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ABSTRACT.

In this paper, an explicit characterizations of each of the séparah
tion properties T,, T;, PreT,, and T, at a point p is given in the
topological categories of stack convergence and constant stack con-
vergence spaces, Moreover , specific relationships that arise among
the variocus T,, PreT,, and T, structures at p are examined in these
categories.

YAKINSAK YIZIN UZAYLAR KATEGORISI ICIN p DE AYRILMA AKSIYOMLARI

OZET. Bu’ galismada, yakinsak yi1gin uzaylar ve yakinsak sabit yigin
uzaylar kategorilerinde p noktasinda T,,T,, PreT,ve T, ayrilma aksi
yvomlarinin herbirinin agik bir karakterizasyonu verildi. Bununla ha
raber, bu kategorilerde p deki degisik T,, PreT,ve T, yapilari ara-
sinda ortaya ¢ikan dzel iligkller incelendi,

1. INTRODUCTION,.

lLet A be a set and w © PA, the set of subsets of A, Define [i] =
{B 1 B = A for which there exists C = « with C ¢ Q}.

1.1 Definition. A stack on A is a subset w of PA such-that [m] =2«

i.e w is closed under supersets. See [5] p. 345. Let STK(A) denote

the set of stacks on A. A stack « is said to be'proper iff ¢ & o
Let A be a set and ¥ be a function on A whose value K(a) at each

a in A 1s a set of nonempty stacks on A,

1.2 Definition.A pair (R,K) is said to be a Stack Convergence Spacn

if for each a in A,
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M.BARAN/SEPARATION PROPERTIES AT p FOR THE TOPOLOGICAL CATEGORY OF STACK CONVERGENCE.
1. {a] belongs to K{a)

2. If o and f are stacks on 4 and o C B, then f € I'(a) ifa € K(a). A morplism
(4,K) — (B,L) is a function f : A — D such that fo € L(f(a)) if a € K(a},
where fa denotes the stack (U|U C B and U D f(C) fog"some C € o). We denote
by SCO, the category so formed. See [5] p. 354.

1.3 Defl nitiog.. The category of Constant Siack Convergence Spaces, ConSCO
is the full subcategory of SCO determincd by those spaces (4, ), where I is a
constant function,

14  The discrete structure (A, ) on A in SCO and ConSCO is given by K(a) =

{a]a D ]a]}, ain 4, and K = {ala D [t} for somc bin A} respectively.

1.5 A source {f; : (A, K) = (A:;K;) § € I} is an initial lilt in 5CO if and
only if a € I{(a) preciscly when fio € I:C;(f;(a)) for nll iin J. See [4] p. 1374,
1.6 A source [fl : (A1 I{) -t (I’.I',I\'i), i € I} is initial in CO,ISCO ifa € K

preciscly when fioge Kiforalli,

17  An epi morphism f (Ay,J;) = (4,K) is final in 5CO, iff for each a in A,

a € K (a) implics there exists § € J(,(a,) such that fBcamd fla) =a An en
sink {i1,i2 : (A K) = (Ay, K1) is final in 5CO iff for ench ay in Ay,

a € I(a;) implies there exists a in A and § in K(a} such that for some k = 1,2,

igw = ay and 14} € . These are special cases of [4] p- 1375,

18  An cpi morphism f : (A;,1,) = (4, K) is final in ConSCO ifa € K
iimplics there exists 8 € K, such that f8 C o An opi sink {ivafa : (AN) = (A, 10))
is final in ConSCO iff a € K, implics there exists 8 in K such that 4.8 C o

for some k = 1,2. Tlese are specinl cases of 1.7 .

Lot o and 3 be stacks on X, ya stackon ¥, and f : X — Y afunction.
19 Definitions.
aUf={UVcCX andV CU for some V in a or §}

anf={UVCX and U € a and 8}
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M.BARAH/SEPARATION PROPERTIES AT p FOR THE TOPOLOGICAL CATEGORY OF STACK CONYERGENCE.
Y ={UIUC X and f7{W)CU for some W in 7]}

fla)={VIVCY and (V) C V for some U in &}
110 Lemma. f(aU )= f(a)U f(B) and f(a N B) = f(a) N [(B).

Proof. Scc [2].

Let X be a set and p & point in X Let XV, X be the wedge product of X

with itself, i.e. two distinct copies of X identified at the point- p. A point z in

XV X will be denoted by z3(z3) if 7 is in the first (resp. second) component of
XV, X. Let X? = X % X be the cartesian product of X with itself.

