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SUMMARY =
In this paper,for the l-parameter closed planar motion it is shown

that all the fixed points of the meving plane whose trajectory curves
have equal polar inertia momentum lie on the same circle of the
moving plane.For the different values of the polar inertia momentums
it is obtained different circles such that the centers of them are
the same which is the Steiner point. And it is given another formula
for the polar inertia momentum of the trajectory curve (X) in the
fixed plane which doesn't depend on the components of X. Moreover it
is seen that the difference of the polar inertia momentums of moving
centrode with respect to a point on a line segment chosen on the

moving plane and one of the end points of its doesn't depend on the

motion.

'KAPALT DUZLEMSEL MAREKETLER ALTINDA OLUGAN  YURUNGELERIN XUTUPSAL
ATALET MOMENTLERD OZERINE

tzey

Bu galigmrda l-parametreli kapnli dizlemsel harekatler altinda
hareketli diiclemin,ydringe efrileri ayni kutupsal atalet momentine
sship olan sahit noktalarinin geometrik yerinin, hareketli diizlemin
bir gemberi oldufju gbriiliir. Atalet momentinin muhtelif deferleri igin
hareketli diclemin farkli yarigapla gemberleri elde edilir, Gyle ki
fw gemberlerin hepsinin de merkezi Steiner noktasadar. Ydriinge
efirilerinin  kutupsal atalet momentleri igin, segilen noktanin
hilegenlerinden bafiimsi1z olan bir forniil elde edildi.dyrica hareketli
pol efjirisinin, ug noktalari Ayn1 efriyi ¢izen bir dofjru pargrsa
dcerindeki bir nokta ve u¢ noktalardan herhangi hirine gire fatupsal
Atalet momentleri farkinin hareketten bha@imsiz olduliu da gésterildi.
1-INTRODUCTION

In thia paper, we are going to consider the planes as heing complex
planes, that is, each point X of the plane is to be observed as the

1510



S.KELES, A.| SIVRIDAG/ON THE POLAR INERTIA MOMENTUMS OF ORBITS FORMED UNDER.

vt .
representative of A complex numher X=X 4%y An l-parameter motion of
plane is described in complex nouber notation by

(1) x'z xe

where x i8 A complex number which describes s point given in the

sn-calle; 'maving plane, say E, snd x’ is the cowplex number

s
corresponding to the same point in the so~called fixed plane, say E.

Moreover u=u(t) and 4=¢(t) mre functions of a real single parameter
t. And u’ represents the origin of moving system expressed in Lhe
system of the fixed plane. Let the complex nunber u=ul+iu2 represent
the origin of fixed system expresced in the system of moving plane.
Then we have

(2) L

If T is the smallest positive number satisfying the following
equalities
u (t+T)=u (b)) , j=1,2
(3) J J

$(t+T)=p(t)+2nv
then the motion given hy (1) js cslled l-parameter clesed planar
motion with the period T and rotation number v [1]. Such a motion is
going to be shown by B. For the woving pole points P and fixed pole
points P’ we have
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(4) pru-idu/de N p':u+!du'/do

where psp,+ip, and p‘:p‘l»jp‘z. On the other hand we otitajn that

(s) - x'i': XX=UX~UX+UU

where X and U are the complex conjugates of x and u,respectively.

2-ON THE POLAR INERTIA MOMENTUMS OF ORBITS -

Let X be a fixed point in the moving plane L. Thus (1) defines a
prrauetrized closed curve (X) in £’ which is called the trajectory
curve of X under the motion B. The polar inertia momentum of the
curve (x),'lx, is given by

(6 T, = §xae
where the integratijon is taken along the closed curve (X) in £ By
using (4),(5) and (6) we obtain

(7) Tx;-xifdo-ZxJ(plde-duz)-l’xz[(pzdﬂdul).

The Stejner point 68, +isy of the moving centrode” (P) for the’
distribution of mRss with the density d¢ is given by

(8) aJ=(§de0).’(fd@) . j=1,2

where the Integrations are taken nlong the closed curve (P).
Considering (3) and (B) in (7) we get

(9) Tx=2-v(x'i—ix—s§)+lu

where T_ is the polar jnertia momentum of the trajectory curve of the

origin gf the moving system [2]. We may rewrite (9) such as

(10) xl2+x2272s]x1-2s2x2+(TD-TX)/('.’"kU

If we consider all the fixed points of the moving plane such that
their trajectory curves have equal palar inertis momentum, then (10)
shows a circle in the woving plane. Moreover the center of this
circle is the Steiner point s:s]oisz. Hence we cAn give the
following theorem:

Theorem 1: All the fixed points of the moving plane whose trajectory
curves have equal polar inertia monentum lie on the same circle in
the moving plane. For the different values of the polar inertia
momentums, we obtain different circles whose centers are the same
which is the Steiner paint.

