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DERIVATION IN THE GROUP RING
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ABSTRACT _
In this research, according tc Wirtinger representation,

acting from the relationships between the relations and the
generators of the knot group, by appliying concept of
derivation on these relations, we aimed at reaching‘somc

conclusions.
In zddition, we found out some corollories by extending

the formal Taylor series of these relations.
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Bu calismada,Diddm grubunun badintilarini ve doguraylar:
aras1ndaki iligkilerden hareketle, Wiftinger temsilina gére
bu bagintilar lizerinde tiirev kavramini uygulayarak, baz:i

sonuclarl cikarmaya amacladlk. Buna ek olarak bu bagintilaran

bicimsel Taylor serisine agarak bazi sonug¢lari bulduk.

INTRODUCTION

1.THE DERIVATIVES IN A GROUP RING

For any multipiicaE;;é group G tﬂ;;e is associated its
grzup ring 2ZG with respect to the ring 2 of ratioénal

iegers.  An element of ZG is a sum fagg, g ranging over the
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elements of G, where the integer a, is eqqalto zero for all
but a finite number of g. Addition and multiplication in ZG
are defined by fasg + Zbsg = E{as+bs)g and

{Zagg)(Zbgg) = Z( angn-'bn)g. The element a of Z ia
identified with the element 2.1 of ZG and the element g of G
ig identified with the element l.g of ZG, so that Z and G are

to be regarded as subsets of 2G [1,2,5,6]}.

Definition_1.l1_: A mapping D : 26 —————> ZG is said tc be

a derivative if and only if

1]

(1) D(f+g) = D(£) + D(g)

{2) D(f.qg) D{f)e{qg) + £.D(g) for f,g €ZG.
Where is the augmentation homomorphism for all £ ard g in
ZG as given in following

e 26 > 2

€ (Engg) = Zng
Note that if g belongs to G, then (2} reads
D{f.g} = D{f} +£.Di(g) [3.4].

Consequences of axioms_ 1.2 :

(1) D{EZnasg) = Eng D(g)

(2) B(n) =0 neZ

(3) D(g~}) = ~a°! Dig)

(4) D(g") = (Ll+g+g?+....+g" '} D(g)

{5) G(g ") = ~{g-t+g %¥+....+g "} D{g} for g € G

Definition_1.3_: The derivations
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d 1 for i=j

t ZF ——y ZF, Xj ~——— {
dxi 0 for ifj

of the group ring of free group F = < xi > are called partial
derivations{3].

Definition 1.4 (Wirtinger_Representation)_: Tf we counsider a

knot K with th~ directed, the n double points of the regular
projection In rhis diagram , there are n numbered pieces of
curve, counterporting the overpasses. The homotopy classes
of closed curves, starting at p ¢ $3-K point and ending at p
aﬁd encirling the overpases simply are iltustrated by the
little arrows put on the picces of curve. We fix a relation
at every Ci double point in the following way. Representative
curves of X:, Xj, Xx generators belonging to the overpass at
Ci, are directed so as to from the left hand system according
to the direction of the knot. Around Ci, we chcise a reading
direction starling with the ono of %, X, ¥« generatoré, if
the direction of each generator is the same as the chosen
direction, we take generator it self, if it is the inverse of
it we take the inverse of it and equate this multiply with
one.
-

As, seen in the figure 1 the relation at C. double point

is il'ustrated in the following way Xix x ltix !k =1
Xk
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Definationml.5_(“Knot_Group_)n: Let K be a knot and

coa YT CE, e 7 O RE, K2, 0. ;Ko | T, T2, B
¢ owrrTInger presentarioc of G, Where X1, Xz,........ , Xn are
vhe generators o0 0 gad ©1,82,...0.. , rn are the relations of
4
b

et ra = XinX'iiX"1k£= 1 be a relation of G atr Ci
double point. Then, we havé the following corollaries.
Corollory. 1.1 : dri 6p | dri 6¢ dri 8g

{ )+ { —— )+ )y =0
dxi : dxs; dxk

Where 6 and ¢ are homomerphism such that

t

# -] :
F.r—3% G —— | H

7 ) i
ZF y ZG y ZH

Proff : IP ri = xix X Yix*lx is a relation of at C: double

point. Then

dr.: 8g ap
{ Y= (1 - waiwixls ) = 1-¢
dxi "
dr: 6g op
( ) = { % ) = ¢
dx;
drlﬁﬂ Gy!
{ - b= { -xixsx“lixolx ) = -1
dxx '
and
dr. 8g dr. ©¢ dri. 98¢
( —— ) v | Yo+ ) = 1-t+e-1 = 0
dxi dxi dzx

drri . dri
Cooiiong 12 5 i) —m—— = (-1)n0!
dx®y : dxi

16
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deri
i) ——— =0

dx®

diri dri
R (_1)ntl
dxnx dxk

"

iii)

Prof : It can be prbved.