111 Definition. The principsl p axis map, A, XV, X — X? ia defiued by
Apzy) = (z1,p) and Ap(z2) = (p, %2} '

1.12 Definition. The mm;_mnn, Spr XV, X = X? is defined by
Sp(z1) = (z1,21) and Sp(z3) = (7, 13).

113 Deflnition. The fold map atp, 7y : XV, X — X is given by plzi) ==
fori=1,2.

1.14 Example. If X is the set of real numbers and p = 0, then the image of the

principa! p axis map is just the union of the z— and y— axes, and lhc‘imagc of the

skewed p axis map is the union of the diagonal i.c. the line y = = and the y—axis.
In this:way, we may view the image of A, and 5; as "axes” in X? with origin
Let U : E — Sets be a topological functor [3], X an object in E, and p a point in
UX =B,
1.15 Dellnitions.

1. x . o u . - e -
is T nt p iff the initinl lift of the U-source (A, : D Vr B~ U(X?)=B%and
s :BVFB — UDD = B} is discrete, where DB is the discrete structure on B.
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2. X is T, st p if the initial lift of the U-source {id : BY, B —~ U(XV X) =
BV,Bandv,:DB V,B—UDB = B} is discrete, where X V/, X is the wedge in
Ei.e. the final lift of the U-sink {i; iz : UX = B — BV, B} where i},iz denote

the canonical injections.

3. X is PreTa at p iff the initial Lift of the U-source {Sp s BV, B — U(X?) = D?}

and the initial }ift of the U-source {4, : BV, B — U(X?) = B?] agree.

4. X is T} at p iff the initial lift of the U-source {S, : BV, B — U(X?) = B? and
Vp: B\, B =+ UDB = B} is discrete.

5. X is PreT; at p iff the initial lift of the U-source {S, : BY, B — U(X?) =-D?
and the final lift of the U-sink {i;,i;: UX =B — BV, B} agree.

6. XisToalpiff X is T, st p and PreT; at p.
7. X is T at piff X is T, at p and PreT) ut p.
1.16 Theorem. For the category of topological spaces we have:

1. T, st pis equivalent to 7% at p and they both reduce to the following {called
T, at p in[1]): for each point z distinct from p, there exists a neighborhood of z

missing p or there exists a neighborhood of p missing z.

2. PreT; at pis equivalent to PreT' at p and they both reduce to the following
{called PreT; at p in [1]): for each point z distinct from p, if the set {z, p} is not

indiscrete, then there exist disjoint neighborhoods of z and p,

3 Talpis equivalent lo T; at p and they both reduce to (called T3 at p in [1]):

for each point x distinct from p, there exist disjoint neighborhood of z and p.

Proof: [1}..

1. 17 Ntemark. We dcfine p1,p2, V5 by1+p,p+1,1+1:BVPB-' B
, respectively where 1: B — B is the identity mapy P ¢ B — B is constant map ot p,
and #; : B* = B is the ith projection i = 1,2. Note thet md, = py = m 5 714,
= p1, M5 =Y.
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2. Separation Properties at p

In this seciion, we give explicit characterizations of the generalized scparation

properties at p for the topological calegories’of Stack Convergence Spaces, SCO and

Coustant Stack Convergence Spaces, ConSCQ

21 Theorem. X = (B,K) in 5CO is T, at p iff for ench z # p,
- Oy¢
K(z) = {a]a D [z]}. '

Proof Assume X is T, at p ie. for any stack o on the wedge and for any
point z in the wedge, pyo € K(p12), p0 € K(pyz), and Vo D [V2] iff ¢ D [2].
'Suppose there exists a stack a in J{z) such that a 2 [z] for some z # p, Let
o =ijaU[(p,z)]. By 1.10! p1o = a U|[p}, pao = [p] Uz, and Vo = a U [z] and
consequently pye € K(z), pao € K(p) and Vo D [z]. Hence ¢ D [(z, p)] since X is
T, st p. Since  # p, (z,p) € i1 and consequently (z,p) D i1V for some V € a.

Clearly V = {2} i.e. @ D [z], a contradiction. Hence we must have that for each

= £ 5, K(z) = {afa > [s]).

Conversely, suppose the condition holds and z # p. If o satisfies pjo €
K(z), pio € K(p), and Vo D [z], then by the assumption p;o O [z] and conse-
quently ¢ D |(z, p)]. Similarly, if o satisfies pjo € X(p), p2o € K(z) and Vo 3 [1],
then ¢ 2 [(p,z)]. If z = p and o satisfics pjo € K(p),p20 € K(p), and Vo O [p)
then o D [(p,p)]. Hence X is T, at p.

