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ABSTRACT

Let X be a connected and locally arcwise connected topological space an H be the
sheaf of fundamental groups on X. In this paper, any two subsheaves of H is constructed
and it is prowen that if stalks of these subsheaves are conjugate subgroups for every xe X,

then subsheaves are homomorphic.

OZET

X baglantil: ve lokal egrisel baglantily bir topolojik uzay ve H, X iizerinde esas
gruplarin demeti olsun. Bu makalede, H nin herhangi iki altdemeti teskil edildi ve her xe X
igin bu altdemetlerin saplani eslenik altgruplar ise altdemetlerin homomorf oldugu

ispatland1.

1.INTRODUCTION
Definition 1. A sheaf of groups on X is a pair (H,x) where
i) H is a topological space.
i) © : H — X is a local homeomorphism onto X,
iii) Each Hy = n-1(x), for xe X, is a group (and is called the stalk of H at x).
iv) The group operations are continuous.
Let X be a connected and locally arcwise connected topological

space and Hy be the fundamental group of X based any xe X, that is, Hy =
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n1(X,x). Let X = (X,c) be a pointed topological spaces, for an arbitrary fixed
point ce X, Let us denode by H the disjoint union of the fundamental groups
obtained for each x € X. i.e., H= Vxe xHx. Also H is a set over X and the
mapping ¢ : H —»X defined by ¢(cx) = ([t¢t]x) = x, for any

Oy = [alxe Hy < H, is onto.

We introduce a topology on H as follows : Let H; be the
fundamenral group of X with respect to ¢, xpe X be an arbitrary fixed point,
W=W(xg) be an arcwise connected open neighboorhood of xg and o =
[alce He be any point of H. Let us define a mapping $: W—H such
that s(x) = [(y1a)¥lx for every xe W, where ye [y] is an arc with initial
point ¢ and terminal point x. [y] determines s mapping between H; and Hy.
Let us chose the homotopy class [y] arbitrarrily fixed for each xe W. Thus, s
= s(0¢) and s a well-defined mapping from W to H such that ¢ o s = I [1].
Let us denote the totality of the mappings s defined on W by I'(W,H).

If B is a base for X, then B* = {(W) : WeB, se'((W,H) } is a
base for H. In this topology, the mappings ¢ and s are continuous and ¢ is a
locally topological mapping. Then (H,@) is a sheaf over X. (H,¢) (or only H)
is called "The Sheaf of the Fundamental Groups" over X{ 1]. For any open
set WX, an element s of T'(W,H) is called a section of the sheaf H over W.
The set I'(W,H) is a group with the pointwise operation of multiplication,
Thus, H is a sheaf of the groups over X [2]. Furthermore, the Hy = m1(X,x)
is called the stalk of the sheaf H for any xe X.

2.CHARACTERISTIC FEATURES OF H
i) Let WX be an open set. Then, any section over W can be
extented to a global section over X [3], Furhermore,
T(W,H) = {s ly : se F(X,H)} = TCLH) |w
ii) Any two stalks of H are isomorphic with each other [3].



On the subsheaves of the sheaf ... 17

iii) Let W1,W2CX be any two open sets, si€ I'(W1,H) and sze ['(W2,H).
If s1(xp) = sp(xq) for any point xoe W1nWao, then s1= 5 over the whole
WinWs [5)

iv) Let WX be an open set and sq,s7€ T(W,H)If s1(xq) = s2(xq) for
any point xge W, then sy=sp over the whole W [5].

v) To each point 6xe Hx c H, there is uniquely corresponds a section
se T(W,H) such that s(x)=0x. Hence Hy=I'(W,H). In particular,
Hy='(X,H) [2].

vi) Let xe X be any point and W=W(x) be any open set. Then, 7
L(W)=Vie1si(W), sie T(W,H) and 7 lsicw) : si(W) — W is a topological
mapping for every ie I. Hence, W = W(x) is evenly covered by ¢. Then, & is
a cover projection and (H,x) is a covering space of X. Moreover (H,x) is
regular, because the group T of cover transformations of H is isomorphic to
the group Hy, that is, T is transitive on Hx [4].

Definition 2. Let (H,%) be the sheaf of fundamental groups over X and
H'c H be an open set. Then H' is called a subsheaf of groups, if:

DprHEH) =X

ii) For each point xe X, the stalk H'x is subgroup of Hy.

Let H'e H be a subsheaf of groups and WcX be an open set.
Then, the set (W ,H)c I'(W H) is a subgroup. In particular, if we take
W = X, then I'(X,H") < I'(X,H). Conversely, let us suppose that I'(X,H)
is the group of global sections of H over X and DcT'(X,H) be a subgroup.
Then, the set {si(x) : s;c D} is a subgroup of Hy over X for each xe¢ X. Let
us denote {si(x) : sie D} by Hx. Then H' = Vye xH'x is a set over X with
the natural projection x' = % Iy and D=I'(W H"). One can show that (H',7)
is a subsheaf of groups [1].

