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ABSTRACT.
Let X bé a topological space and A4 be a connected, locally path connected, and

semilocally simple connected subspace of X. Let S, (X, 4) be the disjoint union of the
n-th homotopy groups of the pair (X,4) obtained for each x e A, ie,
S(X,4) = JE/A 7, (X, A,x). We show that S,(X,4) is an algebraic sheaf over the
pair (X, 4) by giving a topological structure to the set S, (X, 4). We show that if
f:(X,A4) — (Y, B) is a continuous mapping, then there exists a sheaf homomorphism
between the sheaves of relative homotopy groups of the pairs(X,4) and (¥, B).

Furthermore, if f is a homeomorphism, then there exists a group isomorphism between the
groups of sections,

ROLATIF HOMOTOPI GRUPLARININ DEMET]

OZET.

Xvir topolojik uzay ve 4, X’ in irtibatli, lokal egrisel irtibath ve yan lokal
basit irtibath bir altuzay: olsun. S, (X, 4), (X, A) ciftinin herbir x & A4 ,icin bulunan
n. homotopi gruplarinin ayrik birlesimi olsun, yani, S, (X, 4) = XIE/A 7. (X, 4,x) dir. Bu

cahsmada S, (X', A) tizerine bir topolojik yap1 vererek (X, A) ¢ifti Gizerinde bir cebirsel
demet oldugunu gosterdik. Eger f:(X, A) = (¥, B) bir siirekli déniigiim ise, bu
durumda (X, 4) ve (¥, B) gifileri izerindeki rolatif homotopi gruplarnin demetleri

arasinda bir demet homomorfizminin varhgmi gdsterdik. Ayrica eger f bir homeomorfizm
ise, bu durumda kesitletin gruplar: arasmnda bir grup izomorfizminin varligint gosterdik.

LINTRODUCTION
Let X be a topological space with base point x,.For n > 1, the n-th

homotopy group 7, (X,x,) is defined as the totality of homotopy classes of
the mappings a:(1",I") —(X,x,) such that a({") = x,, where I" is
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Euclidean n-cube, consisting of points (,,f,,...,£,) with 0<¢, <1 and I is
its boundary. Equivalently, 7,(X,x,) may be regarded as the homotopy
classes of the base point preserving mappings a:(S”,P)) = (X,x,) such
that «(B)=x,, where S” is the unit n-sphere given by
P+t +. 4t =1and B =(10.....,0). This group is abelian forn22.
Hence we write [a]+ [ﬁ] = [a + [)’] instead of [a][ﬂ] = [aﬁ] for
[a],[ﬁ] e, (X,x,). Let X be a connected, locally path connected, and
semilocally simple connected topological space and S,(X) be the disjoint
union of the n-th homotopy groups obtained for each xeX, ie,
S, (X) = xle/'X 7,(X,x). Then S,(X) is an algebraic sheaf {2]. It is a sheaf of
abelian groups for n22. §,(X) is called the sheaf of n-th hometopy
groups of X .For n=1, S,(X) is called the sheaf of fundamental groups of
X [1] . Steenrod showed that S, (X) is a bundle of coefficients [5}.

Now let X be a topological space and 4 be a subspace of X and
let x, € A. I"" is the face of /" given by ¢, =0.Let J" be the union of
remaining (n-1) faces of I”, i.e., J''= 1"~ int 1", Forn = 2, n-th relative
homotopy groups 7,(X, 4,x,) of the pair (X, 4), with base point in 4 is
defined as the set of all homotopy classes of the
mappings a:(I", 1", J"") > (X, 4,x,), where a(I")c X, a(I"")c 4,
and a(J"") = x, (or equivalently e:(E",S"", P} > (X, 4,x,), where E”
is Euclidean n-cell, consisting of points (¢,,4,,...,¢,) with 0<¢ <1 and
1,2+, +. 41,2 <1, 8™ is its boundary). =,(X, 4,x,) is an abelian group
fornz3, while m(X,4,x,) is only a set. In this context,
ifa, f:(I", 1", J""y > (X, 4,x,) are two continuous mappings, then the
group structure is induced by

Oty b5ty ) = (@ + BYtsty,01,) =
At ty sty 2 e ty),

Bty sty 2t =Lt qs0t,),
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for l1<k<n. It should be noted that the relative homotopy
group 7, (X, A,%,) , reduces to the homotopy group 7, (X, x,),if 4= {xo} .