2.2 Theorem. X =(B,K)in SCOis T,' et piff for each z # p, K(z) = {ela D

[=]}.

Proof Assume X is T! at pi.e. for any stack o on the wedge and nny point z in
the wedge, ¢ D ix0; for some oy € K(z), where ix(z) = z, k =1or 2 and Vo O {7]
iff o O {2]. Suppose there exists a € K(z) such that o 3 [1] for some z # p. Let
o= i',a U[(p,z)}. By 1.10, Vo = aU|z] D [z] and o D i1e, f3(z) = (z,p). Hence
o D [(z,p)] and consequently (z,p) D iyV for some V € a. Thus V = {z} ie.

o D [z], & contradiction. Therefore we must have K (z) = {ala D [z]} for ail z # p.

Conversely if z # p and o D ij0, for some oy € K(z), and Vo D [z}, then by

the assumplion, oy D [} and consequently o D iyoy D iy[z} = [(z, p)]. Similasly, if
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z # p and o D iz0; for some o3 € I{(z) end Vo D |z), then ¢ D [(p,2)]. Hz=p

end ¢ D i,0, for some oy € K(p) where iy(p) = (p,p) for some k = 1 or 2, and
Vo 2 [p), then it follows easily that ¢ D {(p, p)]. Hence Xis T at p.

23 Theorem X = (B, K)in SCOisTy st piff B=p. )

Proof. Suppose X is Ty at pi.e. by 1.4 | 1.17 ., 1.5 and definition 1.15 for any
stack o on the wedge and any point z in the wedge, ;o € K{(pi2), Vo € K(V2),
and Vo 2 (V2] iff @ D [z]. I B # p then there exists x € I such that & # p. Let
o = [(p,p)} U (z, p)). Note that pyo = [p]U[z] € K(p), Vo = [p|U[z] € K(z), and
Ve D {z]. Hence ¢ D [(p,z)] since X is Ty at p. Dut this is impossible since = # p.
- ‘Hencc D = p. Conversely if B = p, then clearly X is T} st p (since ¢ = [(p,p)] or

().

24 Theorem. X =(B,K)in SCO is PreT; at piff for each z in I, K(z)'=
STK(DB) = the set of all stacks on B.

Proof Suppose X is PreT; at pie. by 1.5, 1.17, and definition 1,15 for
any stack o on the wedge and any point z in the wedge if pio € K (piz), then
pa0 € I((p22) iff Vo € K(Vz). We first show that X(p) = STK(D). In order
to estzblish this we need only to show that [B] € K(p) since cvery stack contnins
the sct B. Let o0 = ["z — azis™, "y - aris"]. Clearly p1o = [p] = ;o € K(p)

and consequently Vo = [B] is in K{p) (since X is PreT; at p). Therefore K(p) =
STK(B). ‘We next show that I((z) = STK(B) for = # p. To this end, let ¢ =
{(=,p), (=, p) U (p,2),"z — azis”]. It follows easily that pyo = [z], pro = [p], and
Vo = {z]. Since pyo = [z} € K(p) = STIK(B) and Vo = [z] € K(z), it follows
that pyo = [p] € K(z) (since X is PreT; st p). If 0 = ["z — azis", "y — aris”],
then pye = [p] € K{z), pso = [p] € K(p) and consequently Vo = [B] € K{z) i.c.
K(z) = STK(B). The converse s trivial.

2.5 Theorem. X =(B,K)in SCO is PreT} at p iff B =p.

Proof. Suppose X is PreT} at pie. by 1.4 , 1,17, L7. and definition 1.15
" for any stack ¢ on the wedge and any point z in the wedge, pyjo € K(pz) and
Vo € K(Vz) iff ¢ D i)0; for some o) in K(z), where iy(z) = z, k=1 or 2. If
B # p, then there cxists € B such that z # p. Let ¢ = ["y ~azis", (z,p)U(p, z)}.
Clearly pyo = [p] € K(p) and Vo = [z] € K(z). Hence ¢ D i;04, for some
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oy € X(z) and i3(z) = {p,z). We show that o = [B]. Clearly [B] C o,. To show
the reverse, if U € o), then i3l € i30) C o, and con.acqucntly i3 € 0. Hence
i2U D "y — azis" i.e. U = B. Thus o, = [B]. Since ¢; € K(z), it follows that
K(z) = STX(D). We next let ¢ = [(z,p) U (p,2)). Cleasly pio = [zUp] € K(z}
and Vo = |z] € K(z), and consequently ¢ D i,0; for some o1 € K(z). Henee
i,V € i,0y C o for some V € o, and consequently {4V D (z,p) U (p,z) which is
impossible. Hence B = p. Conversely, if B = p, then clea.x;ly X is PreT} nt p.

