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ON INVARIANT SEQUENCE SPACES

Rifat COLAK, Firat University, Faculty of Science and Arts,
Department of Mathematics, 23119 Elamé, TURKEY

ABSTRACT

In this paper we define v-invariantness of a sequence space and

examine the v-invariantness of the sequence spaces m. c , and 2

Furthermore, we give Kothe-Toeplitz duals of some certain sequence

spaces.

TNVARTYANT D1zt UZAYIARI UZERINE
OzET

Bu galigmada, bir dizi uzayinin v—-invariyantlléml tanimladik ve m,

SN sz dizi uzaylarinin v—invariyantllélnl inceledik., Ayrica,

bazi dizi uzaylarinin Ksthe-Teeplitz duallerini verdik.

1. INTRODUCTION
Let v:(vk) be any fixed sequence of nonzero complex numbers
satisfying

Lin inf v 1Y% ar (0 <r ¢a ). (1)

Then, we define
m = {x=(xk) : supkivkxkl odh
(c)), = x=(x) : lyxl~0 ask- =)

c = {x={xk) T VX, -2 as k- , for same %]
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(Jgp)V = {x=(x) 1 ilvkx'k]P‘:”' D<p<al .

(f1]). These sequence spaces also may be reqarded as spaces of
analytic functions ([1], [3], [4]).

In this paper, m, ¢, and c, will denote the secquence spaces of
rounded, convergent and null sequences, respectively, and gp (0 < pg=)

will denote the space of the sequences x=(xk) such that T,ixklp <@
K

2. INVARIANT SPEQUENCE SPACES

In this section we define v-invariantness of a secuence space X and
give necessary and sufficient conditions for m, ¢, and Eo te e
v-invariant. o

DEFINITION 1. We said that a sequence space X is v-invariant if
X, X, where X = {x=(x) : (v x)eX} .

It is known that if a sequence space X is a Banach space then X is
also a Banach space, and 1if X is separable, X, is also separable
([1D.

Now, if X is v-invariant then we have the following results.
THEOREM 1. Let X be a v-invariant sequence space. Then

{i) X _ is a Banach space if and only if X is a Banach space,
(ii) X, is separable if and only if X is separabile.

Let u={u_) and v=(vk) e any fixed sequences of nonzero complex
numbers such that

lim inf lukll/“ and lim inf lvkll/k

Kk K -

are positive (may be infinite).

k
where A is a scalar.

1£ v. =21 for every k, then obviocusly m, ¢, cy arnd Qp are v-invarient,
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THEOREM 2. Let hﬁ(-‘—'ﬂk\!];l for each k N, where v}z" = l/vk, and let X

dencte one of the sequence spaces m, <, and ,ep. Then
(i} X,C X, if and only if supk[wk[ <=,
{ii) .xv = xu if and only if

0<inf lwl < Iw | ¢ sup lw <=,

PROOF. We prove the theorem for X=m. The proof for X=c, and X= ﬂp

is similar.

(i) Sufficiency is trivial, since

lwx 1= Iw llvx | (2)
For the necessity suppose that m, C m, but sup ]wk! = ® , ‘Then
there exists a strictly increasing sequence (ki) of positive
integers such that Iwkil >i. Weput x =0 (k # k), x = i/,

(k=ki). Then we have Ivkxk! < 1 ad lukx.kl = i, vhere k=ki. Whence
X emv - mu contrary to the assumption that mvcmu. .

(ii) To prove this, it is encugh to show that m cm if and only if
inf, [wkl * 0. It is cbvious that inf, Iwkl >0 if and only if

supﬁ(]w}‘ctl < w.
Hence the result follows from (i}.

THEOREM 3. Let X denote one of the sequence spaces m, S5 and .Ep.
Then

(1} XCX, if and only if sup v, | <=, .
(ii) X,CX if and only if inf |w| >0,
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(iii) X =X if and only if
0 <inf Iwl ¢ tvglg= supy |l <=

PROOF. Taking v=(1,1,....} and replacing u by v in Theorem 2(i), we
obtain (i). It is trivial that inf, vl >0 if and only if

supkivk'1 | <m

Hence taking u={1,1,...} in Theorem 2(i), we get {(ii). Finally,
taking u=(1,1,...) in THeorem 2(ii}, since clearly infklvk 2l >0 if
and only if supkivkl <=, we get (iii).