Corollory_1.3 : Let ri = xixijx !ix '« be a relation according

to wirtinger representation and the augmentation

homomorphism, then

dri dri dr i
ef b+ oef ) o+ el ) =0
dxi dx; dx«
Corollory 1.4 _: dr-ti dri dr-ti dr.
—_— = =r-1 , = —p- 1
dxi dxi dx; dx;
dr-ti dri
= -r-1
dxsk dxx
Corollory 1.5 d2r. ¢ d2r: @6g d?r: 8p
( ——— ) + [ — b+ — )
dx?¢: dx?; dx v
d%ri 6gp d2r; @84 d2r; @ d?r:i ©p
( ——— )+ {( ——— )+ | — ) + [ e} +
dydx dxdz dydz dz?
d2ri 8¢ d2ry 8¢
t{ ——— )+ [ —— } =0
dzdy dzdx
2 d'ri 8y
That is I ( ) =0
‘ atbtc=2 dx*idx*jdx°«
Where a+b+c=2, a,b,c= 0,1,2
' a dor, g
- Coreollory.1.6.: E ( ) = 0

atbtc=n dx*idrP ;ux

Where atb+c=n, a,b,c=0,1,2,....10

Corellory 1.7 _: Let ri = XiXix 'ix 'w be a relation accord:.

to wirtinger representation at Ci double point, and & the
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augmentation homomorphism, then
dirs d3r; _ d3r; :
E —em—————— )+ g } o+ el )+
dxidx;jdxx dxidxxdxj dxjdxxdxi
o 43 d3ri
+ e R | ) =
dxxdxjidxi dxxdxidx;
dr dr dr
= ef( ) b o{ 31
dx. dx QXk

Similary corollories, when the relations of the knot group
reduce to single relation,are wvalid,

Corollory 1.8 For 6 =< x.y | r =1 >, we obtain

dr 6y dr 6p
al (1) )+ ) =0
dx dy
dZr 8g d2r 8¢ d2r ep d2p T
{(2) ( b+ ee—— )+ } o+ - )y =0
) ax* dxdy dydx dy*
1 der .oon der dvre
{u) 2 B J T e 4
i=n dxidyn-i j=1 dyidxw-i it+jt+k=n dxidyidx®
drr
+ b =0
i+j+k=n dyidxidy*
dr dr
Bro E1) ef } o+ el ) = 0
dx dy
d4r *tdir d?r d?r
(2) ef )+ ef b+ el ) + ef )=0
dx? dxdy dydx dy?
1 drr \ 1 drr

{n) el L ——vuu)
izn dxtdyn -t

t e{ § — e} ¢
j=n dyldxn-?
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1 dnr der
+ (X ) + el £ — — ) =0
i+j+k=n dxidyidxk i+j+k=n dyidxidyk
Example_ 1.1 : A wirtinger presentation of the group of
trefoil 1is;
G =< x,y,2 | r1 = yzyx, rz = ZXzy¥, T3 = XYXZ D
or G = < x,y | xyxyxy =1 >
Where ¥ is the inverse x, (x=x-!)
Figure 2
Now, we calculate
dr -- dr - -——
—— 1 +HY-HYHYX, = X-HYXY~XVXVXY
dx dy
d?r --  d?r - air --
= ~HY+RYRYR, ——— = RYRY, ——— & —IXY-14RYXYXK
dx? dxdy dydx
dzr - ———
= —2x+IRYXYHRYRYXY
~dy?
Then, we obtain
dr og dr &g
1) | ) + ) = t?-t+l-t2-t=-1 = 0
dx dy
dZr ©p d?r ep d2rp 8¢ dir @8gp
2) | ) + { ee— ) bt { —— } = ) = ~tZypet?
' dx? dxdy dydx dy?

=2t4-1+c-2¢c+2t%2+1 = 0



A, Dane

{n)

Similarly, we obtain

dr dr ’
1) = ) + el ) = 1+1-1+1-1-1 = 0
dx dy
der d?r d?r d?r
2 ef Vot e — ) e ——— ) + e } = -1+1

dx? dxdy dydx dy?

