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ON COMMUTATOR RACK SPECIES AND MATRIX RACK SPECIES

Arif DANE
Cumbhuriyet University, Department of Mathemau’as, SIVAS, TURKEY
ABSTRACT

In this paper, T define a free rack specics, a commutator rack specics, a free
commutator rack species, and a semi- free commutator rack species like the racks and
the rack species that introduced in [FR] in 1993. In addition to these definitions, I
define a knot rack species. Also, using this definition I demonstrate yome corollaries
and some lemmas. In the last section, 1 define a matrix rack and a nuunx rack species
and provide some lemmas.

OZET

Bu makalede, [FR] nin 1993 de verdipi rack ve rack specics Lunmlanna benzer
free rack specics, komutator reck specics, serbest ve yun werbust komutator mek
species’ fen tammludim. Bu tammlari ¢ olarak, ditgiin rack epecies’l twumladian,
Ayni zamanda bu tammlan kullanarak baz Ozellikler ve baa lemmalan goster b
Son kisumda, matrix rack ve matrix rack vpecies'ler tanunlacdin ve baz lenuastian
ispatiadim. '

Key words: Rack , rach specics.

) INTRODUCTION
1.SPECIES
An oniented square in s directed graph is a dragram of edges a,b,c,d ~wtuch can,
be represenited in two ways.
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Definition 1.1: A species in its most primitive form consists of:
S1. A directed graph T , _
§2. A collection of oriented squares in I" called preferred squares.
In addition a specics may satisfy any or all of the extra axioms. o
S3.Identity squares:Any loop (i.e. edge with the same start and end-point.) in
I may be designated as an identity loop. We will never allow two identity loops bused
at the some vertex.We shall usually use the notation e, for the identity loop at the

vertex A. If identity loops exist, then squares such ag those illustrated below are
preferred.
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Chuﬁﬂ BL) a

AT g AT A

. Definition 1.2 : A species with identities is a species equipped with identity
loops at each vertex.

S4.Composition laws: Suppose that " is infact a category, ¢o that edges
(morphising) can be composed, then there are two composition Jaws which may be
satslied by a specics. ,

i} Horizontal compoyition : Preferred squares a, b, ¢, d, and &, v, ¢, d’ with
d = b'may be composed horizontally to form the preferred square aa, b, e¢/, ¢ with
base aa’ : :

il} Vertical composition : Preferred squares a, b, ¢, d, and ar, by, ¢, &’ with c=o’
may be composed vertically to form the preferred square a, bb, ¢!, dd’ wath base a.
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S.5. The Vertebrate laws : '
Given edges a: A—>Band b: A—>C then there are unique ¢, d, D, 5o that

C , D

A ; 3 B

15 preferred . Notice that the other edges are determined by two binary
operations ¢ = ab ,d =b '3

Lemma 1.1 : The binary operations of a vertebrate species satisfy the axioms

b <
a)a"® =a® ,b)ay, =a ., a,” =ag
Proof /1/.

2.FREE RACK SPECIES.

1) A Free rack FR(X) defines a species SFR(X) with a single vertex and wth
FR(X) the set of edges. The preferred squares are of the followiag type
P :
\at']
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a®.b% (@™ "y ey =)
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2) A free rack FR(X) determines a second species Sppg (FR(X)) by taking as

vertices the set FR(X), and edges o™ 22 @)™, and preferred squares of
the foliowing type

wy
(ol (g - (atn)t 16"

¢ J ™
1 W92 > {a™)

The ipecicﬁi Srex (FR(X)) covers the species S(FR(X)).
3) A G - rack 9: FR(X) =G determines a species $(FR(X)), by taking as

2

vertices the set G, and edges g—f':-—rg“., for a*E€FR(X), Where.g“mis defined to
be (X(a=))'.g. The preferred squares are of the following type

N2
(a®4) Rl

W
y® ,
oy e
o
A |
9 q"

4) There are two similar species associated to a G - rack defined by redefining
Aa®.b%)= Ka™).Ab¥?) tobe g.&av) and (d(a=))'.g.Ha®) respectvely.

2

. b
sap2) (™) , BA(89192)
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9 " ga(a)
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e

(02 g () , (3(315°2)) g 3(a%,02)

b2 . ) b2
| .
8 " (a(a®™)) g a(s™)

W

Note that Ja®.b5% 22™y.26%) 1/

3. THE COMMUTATOR RACK SPECIES

1. A commutator rack [X.X] defines a species S({X,X]) with a single vertex
and [X,X] the set of edges. The preferred squazes are of the following type.

o s g

[s] \J I<.d}
la,b}
o ' v} R~

2. A commutator rack [X,X] detennines 4 second species Sy , ([X,X]) by
taking as vertices the set [X,X], and edges [u,b]—kﬁ]—-)[a,b][c'd], and preferred

squares of the following type
|
el _tealt ! g plettien
a4 fen

fsa)
{oh) ey

Thc specics SIx.x] ([X,X]) covers the species S([X,X]).