COROLIARY 1. Let X denote one of the sequence spaces m, < ard JEP.
Then X is v-invariant if and only if

0 <inf lvgl € lugl < supy vl <= . (3)
Proof follows from Theorem 3 (iii).
THEOREM 4. (i) c,C¢, if and only if w(wk) £ c.
(ii) c, = S, if and only if wec - Cye

PROOF. (i) The sufficiency is trivial by (2). For the necessity
suppose that c, = Sy at W c, Then, either wem or wem. Now we put
x=(wkuk" )=(vk" Y. Then (vkxk) = (1,1,...) and (ukxk)=(wk}. Whence
X € C,C . contrary to the assumption that €,C " Hence we obtain

the necessity.

(ii) sufficiency. Let wec-c, then ¢, cc, Ly (i). Let xec,., so
that (u.x ) €c. Now, since weo-c_, 1im wk'" exists and is finite.
Therefore, fram the equality v =w"} , we have {v.x )ec and
hence ¢,c.C, K% T " % k*k
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Necessity. Suppose that Cy = Oy that is, c,CC, and c,C ¢, Then

lim = 1im u v, and 1im w,~! =1im o™ v,7!
e M T Y % %
exist.

It is trivial that lim w=' exists if and only if lim wk;éo
k k

Hence Wes=C . This completes the proof.
THEOREM 5. (i) cce, if and only if vec,
(ii)} cv=cifandonly if v candlimvk#o.
k

PROOF. Taking v = (1,1, ...) and replacing u by v in Theorem 4(i},

we obtain (i). Theorem 4(ii) gives us (ii) for u={1.1,...).

Remark. If vec and lim v, = 0, that is vee_, then ccic_ ) .
k K [« o'v

If we consider Definition 1 and Theorem 5{ii), then we can express

the following result:
CORDLIARY 2. ¢ is v=invariant if and only if v € C-C,-
3. KOTHE-TOEPLITZ DAL SPACES

DEFINITION 2 ([2]). Let X be a sequence space and define

(iy x* ={a=(a.k) : zlagxkl < » for all xeX},
k

(ii) x® = {a=(ak) t  fayxx, converges for all x¢ X},
X
n

(iii) x "= la=(a,) @ supnl T agxx| < = for all x ¢X}.
k=1

Then X7, XBandX“’are called the -, B- and y-dual spaces of X,

respectively. x" is also called Kéthe-Toeplitz dual space and XB is
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also caller generalized K&the-Toeplitz dual space. It is easy to

BexY 1f XCY then YEX" for n=ea, g or 7.

show that X" X
LA 1 ([2]).
(1) c= " =n"= %
(ii) Eg = 3 (l<pc<e, ptlt=qg-t=1)
(iii) "'12 =m (D<pgl)
where n stand for a-, B-or v .
The o~, B- and Y-duals of the sequence spaces (co)v, c, M,
( 15)y

other restriction.

Now, if we consider Lemma 1, Corollary 1 and Corollary 2. Then

have the following resulcs:

THEOREM 6. a) Let {3) is satisfied. Then, for N=°, 8 and v,

n

(1) e = )" = &,
(1) ()" =2, Q<p<=, ptragt=1),
(iii) {(zp)v)“ =m (0< pg1).

b) If veeo-c, then, for n=e¢, B and +,
. n
(iv) (cv) = g2,.
THEOREM 7. a) Let (3) is satisfied. Then, for n=a, 8 and v,

(1) (e )" = m )M =m,

and

)., are Xnown, ([1]), vhere v=(vk} satisfies (1) without any

wWe
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1

2 (1 <p<=),

.. nn
(ii) ((RP)V) p

(1i1) (e ) )"0 = £, (0 ¢p <1).

b) If vee-c then, for n=a, B amd v,

)Tlﬂ=

{iv) (c, m.
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