Now Jet us consider the circle given by
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an’ xlz+x22—291x]-282x2+10/(2|v)=0
and X be A fixed point of the moving plane which doesn't belong to
the circle given by (11). T,/(2xv) is the power of the point X with
respect to the circle given by (11). Hence we cAn give the following
theorem: J
Thearem 2: Let us consider A fixed point X of the moving plane and
the trajectory curve (X) of X.Then the polar inertisa momentum Ty of
the closed curve (X) tan be given by
) Tx=2wl
where A is the power of the point X with respect to a circle such
that the center of this circle js the Steiner peint and it is
deternined with the property that thé power of X with respect to this
eircle is zero. ‘ '
The rrem enclosed by the trajectsry curve (X) is given by
szlfz}(xidx;-x;dxi).
We see that
(12) Fx=-v(xi-ﬁx-si)+F0
where Fu is the mrea enclosed by the trajectory curve of the origin
of moving system [3]. From (9) and (12} we get
(13) TX'T0=2(rX'FD)'
For the area Fx we have also the following formuln.[l] ’
(14) FysFp-Fpt 142 Tp
vhere F; and FP are the arens enclosed by the fixed centrode (P) and
the moving centrode (P),respectively and
TF,’X=5"2‘“ ,  Az|pex|
IP/X can be considered as Lhe polar inertia momentum of the moving
centrode (P) with respect to the fixed point X. If Y is mnother fixed
point of the moving plane then, from (14) we obtain

pix”Tey)

Hence we can give the following corollary:

Corc))ary 1: Let X and Y be two fixed points of the moving plane. The
arens of the trajectory curves of X and ¥ are the same if and only if

(15) fX-FY=]/2 (1

the polar inertia aomentums of the woving centrode with respect to

the points X and ¥ are the same.
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For the polar inertia momentums of the trajectory curves of X and Y,

from {13) and (14) we have
Tt o Teny?
Thus we can give the following corollaries:

(16)

Corallary 2: Cosider an one-parameter closed planar motion and two
fixed points X and Y of the moving plane. If the polar inertin
momentums of (X) snd (Y) mre the same then the polar inertia
momentums, of the moving centrode with respect to X and Y Are the
sAme.,

Corallrry 3: Let K,L,M and N be four fixed points of the moving plane
such that two of them, say K And L, move on the same curve (K) while
the other two move on mnother curve (M) mnd let the seguents KL and
MN meet in X.Then K,L,M and N lie on the sasme circle af moving plane
if and only if the polar inertia momentums of the moving centrode
with respect to these four points are the same.

Proofs 1 the polar.inertia momentums of the moving centrode are.the . .
sh e then we have

T Tg =T T

P/KTIPAXT I PMTIRIX®

Cosidering corollary 1,we see that

¥ K-I'X:FH—FX.

from the Holditch's theorem we obtain that

§%)] KK, XL=TX , XN

The last equation shows that K,L,M and N lie on the same circle of
the woving plane. Conversely, if {17} is satisfied then it can be
easjly obtained that the polar inertia momentums of the moving
centrode with respect to K,L,M and N are the same. This js to be
shown.

Taking Y=0 in (1%) we get

(18) =12 (1

Fxfo p/x"Te 0!
Joinjng (18) and (13) we obtain

T Te 0t esx

The last equatijon js very important because it doesn't depend on the
coordinstes of the chosen fixed point X.
Now, lel us consider two different fixed points X and Y of the moving
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plane such that during the motion both of them draw the same closed
curve. And let us chpoose another fixed point 2 on the line segment
XY. From {1%) we obtain

X2 (7 )&F =F =nah

PIXT P’Z Xz
or

T =21ab

rxTos® .
where a=XZ and b=¥Z. Hence we can give the following corellary:

Cnrnl]nry 4: The dafference of the polar inertia momentums of the
moving centrode ujth respect to the po:nts X and 2 doesn't depend on

the .motion but only on the distances of Z to the end points.
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