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SUMMARY

Some properties of M-vector field Z defined on a hypersuriace M of M were studied by
K. Nirmala, R.S. Mishra and Shrikrishna. tn this paper M-integral curve of Z and M-
geodesic spray are defined and il is given the main theorem: The natural lit & of the
curve a (in M) is an M-integral curve of the gecdesic spray Z iff « is an ﬁgeodesic.

M-INTEGRAL EGRILER| VE M-GEODEZIK SPRAYLAR UZERINE
OzZET

M bir Riemann Manifoldu ve M de M nin bir hiperyDzeyi olmak Uzere, M nin M-vekdr
alanlannin bazi &zellikleri K.Nirmala, R. S. Mishra ve Shrikrishna tarafindan
cahsildi. Bu gahgmada M-integral efrileri ve M-geodezik spraytan tanimlayarak
bunlarla ilgifi su esas teoremi veriyoruz: M deki bir @ egrisinin o tabii liftinin Z ge-
odezik sprayin bir M.integral egrisi olmass igin gerek ve yeter sart « nin bir M-
geodezik olmasidir.

-

. ON THE M-INTEGRAL CURVES AND M-GEODESIC SPRAYS

Let M be a Riemannian n-manifold and M be a hypersurface of M. D.
being the Riemannian connection on M, S being Weingarten map of M,
and N being unit normal vector field of M we have the Gauss' equa-
tion given by. '

&) Dy Y = Dy Y - <S(X), Y>N

where D is the Riemannian connection on M.

Pefinition; Let Z be a vector field on M. Z is called an M-vector
field on M if Z is a mapping which attaches to each point P in M,a
vacior Zp in TPM, that is,

ZIM - TpM.
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Any M-vector field Z can be decomposed into its tangential and nor-
mal components given by
L Zt +Z,

where Zt is a tanget vector field on M and Z is a vector field of M
defined on M which is normal to M at every point. We have

(2) Z=2,+N

where AeC™ (M,R).
Let a be a curve passing through a point P on M and T denote the
tangent vector field of o on M. Covariant differentiation of Z in the
direction T gives_ _ _

DyZ = DTZt + DN
and then _

D2 = DTZt - <8(T), Zt>N + DyAN - <S(T)AN>N.

After some calculation we obtain

(3) D1Z = tan DZ + norD;Z,
where

(4) tan D;Z = D;Z, + AS(T), norDyZ = (dh/dt - <S(T).Zp>)N.

Definition: The vectors DyZ, tanDyZ, and norDyZ in (3) are called

as the absolute curvature vector, geodesic curvature vector, and
normal curvature vector of the M-vector field Z with respect 1o ¢,
respectively and the corresponding magnitudes on M as the absolute
curvature, geodesic curvature and normal curvature of the M-vector
field Z with respect to . Hence

EZA = | BTZH & BTZ = k-ZA KA' NA is a unit vector field on M,
(5) Ky = litanDyZll & tan_BTz - KZGx,x. is a unit vector field on M,
KZN = ||nOI'D-|—ZH = norDTZ == KZNN

whers RZA'KZG' and KZN are absolute curvature, geodesic curva-
ture, and normal curvature, respectively. We have
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w 2 2 2
®) Kza™ =KzN" + Kzg™ -
(7) KZN - R-ZA 0059, CO50 = < ﬁA'N>'

Definition: A vector XeTPM is called as an asymptotic vector of Z

if
{8) {dxr/dt - <S(X).Zl>) (di/dt - <S(X),Zt>) =0

[1]. The curve o in M is called as the asymptotic curve of Z if the
tanget vector field of a coincides with the asymptotic vector field
of Z, that is,

(gt - <S(T).Zp>) (@M/dt - <S(T).Zp) = O,

where T = da/dt.

Refinition: X, YeTPM are called as conjugate vectors of Z if
(N (dA/dt - <S(X).Zt>) {dr/dt - <S(Y),Zt>) = 0,

X is called self-conjugate vector field of Z if

(10) (dMdt - <S(X),Z,>) (dh/dt - <S(X),Z>) = 0,

Using (8) and (10) we obtain the results:

Coreollary: Tangent vector field of every asymptotic curve of Z is a
self-conjugate vector field of Z.

Corollary; It X is an asymptotic vector field of Z then for the val-
ue of & in (2) we have

(11) A = 1<5(X).Z,>dt.

Detinition: For an M-vector field Z = Z+ 2
called an ﬁ-integral curve of Z if

n.acurveaCMis
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{(12) Z (o) = (daldt)lu(t).

Definition: «CM being a dilferentiable curve, the curve o : 1 — TM given by
(13) a(t) = alt) |,y

is called as the natural lift of « on the manifold TM [2].

Definition; An M-vector field Z is called as an ﬁ-geodesic spray if
for VeTM

{14) Z((V) = (dA/dt - <V,S(V)>)N.

This definition is the generalization of the definition of geodesic
spray on the manifold TM [2]. Indeed for .. = 0 we have

(15) Z(V) = <V, S(V)>N

Theorem; The natura! lift o of the curve o is an ﬁ—integral curve
of the M-geodesic spray Z iff a is an M- geodesic on M.

Proof:Let & be an M-integral curve of the M-geodesic spray Z. Thus
(16} Zt('&') = da/dt.
Since Z is a gecdesic spray on ™ (ﬁ-geodesic spray) we have
(17n Zt(E) = (d\/dt-<a,S(a)>)N.
 Joining (1‘3), (16), and (17) we obtain that

h do/dt = {dA/dt-<é,S(a)>)N.
.On the other hand, since

da/dt = dé/dt = Dyér |,

Using {3) we have
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D&u + AS(a) = 0,

This shows that a is an -I'Jl-geodesic on M which is to be shown,

Conversely, if « is an M-geodesic on M then it is obvious that the
patural lift @ is an M-integral curve of the M-geodesic spray Z.
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