSURFACE

Let k = k{ u™ ) be any prineipal curvature function on ¥, | . Then from

dr( s = drs ™ £ AN 7 1T

and the equation of Olinde - Rodriques in the form

(AN 7 33 ak{ars ™) =0

it follows that
IrAy s ™ = aN 2™y -1/k + ) k=0 (Iv.1)

So, from (I¥.1} , the principa! curvature functionon ¥, _{{ A) is given by .
k{A) = (k/1- Ak). (v.2)

DEFINITION 1¥_1: A point P of a hypersurface ¥, in R" of dimension n 2 3 i3 umbilical if
ky = kp =..= k. ot the point P, where k;'s are the principal curvatures i the point P of the

hypersurface.
By the equation of Olinde - Rodriques the fact that all points of ¥ _, are umbilical points can be

expressed in the equations [ 2]
aH ™ sk (ar s ) =0, O hagekiop)  (V.3)

if all points of ¥,_, are umbilical points , then (I¥.3) isequivalentio N+ rk =p,where p is
a constant vector,

LEMMA I¥.1:Tobe X >0 or A <0 ,the A - translstion of a sphere is again sphere.

PROCF: Since all points of a sphere are umbilical points, from Nerk = p we have that -

N+{r+ AN) (k/1- Akd=p+ A 6r M=-rk+ (p+ A) (1~ Ak} .
Thus , since N.N = 1, we obtain that

(r-al AN (r-al A)) = 1/kZ , where a{ A) =p+ Zk(A) .

This lamma shews us that A - translation { A >d or A<0 } preserves the convexihj of a

sphere , but when A < 0 this is not always true for any hypersurface . For instance , let us
consider an ellipsoid instead of a sphere. Assuming that the normal of it is anain directed
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aubwards , inthecase A <-b¢ 0 { where b is the 1ength of ene o{ the minor axes of the ellipsoid)
we see that the X - translation of it is not always convex . For an eliipse in 3 plane

Fig I¥.1.{a)-{b) tells us that how the image of the A - translation of an ellipse changes
seenrding to A { A <), Figiy¥.1.(a) illustrates the case - be A <D and Fig 1¥.1.{b) illusrates

the case A <-be 0. In the first case the principal curvatures on the A ~ transtation of the
ellipse do not have different signs. Whereas in Lhe latler case the principal curvatures on the

A - transiation of the ellipse have different signs, therefore, in thiscase the A - translation is
not convex,

AN 1=-=lHH =&

A

Q.

Figure vl

finglly , we obtain the following conclusions.

CONCLUSIONS
1) Let k be a principal curvature functionon ¥, ;. From {i¥.2) ,if A = 17k the

A= translation of ¥ -1 does not represent a hypersurface.

2) The A= translation ( A >0 or A <0 ) of a connected umbilic hypersurface of R is still
COnvex,
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