2. THE SHEAF OF RELATIVE HOMOTOPY GROUPS

Let X be a topological space and 4 be a connected, locally path
connected, and semilocally simple connected subspace of X and let x € 4.
Let S,(X,A4) be the disjoint union of the n-th relative homotopy groups

obtained for each x € 4,1e., S,(X,4) = xIG/A 7, (X, A,x). Thus, S,(X,4) is
a set over A. Let us define a mapping ¢: S,(X,4)— A as, for each
o eS (X, A), pla)=p(e],)=x, where xeA and
o=|al], ex,(X,4,x). Now, if x, € 4 is an arbitrarily fixed point, then
there exists an open path connected neighborhood W =W (x,) of x, in 4
such that for any two points x,and x, in W every pair of paths in W
joining x, to x, are homotopic in 4 with endpoints held fixed since A is
locally path connected and semilocally simple connected. If y is a path
from x, to x foranyx e W, then y induces an isomorphism
)i, (X, 4,3%,) > 7, (X, 4,%)

for all n, given by (y')n([ao}xo) =[a], for arbitrarily fixed
[ao]xQ ex (X,4,%,).

To  topologize  S,(X,4); first, define a  mapping
SW(x) = S, (X4 by sx)=0"),(a] ) =[el em (X, 4.

Clearly, s is a well-defined mapping. Indeed, if § is a different path than
y in W from x, to x, then they are homotopic in 4 with endpoints held

fixed, hence 5, =0@),- Moreover,
stx) =1"(a ], ) = @], €7, (X, 4,x,) and pos=1,.

Next, we consider s() = {s(x) =lal], €S, (X, A:x eW A} as a
neighborhood of [ao]z“ in S,(X,4) and we prescribe that all these sets be
open sets. Then {s(W):W c A} forms a basis for the topology on S,(X,4):
Indeed, let W,, W, Dbe any two path connected subsets of 4, and

gess(W)yns,(W,). Then 5158, agree at
o(0)=p(a],)=x (x €W, "W,) and by the definition of the mappings
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8,8, (W NW,)=s,(W, "W,). Therefore o has a basic neighborhood
5, (W, "W,y =s5,(W, "W,) inside 5,(W)s,(W,). It follows that s is a
continuous mapping with respect to this topology. Moreover, since ("), is
an isomorphism, there exists a unique @], €(S, (X, 4)), corresponding to

[a]. . ie. (S,(X,4), As(W)=[al,. Therefore the topology on

8, (X, 4), is discrete.
Furthermore, ¢ (W) = s, (W), where the index set I corresponds
1€

to the totality of all equivalence class inz, (X, 4,x,). The sets (W) are
pair  wise disjoint: if oes(W)ns, (W), then for any

xeW, o =s()=5,0)= ), (al,)=
(7'),,([af]x ) ﬁ[af]x0 =[al.]x , where ¥ is a path from x, 70 x and

(r*), is the isomorphism induced by y. Hence for every
xeW, 5(x)=s5,(x),ie, s(#)=s,(W). Then the projection ¢ is well-
defined.

Now if the set W — 4 is any open set in the relative topology on 4,
then W =W, , where for each i € I, W, is a path connected open set in 4.

iel

Hence, we can define a mapping s:W — S,(X,4) as follows: If x eW,
then x ¥, for any / € [ and there exists a mapping s, : %, — S,(X,4). We
define the mapping s by s(x)=s,(x). Clearly, s is continuous and
@os=1,. Therefore ¢ is continuous with respect to the topology on

S, (X, 4), since for any open W in A
97 W) = s(W) = Uls, (W W, =W |,
where W, is path connected and open subset of . In addition ¢ is a locally
homeomorphism since on s,(#,) it has the continuous inverse s, .
Therefore we can state the following theorem.