If H,H"c H be any two subsheaves of groups, then H'x and H"x

are two subgroups of Hy for each xe X by definition 2. Morecover,
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subsheaves H' and H" have a relative topology. If se '(W,H) for every
xe X and Wi= W(x)cX, then whenever H'CcH and H"cH are open
subsets, the sets s(W)MH' = s'(W) and s(W1)"H" = s"(W) are open in H'
and H", respectively. Therefore the sets

B = {s(W): W=W() }
and

B*y = {s"(W) : W =W(x}}
are base for a topology on H' and H", respectively.
Definition 3. Let (Hy,m1), Hp,m2) be any two sheaf on X and ¢ : Hy— Ha
be a mapping.

i) The mapping ¢ : Hy —Hpy is called stalk preserving, if mo@ = m)
(therefore, p(Hy)x <(Hz)y for all xe X)

ii) Let @ : Hy —H7 be a stalk preserving and continuous mapping. Then
the mapping ¢ is called a sheaf morphism between the sheaves Hj and Hj.

iti) Let ¢ : H1 —Hz2 be a sheaf morphism. If ¢ is a homomorphism on
each stalk, then it is called a sheaf homomorphism between the sheaves Hy
and Ho.

iv) Let ¢ : Hi —H> be a sheaf homomorphism, If ¢ is a homeomorphism,
then it is called a sheaf isomorphism between the sheaves Hy and Hj.
Theorem 4. Let X be a connected and locally arcwise connected topological
space, (H,m) be the sheaf of the fundamental groups over X, (H',n1) and
(H",m2) be any two subsheaves of H. If Hy and H"x are conjugate
subgroups of Hy with an element ¢ = [8]x for every xe X, ie H"y =
[81xH'8] 1«
then, the sheaves H' and H" are homomorphic, where i} = =l and mp =
wy.

Proof. Let xe X be an arbitrarily fixed point and 1,82 be any two closed
path based at x. If By ~ P2, then (3B 1)5! ~ (8B2)8-1. Thus correspondence



On the subsheaves of the sheaf ... 19

[Blx = [(8B)81]1x is well-defined. Since the point xe X is arbitrarily fixed,
the above correspondence gives us a map ¢ : H' — H" such that ¢([Blx) =

((81x([P1x) [8] !x for every [Ble H..

. 9 o

7!1 )

i) ¢ preserves the stalks. In fact, for arbitrarily fixed point x€ X and any

[Blxe H'

([l
T(([Bx[B1I8] 1x)
na([8B1x[81 1)
m((8P)8-11x )

ma([pl)

= X

T1([Blx)-

Since the point xe X is arbitrarily fixed, we obtain 7tz 0 h = xy.

m200)([B1x)

1l

i}

i) @ is continuous. Let us show that if U < H" is any open sct, then
(p‘l(Uz) = Uy < H'is an open sct. Without loss of generality, we assume that
Uj = s"(W), where W <X is an open set and s" eI'(W,H"). Thus,
72(Ug) = m2(s"(W)) = W. Now let 02 = [plxe U2 be an element. Then,
there exists at least one element o1 = [Blxe U1 = ¢"1(U2) such that ¢(c1) =
o5. Since ni(o1) = n1({8]x )= x, there is a section s'e I'(W,H') such that
s'(x) =
[8]x = o1 and s'(W) cH' is an open. Also s'(W) cUj. It is easily seen that
U1= Uie 8'i(Wp). Therefore, UjcH' is an open set, that is, ¢ 1s a sheaf

morphism.



M.Ozdemir ve M.Bayraktar 20

iii) ¢ a sheaf homomorphism. For every xe X the map @lgyx : (H)x —
(H")x is homomorphism. In fact, if B1,B7 are two arcs at xe X then (3§1)9,
(6B2)8 are two arcs at xe X. Hence,
(Bl @ (B2l = (([BIB1DISID (8NP
= (31(B1D) ((B2DISI D
= [3]({B1] [B2D[8]1
= [81[B1B2118]!
= @([B1B2ly)-
Theorem 5. Let X be a connected and locally arcwise connected topological
space, (H, ') be the sheaf of the fundamental groups over X, (H', 1) and
(H', 2) be any two subsheaves of H. If subshaves H' and H" are
homomorphic, then the map @+ :T{W,H") — T'(W.H") defined by ¢x(s") = ¢
o s'is a group homomorphism for any W < X.
Proof. Let s'y ve she I'(W,H"). For every xe W,
(Pofs'152) (x) = 9((s'1.872) (x))
¢(s'1(x).5'2(x))
oUB11xIB2lx)
= ¢([B1B21w
= ([81[B1B2DIST !
= ([BI((RIB21)I3]
= ([B)([B1IBT 1 (BI[B21)IBI
(3B HIBI H(ABB2D ST
P11 ¢(Palx)
9(s'1(x)) 9(s'2(x) )
(9 0s'1) (x) (9 052) (x).

Il

I

It

Thus, @+(s'1.5'2) = @«(s'1) Q*{s"2).
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