2.6 Theorem. X = (B,K)in SCO isTat pif B=p.

Proof. Recall X is T et piff X is T, at p and PreT; at p. Since X is T, at p,
Ip] ¢ I((z) (2.1 ). Dut this is & contradiction to K(z} = STK(D)ic. PreT;atp
(2.4°). Hence B = p. On the other hand, if B =p, then clearly X is T, at p and
since STK(p) = {[p), 4]} = K (p), X is PreTy nt pby 24 . Hence X is T; at p.

2,7 Theorem. X =(0,K)in SCOis T; st piff B = p.

Progf. Suppose X is T} st pi.e. by definition 1,15 X is T at p and PreT] ot p.

Then in particular by 2.5, B = p. Conversely, if B = p, then clearly X is T} at p
and PrcT; ot p('25 ) Hence X is T} ol p.

28 Remark . T, and T! at p agree and T} and T; at p agree { 2.1, 2.2, 26,
and 2.7 ) and PreT} at p implies PreTy at p.

2.9 Theorem. X = (B, K) in ConSCO isT, et pif B =p.

Broof Suppose X is T, at pie. by 1.4 , 1.17, 1.6, end definition 1.15 for any
stack o on the wedge, ;o € K, p3o € K, and ¥o O 'z’ for some z in B iff ¢ D [2]
for some z in the wedge. f B # p, then jhere ex’-ts = in B such that z # p. Lot
¢ ="z — azis®,"y - a:c:'s”.‘(:r,p) U (p,z)). Clearly pio = [p] = p2o and Vo = [z].
Hence o O [2] for some z in the wedge. It fo'lows that z € o which is impossible.

Hence B = p. Conversely, if B = p, then clearly X is T, at p.
- 210 Theorem. X =(B,X)in ConSCQ isT; at piff D =p.

Proof. Suppose X is Ty at pie by 1.4 , 1.17, 1.6 , and dcfinition 1.15 for
any stack o on the wedge. pio € K, Vo € K, and Vo DO [z} for some z € D
iff ¢ O [z] for some z in the wedge. If B # p, then ihere exists = € B such thnt
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z # p. Let ¢ = "y — azis", (z,p) U (p,2)). Clearly pjo =[p] € X, Vo =|z] € K,
and consequently o 3 {z] for some z in the wedge which is & contradiction. Hence

B = p. The converse is trivial,
211 Theorem. X = (B,K)in ConSCO is PreT; at piff K = STK(B).

Proof. Supposc PreT; at pice. b;,; 1.6, 1.1 7, and definition 1.15 for any stnck
¢ on the wedge if pyo in K, then po in I iff Vo € K. It is sufficicnt to show that
|B] € K since every siack contains the sct D. Let o = {"z — axis","y — azis"].
Clearly pyo = [p] = pao € K and consequently Vo = |[3] € K. Thus i’ = STK ().

The converse is obvious,

2.12 Theorem. X =(B,X)in ConSCO is PreTy at piff B = p.

Proof. Suppose X is PreT) al pie. by 16, 1.17, 1.8, and definition 1,15

- for any stack ¢ on the wedge, pio € K and Vo € K iff ¢ O ko) for some o)
in I and for k=1 or 2. If B # p, then there exists * € D such that z # p. °
Let o = ["z — azis", "y — azis”,(z,p) U (p,x)). Clearly pyo = [p] € I and
Vo = [z] € I and consequently ¢ D iy, for some oy € I ond for some k=1 or 2,
1t rendily follows that ¢; = [B] (the proof of -2.5 ') and consequently IU = STK(7).
Let ¢ = [(2,p) U (p, %)), where = # p. Clearly pio = [z Up] € K = STK(D) and
Vo = {z] € K. Since X is PreT; at p, it follows that o D ixoy for some o, € K.

But clearly this is impossible. Hence B = p. The converse is obvious.
.2.13 Theorem. X =(B,K)in ConSCO is T at p iff B =p.

Proof This follows casily from 2.9, 2.11., and definilion 1.15.
214 Theorem. X =(B,I)in ConSCO is Tjatpif BD=p.

Proof Suppose X is T} at p i.e by definition 1,15 X is T, at p and PreT; ot p.
In particular, by 2.12 , B = p. Conversely if B = p, then clearly X is T, at p and
X is PreT} at p(2.12°). Hence X is T; at p.

.2.15 Remark. T3 at p and T} st p arc identical and PreT; st 3 implics PreTy
at p.
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