3.A Gerack 0.[X,X]—» G detenmines a species 8g ([X,X]), By taking as vertices

4
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the set G, and edges g—t‘i’la é[a'b]ﬁ)r[a,b] e[X.X], Where glablis defined to be
(&([a,b])).g . The preferred squares are of the following type.

glet 7S ata gaditeal

)|} )

lah]
g gl-.bl

4. There are two similar species associated to a G-rack defined by redefining
gix to be galasD and (3([a,b])) g &({a,b]) reapectively

e}
g2 (ts A1) __!:.‘:L__; g3 {l~blls1)

[P} \J leat}

oyt

(30camy'gagem) _ tont c""_; (20u.0126,1)) 5 3 (1o M1}

fc.d) \_) leat?

(CF ]

— Ufl‘-"lli1aa(!-.l»l)

4.FREE COMMUTATOR RACK SPECIES

1. A free commutator rack FR{[X,X]} defines a species SFR{[X,X]) with a
single vertex and with FR([X,X]) the set of edges. The preferred vquares are of the
following type.
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fu,v}

(fanf®? lb&'::

lr“[ul'l u lx‘“[u.v]

l.mle.dl _

2. A fice commutator rack detennines a second privies Sygpy x) (FRIX,X]) by

" ".Vi Juv
taking as vertices the st FR[X,X], and edges [a,b}"‘d] _h[f:”}.__,qa,b][c-d])[‘&f ]
and preferred squares of the following typo.

A k P@-)‘j v jupwl .
(la b}[c‘rdl)b'!‘yﬂluz v ([x"hl[u' '“ ) - “H,b]"c'd!)l‘hh’ “ l_ %yz;l“?'\"-'f
A A
byl 2] by 1
(sl
$ Jugv]
[a,bllc'dl bﬁ )‘1] > (h.bllmd])h‘lﬂd !

The species S x, (FRIXX]) vovers the species S(FR[X,X]).
3. A G-ruck O:FR[X,X] -+ G determines a species S (FRIX,X]), by uking as

cd) cd
vertices the set G, and edges g —[af-]{—> g[“‘b} ], for [a,b]f=d eFR[X,X], where
glavlied 5 defined to be (O[a,b]l=1)"'g. The preferred squares are of the following type.
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w0 TR W ine e species associated 10 a Gorack defined by redefining
Pl panet wad (o(xiaeh)gd(xiatl)  respectively.,
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S.SEMI-FREE COMMUTATOR RACK SPECIES

1) A semi-free commutator rack FR[X, [X,X]] defines a species SFRX, X!
with & single vertex and with FR[X,[X,X]] the set of edges. The preterred squares 21
of the following type. :

[e.d)
(Y
, © : —> 0
A r s
.,lc-dl ylc.d]
[8.b]
X
0 >— 0

2) . A Semu - fice commutator rack FRIX,[X,X]] deternunes a secoud spedic.
Sermepxxy FRIX[XX]]) by taking as vertices the set FR[X,[X.X]], and wipea
)1:.:']

x{a.b] ,(x["-”l)-*jc"] and preferred squares of the following type

I T Pt
T

()

ﬂ\zlu.ll ’,\.‘[e.l]

!
l

. y“:sdl . I a.b ,{L’.di
xls'hl > (& a, l}

The species Sppx x xy FRX[X,X]]) covers the species SERIXX,.

3) A G- rack 0 XX, X)) G.detenuines o specics S X, [X, X0, by ce
as vertices the set G, and edges

(28] b ‘ fwbdj .
g-—‘—f'———-rg“h ] , tor xte0) g X 1X X1, where g‘l“ ' s definied 1 e

O(xisb1 )1 g The preferred squares are of the followinpype.
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) [w.b]
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4). There are two similer species associated to & G - rack defined by redefinig

g‘( ul, to be gja(xllbl) and (O(x(xbl)1.g B(x(=b]) respectively.
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6. KNOT RACK SPECIES

Define 6.1 (Knot) : A homomorp.hjc image { an embedding ) K of the unit
circle 8~ {{x.y)ix*+y2=1} into §*(or R?) is cailed a knot. Namely a knot is 3 saumple

9
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closed curve in S2.

Define 6.2 (Knot Group): if Kis a  Knot in R, thc ﬁmdamcmal group
m,(8*-K) of the complement is called, simply the group of K and 1t is shown by
G=n1, (82-K) = {X,,X5, 000 000X T gyencenene 1.} Where respectively X, %,......... X,, an
.0y, I, are the genarntors and relations of wie khot group.

: Now we consider the normal dmgrnmﬁfp fnot in R2. According to the
Wirtinger presentation, the relation that were attathed a Ci cross point is xy x'z1=:
as seen Lhe following figure 1, where x,y, and ¢ wie’ génerstons of the relation.

x L}

b
o

] i
| N

Figure 1.

