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SCHWARZ PICK TEOREMININ CEBIRSEL
KARAKTERIZASYONU

OZET

D={zeC:)2|gr,r>0)}vel={weC: |w| <1} kompleks diizlemde ka-
pah diskler olmak lizere B(D), D de tamimh simirly analitik fonksiyonlarin
cebiri olsun. Ayrica, R bir kompleks cebir iken her bir a € C icin ®(a) = a
olacak gekilde ¢ : B(D) — R izomorfizm'nin varhifimi kabul edelim. Bu
¢aligmada, ¢ € R nin spektrumu kullamlarak Schwarz-Pick teoreminin
cebirsel karekterizasyonu verildi.

1. INTRODUCTION

It is well known that from the Riemann mapping theorem that every
simple connected region G in the plane (other then the plane itself )
is conformally equivalent to the unit disc U. It is proven in 1940 that
G =~ G if and only if B(G,) and B((,) are isomorphic. So in algebraic
characterization, first and very important step was taken. G, ~ G, is a
property connected with simple-connected regions, in general, any two
annuli

Biri;B)={z€C:r <|2|] <R} and By(ry; R} ={z €C:ry < |2} < R,}

are not conformaly equivalent. By(r;; R)) =~ B,(»y; R2) if and only if ’—?Ll =1

2

The algebraic characterization related to this subject was given in [2].

2. ALGEBRAIC CHARACTERIZATIONS

Let ® be an isomorphism from B(D) onto R and we will denote ele-
ments of B(D) by f,g,h,... and elements of R by «,b,c,.... Let € and 1
be multiplicative identity of 1t and B(D), respectivelly . Thus, | ¢ B(D}
is the function identically equal to 1 on D. Since ¢ : B(D) — R is an
isomorphism, ®(1) = e. Furthermore,

‘I’(nl)':?'ne,
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so that m -

(I’(:l:—n—.l)) = :i:(—w-!—).c.
—e has two square roots in R, one is the image of 7.1, the other is the image
of —i.1. It is algebraically impossible to distinguisii between these, since
R has an automorphism which takes one into the other (corresponding
to the mapping f — f € B(D)). Thus, we choose one of the root of —e and
make it to correspond to i.1. We denote it as i.e.

Henceforth, we will denote the complex number field by C and the
complex rational number field by C,, where a complex number, both
of whose real and imaginary part is a real rational number, is called a
complex rational number. Clearly, C, and C are subrings of B(D).
Lemma 2.1 : For each a €(,,¢(a)=a {ora).

Proof: If a € C;, there are the rational numbers r; and r; such that
a =1y +ir;. Since ¢(1) = e and §(i) =i (or —1), we get |

Hl(r1 +ir)l) =rie+ryie {orre—riie).

Lemma 2.2 : For each real number ¢, $(cl) = ce.

Piroof : If ¢ is a rational number, by the Lemma 2.1, ¢(cl) = ce. If ¢ is an
irrational number, for each rational number r,c—r # 0. Thus there exists
(c—r)"' g -t-. Then

Bl(c = )1) = $lcl) ~ re

and
1

Hl=L =
Therefore ¢(cl) = ce [2].

Corallary 2.3: If c€C, ¢(cl) = ce.
Definition 2.4 : Let R be a ving and a € R. If a hes luverse in R, a is called

e
¢lct) —re’

an aritmetic unit, otherwise « is not an aritmetic unit.

Lemma 2.5 : Let f € B(D) and let R, be the closed range of f. Then
A € R; iff £ — Al has no inverse in B(D).

Proof : If A € R; there is 25 € D such that _f(zo) = A. Then (f — Al)(z) = 0.
Hence f— Al has no inverse in B(]). Now, we suppose that f — Al has no
inverse in B(D). Then for at least one point 2o € D, (J — Al)(z) = 0. It
follow that f(z) = A, i.e. A€ ;.

Lemma 2.6 : A € R, iff #(f) — e has no inverse in £.
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Proof : If A€ Ry, f~ Al has no inverse in B(D) by the Lemma 2.5. Since
® is an isomorphism, ®(f — A1) = ®(f) — Ae has no inverse in R (1].
Definition 2.7 : Let f be any function in B(D). The set

a(f)={reC:f- Al has no inverse in B(D)}

is called the spectrum of f. .

Definition 2.8 : The spectrum of an element a € R is the set of all complex
number A such that a — Ae is not invertible . We denote the spectrum of
a by ofa). - -
Definition 2.9 : For any a € R, the spectral radius p(a) of a is the radius
of the smallest closed disc with center at the origin which contains o(a) :

pla) = sup{|A| : X € o(a)}.

Then p(a) is also the maximum modulus ( Hereinafter abbreviated
MM) of ®~1(a).

Now, let us give the algebraic characterization of Schwarz-Pick theo-
rem. '
Theorem 2.10 : let B(D) be an algebra of bounded -analytic functions on
D={zeC:|z] <r}, ®: B(D) — R be an isomorphism which preserves
the constants and R is any algebra. Furthermore, we suppose that there
exists only }; € o(a) = D, for each z; € D. Let

O (a)(z) = A, @7 (a)(z2) = A

for A, \; € o(a) such that |z <r, |z) <r and p(a) = r. Then

(r? Are — e ) < p(r? Z1€ — €
r2 — dzed.e’ T r? — Heze

inequality Lolds.
Proof : Let || <» and z; be a fixed point. If |A;] = r, then A; € Rg-1(,
Hence, according to maxinmum principle ¢7!(a) = f is constant.Thus in-
equalite Lolds. Now, we suppose that |A,] <r. Let R be any algebra and
doobder e, 2 d 2 ROITO Vb)) = o, then p(a) = r characterizes the Schwarz’s
W T e by T : :
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Let . \
— 2 Z —-22 = 2 z - 2
h(z) =r - m(z)=r — %

where A : D — D and m : o(a) = D — D. We claim that the function
g =mo foh~! satisfies the conditions of Schwarz’s Theorem. Y (a) = f
is 2 mapping from D to D. Firstof all g is a mapping from D to D, since
k™), m € B(D). Furthermore
9(0) = m(f(A7(0)))

= m{f(z2))

= m(\)

= 0.

Thus g satisfies the conditions of Schwarz’s Theorem. Therefore
lg(w)l < |wi
for w € B. From this inequality, we can write

g W+ 2
(s < ol

If 2 € D is arbitrary point, w =r?f152- and thus

2 -
=R RPN
L e el ¥
2 2 =
=g+ rio — 9z 2 2’1
= mi{flr
I/ —1292;+r Zazy — RNz, < — 23z, I
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- Corallary 2.11 : Let B(U) be an algebra of bounded analytic functions on

U={z€C:]z| <1}, ®:B(U)— R be an isomorphism which preserves
the constants and R is any algebra. Furthermore, we suppose that there
exists only A; € o(a) = U, for each z; € . On the other hand, let

&~ a)(z) = Ay,
7 07! (a)(z) = Ay
for Ay, A; € o(a) such that |z| <1, |22] < 1 and p(a) = 1. Then

Ae— Age ne — ze
1= dedhje” 771 = Frezie’

inequality holds.
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