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ABSTRACT
Let P = clz— a)kH w1 (z— 2, ) be a polynomial of degree 1 having its zeros

{eecte o= X217 )}

(\/ (k+1) - |a.[a (2k+1)+ Ear)}

in the closed

If k=2 and in zeC{z— <
k+1

Ifk 3 where ae D (0,1) let that a is zero of P multiplycity k. We seek out to determine in
that discs the critical points of P with respect to Rouche theorem with help Conjecture of

Sendov.

SENDOV'UN KONJEKTORU ILE iLISKILI
OLARAK, ROUCHE TEOREMI YARDIMI ILE BIR
POLINOMUN KRIiTIK NOKTALARINA UYGULAMA
HAKKINDA
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OZET
P = c{z— a)kH 3=1 {z—z,) n inci dereceden

fsect-d<¥{jdsyz-1d" )}

kapali diskinde k=2 ve k 3 ise
{zeC:#—aE (\/(k+1)2—[af (2k+1)+fa[)/(k+1)} kapali diskinde bir

polinom {burada ae E(O,l) ve a P nin k katli bir stfirt olsun. Sendov'un konjektorii
yardimiyla P nin kritik noktalarint Rouche Teoremine gore aragtirdik.
Auxilary Theorem 1 (Rouche Theorem) : If D is the domain inside the
trajectory of a Jordan contour in the Complex Plane, if fand g are functions
that are analytic in some open set which contains D, and if the inequality
I f(z)-g(@)| < If(@) +g(2)l

holds at every point z of 9D, then { and g have the same number of zeros in
D, provided that zero-counts are made with due regard for multiplicity.
Conjecture of Sendov
Theorem A:

Letlal=1 If

n—k

P(z)=clz-af[] z-=)
1 '

is a polynomial of degree n(>k) such that lzjl 1 for (j=1,2,...,n-k), then P’

—( a k ) —( 2k j

D|— ——|cD|a;

k+1 k+1 k+1

four different proofs of Theorem A are known in the case k=1. It was
shown that p(n.k,a) Ezfi for all ac D (0,1) and all ke N if k+1 n (k+1)2

has that least k zeros in

The results says in particular that if k=1 then D (a,1) contains at lcast
one zero of P’ for n 4. However, more is known in this case k=1. It was

shown by Meir and Sharma that if k=1 and n=>5 then
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B[a,aﬁu—-m“z”z"'*q

contains at least one zero of P', i.e.

p(513)5(|a|+~——'2“2|ar]Sl H

The following extension of (1) was shown by Rahman and Tang
*Theorem : Let ae B(O,l) and k an integer 2.
If
P=ciz-alf]L z-2)
is a polynomial of degree k+4 such that Izyl | for v=I,...,4 then P' has at

lcast k zeros in
— 2
D(ag (gHy2-|af ))

if k=2 and in

S[a, \‘l(k+l)"—|ii;2k+l)+ laf )}
if k 3. The purpose of this paper is to determine in that disks the critical
points of P by using the Rouche Theorem.
CONJECTURE : Without loss of generality we may assume O<a<l. Let
P(z)=(z-a)Xq(z). Then

4

P’ (z)= (z—a) {kdz)+ z-al ()}, qz)=[] z—z)) = K1lv=1, .4)

v="
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Let g(#)=k(z-a)X'1q(z) and f(2)=(z-a)xq'(2).
(z-a)kq' ()] - Ik(z-a)k-lq@)  I(z-a)q'(z) - k(z-a)k-1q(z)l
[(z-a)kq'(2)] + k(z-a)k-lg(2)l
f(z)f + lg(z)t
According to *Theorem since f(z)=(z-a)kq'(z), ( ae D(0,1)) is a

polinomial of degree k+3 such that [zyl 1 for v=1,2,3 its has at least k-1
— 2
7e10S in D(a,;(#i}hp— laf )) if k=2,
According to Rouche Theorem the polinomials f(z) and f(2)+g(z)=P'(z) have
—f 2
the some number of zeros in D (a 5 (hH2-|af )). Similary,

f(z) = (z-a)kq'(z)
is a polinomial of degree k+3 such that tzyl 1 for v=1,2,3, then f(z) has at

least k-1 zeros inif k 3

T
k+1

—| 2_.
D(a’ Yik+17 —faf @k+1)+faf )J

By using Rouche Theorem again, the polinomials f(z) and g(z)+(z)=P'(z)

have the samc number of zeros in

~—[ Jk+17—faf @k+1rfaf )J

Dia,<
k+1

Ifk 3.
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