We state this relation with the rack concept as the following, There are two
underpasses (y,2) and a overpass (x) in the normal diagram of R2 as seen the figure 1.
These underpasses are named respectively as the first and the second underpasses. If
we mnove on the ocerpasses in a C, cross point, we will cail the undergass of the ngh'
side of C; 15 the first underpasses and the underpass. We obtain the relanon that (s
defined above as

(IL.underpass)™ ™= Lunderpass (.2, y‘"zr‘)

Example 6.1: The normal diagram of trefoil kaol is given in the following fign.

A
W

Figure 2.
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36 .

According to the Wirtinger prcscptaﬁdh the knot group of trefoil knot
G=n, (8*-K) = {x,y,z: xzx''y' =1, zyz'x!, yxy*z1= 1}.- Now, if we write according

to the above definition, we obtain  G= {x.y,z: y*=2, x*=y,

Z=X}.

Definition 6.3 (The Knot Rack Species) : Lets G be the fundamental group of
K knot and lctsteasetofthegenemtorsﬂmm attached to the cross paints of K. A
X knot rack defines & species S(X) with a single vertex and thh X the set of edges.
the prefcrred squares are of the following type. '

X
o . >0
]A 4
g v
cla a > O
(a)
=1

T x
0 >0
&~ - A
z y=2%
-
T O
0 % >
{b)
xrx'z'=1

Example 6.2: Now, we introduce a species for each cross point of the trefoil
st The specieses in the cross point C;,C, and C, respectively are shown the

tollowing type.
X
Q f—— Q
F. 3
!I Lr" I
x
1 x
o >0 o
&
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. .
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Lemma 6.1: C, C, =C, ,C,C,=C,, C, L,
Praof: 1t is clear.

7. MATRIX RACK

Zinsran 4 The Matrix Rack) © Let X be a sl 0 all squar: matrie,
Winel wn o s Bmension (nan) . X 15 a non-emply sel. vo0 A LA usthy

12
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functions f, given by f,: X = X, f, (B)=BA, and f;;'(8)= B ", we have a rack
structure on X which is called the matrix rack. Infact this definition satisfies two
conditions of the defitution rack.

1) Foreach A, , B, € X, there is a unique C,_, € X &uch that A=CE we
arive C=AF! ¢ X, :

2) Foceach A, B, , C.. € X, We have ABC = Acs®

Lemma 7.1 : Let G={f,: X—X, £,B)=BA, f7B)=B"" } beasectof
functions. Then (G,0) is a group where o is the composition operator of functions.

oo 1) V1L G, (/40O L4f3(OD
= f4(CP)=CP = [, (Ve X BA e X

DV, G B € G, (f0f50 D)=/ of e D)=(f, of 5 (D)
= f4 (DCH)- DU =((f 405l fc)D)

3)f__ € G wherelis unit matrix.

(1ol @)= [1/4B)= [;(B*=BY = B = f,(B)
(0 /)= 41 B)= f4(B")y= B™ = B = f4(B)
DY 40 TNBY= Lalf @)= f4BY )= B4 = B! = i)
(70 f(B)= f3 '/ (B)= £7'(8%)=B44" = B = f,(B)
Lemma 7.2: 1f for each A € X the function f, given by f,: X—> X, isan

B-»DBa
otomorpmsm of X.

Proof: 1et B.C € X forall B,C € X, f, (B.C) =(B.C)*=B+.CA=f,(B)f,(C)
(Where BA=A-.B.A)

Lemma 7.3: For each A € X the function f, given by f,(B)=B* is a bijection
of X to itself.

13

38



On Commutator Rack Species ........ 39

Proof: 1t is clear.

Lenuna 7.4: The matrix rack identity is a right self-distributive law as can be
seen if we use the notation A.B for AB; (A.B).C=(A.C).B.C)."

Proof : (AB).C=(AB).C=(AB)’=AK =ACC=(AC)8°=(A C).(B.C).

Lemma 7.5: Let A be the ring of Laurent polynomials Z{L,1?] in the vanable t.
Any A-module M has the structure of 4 matrix rack with the rde AP =ta(L-0)B.

~ Proof: 1) For all A,B € Xif A=CE=tC+(1-)B == C= P A+(l-t)B < Z[tt']
2) ABC =tA+(1-)BC |
A=A+ (1-)[CB+(1-1)C]
ABC=ACEC & =P
BC=C(tB+(1-)C)
C1BC=tB+(1-t)C
Be:=B+(1-)C

Lemma 7.5 : G= X, here X is a set of matrnix and G={f:f XX [,(B)=B+ }

Proof : Let h:G—+X be a function given by h(f, )*A. Since,
(Lol )C)Y=fpa (O, ll(fAJB]=l;{l;,A);B.A=h(_fB).h(f Ny

8.THE MATRIX RACK SPECIES

1) A matrix rack X defines a species S[X] with a single vertex and with X the
set of edges. The preferred squares are of the following type. :

o \_j 8
0 ———>0
2) A matrix rack X determines a second species Sy [X] by taking as vertices
the set X, and edges A—2 4% and preferred scuares of the following type.

14
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