+1-2-1-1-2+2+1 = 0

nl

Corolliory 1.9.: Let G = < %,y | r(xy) =1 > be & wirtinger

presentation of the group of each knot, then.

dr dr
1) rixy) = e{r{xy)} + ef M {x-1) + & Jly-1) +
dax V dy
d2r dér
+ el — Mx-1)°% + gf J{x-1}){y-1} +
dx< dxdy
dir : d?r
+ e My-13(x-1) + e w—orr J{y=1}2 + . .
dydx ’ dy* =
ey ap dr 8y dr 2]
Dt {rdwerd = T ogr(xy))] o+ fed Px-1}] + [ef J{y-1}]
dx dy
d-r oy d2r 84
Tol e = (%132 o+ e ——— J({x-1)}(y-1)] +
dx? dxdy
42 =T d?r Od
Hlef i ) {y-13{x-1)] + [e{ ——— J(y-1)2] +
dydx dy?

txomple 1.2 0 C = {x.y t r = xyXyXy > is the aroup of trefoil

TR U
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(1) xyxyxy = 141(x-1)-2(y~1)+0(x-1)2+¢1(x-1)(y-1)-(y-1}ix-1i+

+1(y~1}3+,
(2) 1 =1+41(t-1)-1{t-1)+0(t-1)2+1(t-1)2~2(t~1)2+1(t-1}2+,
1 =1 '
If we take paranthesis (t-1), (c-2)%,....(e-1)",... from

Corollory 1.7 We have the followings

dr dr
e { } + el } =0
dx ay
d?r d?r d?r div
e | ) o+ e — e )+ e — )t e }
dx? dxdy dydx dy*

. . Il . . o . . . . + * v . - . . - . . . . .

Corollory 1.10_: If G= < x.y | r{x,y) = 1 >, then

. d?r dZr dr dr
e e ) 4 e ———— ) = € HE ;
dxdy dydx dx dy
dr i
= € { PN
dx a,

Example 1.3 : Let r=x".Then, we have .the :tc.ims:in ©
for n=1 x = 1+{x-1)
for n=2 x% = 1+42(x-1)+1{x-1}2

for n=3 x? = 1+3{(x~1)+3({x-1}2+1{x-1)?

n n ' n Le
for n=n X" = { )+{ J{m-13v#{ tiw-1)24.. . 4( {19 e
0 1 . n-1

n
+{ ){x-1)"

n

Example 1.4 : femr~x " be, then we rave the .o . ng s
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for n-1 icin x-!

T 1-{x-1)4(x-1)2+(x-1)3+. . . 4(~1)n(x~1)r+. ...

for n=2 icin x°% = 1-2(x-1)+3(x-1)}%+....+(-1)*{n+l){x-1)"+..,
n n
for n=n icin x® = l-n{x-1) + & (aktk)(x~1)2 + £ by +
k=0 k=0
{ao=0) {ba=0})
n
+ Z [ox+{k+1)}(x-1)2] + . . . . ,
k=0
{co=1}
Then ax, bk and ¢x are sequences.

Definition 2.1 _:

2. DERIVATIONS OF SOME COMMUTATORS

Let [x,y] = ¥xyx- !y ! be a commutator. Then

we have the fallowing.

d
(1)

dx

d

dy

: d
{3}

dx

d

dy

(4)

dn
dxn
an
(6}
dyl\

d
{7)

dx

d
(%x.y] = —— (xyx-'y '} = 1-[x,yly
dy
fx, ¥y} = »-[x,v]
: d
[x,ylr= { 1+[x,yl+{x,y]2+. .. . +[x,y]}o-1} [x,y]
- dx
[x,y]lm= { l+[x, yl+lx,y]2+....+[x,y]n- 1} [x,v]
dy
o d
[XIYl = (-1).1'1 [fo]
dx
d
[x,¥y] = {-1)n*? [x,v]
dy
d
(x7,y*] = { 1-[x",y=*]y"! {xn)

ax

22
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d | a
{xn,y2] = [ xn-y=x oy~ »!
dy dy

{vy=)

(8}

{9) If z=[x,y], then zyx==xy

dz aly.x)
+ 2, —————— =1
dx - dx
dz dz :
+z.y =1 — = l-zy = l-xyx " ly 'y = l-xyx -
dx dx
= 1-{x,yly
Similarly
dz d{yx)
+ z. = x
ay Y
dz dz
+ 2,1 = x —> = g-z = x-xyx“ iy ! = x-[x,y]
dy dy
(10) If w = [x,yz] then wyzx = xyz we have the followings
dw -
= 1l-xyzx
dx
dw
= x-{x,vz]
day
dw
= xy-[x,yzly
dz
d
(11) a) ef (xi,x3] ) =0
dxi
d
b) ef [#x:¢,%5} ) = ©
ax
d
c) ef [gi,x5]" ) =0

dxi
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Corollory 2.2 : If [x,y]

d

a) el (2i,%5]" ) =0
cdx;
dn

@) £f e Ty L) =0
dx™.
G{l

£) el fxi,x3] ) = 0
dxn;

I

Xyx-'y-', the formal Taylor

formul#! [x,v¥] is

(x,v] = 1-(x-1)€Y—1)+{y~l)(x-l)¥(x—l)2(y-1}~(x-1)(y-l)(x-l)~

[11.

f2].

[3].

[4].

[(s1.

I},

S{y-1)2(2-1)+{y-1)} (x-1) (y~1)¢. . . . .
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