Theorem 1. Let X be a topological space and 4 be a connected, locally
path connected, and semilocally simple connected subspace of X.
Letz,(X,4,x) be corresponding n-th relative homotopy group for each

xed,and S, (X,4)= VAﬂ,,(X,A,x) . If the mapping ¢: S, (X, 4)—> 4 is
defined as above, then there exists a natural topology on S, (X, 4) such that
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@ is locally topological with respect to this topology. Thus, (S, (X, 4),¢),
is a sheaf over (X, 4).

Definition 2.The sheaf (S, (X, 4),¢) given by the Theorem 1 is called the
sheaf of the n-th relative homotopy groups of the pair (X,A).
¢“‘(x) =7z, (X,A4,x) is called the stalk of the sheaf and denoted by
(8,(X,A4)), for every x€d4. A continuous mapping s:W -> S,(X,4)
such that g os=1,, is called a section of S, (X, 4) overopenset W < 4.

Then the collection of all sections of S, (X, A4) over a fixed open subset W
of 4 is denoted by I'(W, S,(X,4)). The set I'(W, 5,(X,4)) is a group
with the point wise addition. If s,,5, e (W, §,(X,4)) are obtained by

means of the elements [al ]x ,[012]Jr er, (X, A,x), respectively, then

(5, +5)00 = 5, +5,00 =[ey], +[en] =[er + ] .
It is easy to see that I'(W, S,(X,A4)) is a group. Thus, the operation
H): S (X, @ S,(X,4) > S,(X,4) defined by (0,,0,) > 0, +0, for
every o,,0, €5,(X,4) is continuous. Hence (5, (X, 4).p) is an algebraic
sheaf, It is a sheaf of abelian groups for n >3 since ¢~ (x) = 7, (X, 4,x) is

an abelian group for each x € 4.

It is easily seen that if # is any open path connected subset of 4,
then it has all the properties required of an elementary neighborhood in the
definition of covering space. Therefore S,(X,4) is a covering space of 4.

3.CHARACTERIZATIONS

Definition 3. Let X,Y be arbitrary topological spaces and A4,B be
connected, locally path connected, and semilocally simple connected
subspaces of X,Y, respectively. Let the sheaves (S,(X,4),p) and
(S,(Y,B),w) be the corresponding sheaves to the pairs (X, 4), (¥, B),
respectively. It is said that there is a homomorphism between these sheaves
and it is written F=(f,f"):[(X,4).5,(X,0)]>[(¥.B),S,(¥.B)], if
there exists a pair F = (f, ") such that

1. fi(X,A4)— (¥,B) is a continuous mapping such that f(4) < B,

2. f':8,(X,4)>S,(¥,B) isa continuous mapping,

3. f'preserves the stalks with respect to f, i.e., fop =wof”
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4. for every x € A, the restricted mapping )
LIS, (X, AD), (S, (X, D) = (S, (X, )
is a homomorphism.

F=(f,f") is called an isomorphism, if the mappings f" and f are
topological, then the sheaves S,(X,4) and S,(Y,B)are said to be
isomorphic.

Theorem .2 Let the sheaves S, (X, 4)and S, (¥, B)be given. A continuous
mapping f:(X,4)—> (¥,B) induces a homomorphism of sheaves
S, (X, 4> S, (Y,B).

Proef. Let x € A be an arbitrary fixed point. Then f(x) € Band

(X, A,x)=(S,(X,4), and 7,(Y,B,/(x)) =(S,(¥,B)), arc the
corresponding  stalks. I a,a,:(I", 1", J"") > (X,4,x) are two
continuous mappings, then we can define the continuous mappings
BB (I 1" Iy > (Y,B, f(x)as B = foa,, B = foe,. If a ~a
then f ~ A . Thus, the correspondence [a], — [ foa] o Is well-defined.
Since the point x € 4 is arbitrary fixed, the above correspondence gives us a
map f:S,(X,4)—>S,(Y,B) such that f'([a]x)=[foa]f(x) for every

[a], €S,(X, A). Now, we will show that F = (f,f") is a homomorphism.

1. f'is a continuous mapping: If ¥ < £ (S,(X,4)) < S,(¥.B)is

any open set, then (f )" (V) =U < §,(X, A) is an open set. Indeed, since

Visopen, V= Ut,.(W,) and @,(V) = UW, c f(A)c B is open, where W,
iel

iel
is a path connected open neighborhood in B for every ie/ and
t, eC(W,S,(Y,B)). Since f is continuous, for every iel.
An f7'(W,) = G, is open path connected subset of A, Hence there exists a
section s,:G, = S,(X, 4) and Us,.(G,) c S, (X, 4)is an open set. We will

ief

show that U =|Js,(G,). If o,=[al, €U, xed then there exists a
ief

g, = [ﬂ]y eV such that (f")"(0,) = 0, and @,(0,) = %([ﬂ]y) =y where

y = f(x) and B = foa . Thus, if y €W, for some i e/, then x €G, and

o, =la], eUs,(G,) . Hence, U Us,. (G,) . On the other hand, if

iel iel
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o € Us, (G;) then o, €5,(G,) for some iel and
iel

(a,(crl)=¢,([a]x) =x €G, Hence f(x)eW, and [foa]j(x) =0, €V and
then, (/") (o,) = o, €U .Therefore US, (G)cU and U = Us, G).

iel iel

2. f'preserves the stalks with respect to f. Indeed, for any
[a]x ESn(X’ A)
(fop)el, = flg (el ) = f(x)
(@0t Wal) =0 (o)) = o[ 0e] ) = 7 )

thatis, fop, = ¢yof .
3. Forevery x € 4 the mapping

IS, (X, ) (S, (X, 4), > (S, (X, A)) ;(y 1s a homomorphism. Indeed,
If o, (1", "7, Ty = (X, 4,x), and
foa,, foa,:(I" , 1", J"") ~ (¥, B, f(x))

are continuous mappings, then

f‘({al + a2]1)= [fo(al + az)]m) = [foa, +foaz],w
= [foa, ]f(,) + [foa2 ]f(x)

= 7(je] )+ ((],)

Therefore F = ( 7,/") is a homomorphism.
Theorem 3. Let the sheaves S,(X,A),S,(Y,B),S,(Z,C), be given. The

existence of continuous mappings
f(X,4)—> (¥,B)and g:(Y,B) > (Z,C), leads to the existence of a

homomorphism 4":S, (X, 4) - S,(Z,C) suchthat h = go f and
W =(gof) =g'of
Proof. Since h=gof is continuous, by Theorem 2, there exists a
homomorphism 4":S,(X,4) > S,(Z,C). It is sufficient to show that
B =g'of" . Forany [a]eS, (X, 4),h («]) =[(gof)oa] and

(@ os Wab =g (ah) =g (foah=[g(f ).
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Thus we must show  that (gof)oa~go(foa). If
a:(I", ", J""Y > (X,4,x) is a continuous mapping, then
(gofoa :(I", 1", ") > (Z,C,g(f () and
go(fea):(I",I"",J"") > (Z,C,g(f(x))). Let us define a mapping
Ftyest k(I < I I x LI x 1) > (Z,C, g(f(x))) as follows
o fXa(t tys00t,))s 0<t, <1-k
Fty byt K) = (g /X (61,4, ) 1 )
go(foa)Xt),iy,.st,)), I-k<r <1
It is clear that F is continuous. Furthermore, F(t,,...,7,,0) = (go f)(a),
F(t,,...t,)=go(feoa), and F(t,,....t k) = g(f(x)), for
(t1s-st,) €J""  Therefore (go floa~go(feoa)and b =g'of"
Now we can state the following theorem.
Theorem 4. There is a covariant functor from the category of the pairs of
topological spaces together with their connected, locally path connected, and
semilocally simple connected subspaces and continuous mappings to the
category of sheaves and continuous homomorphisms.
Proof. Let D be the category of the pairs of topological spaces together with
their connected, locally path connected, and semilocally simple connected
subspaces and E be the category of sheaves and continuous
homomorphisms.  Define a mapping FD-E as follows:
F((X,4))=S,(X,4) and if f:(X,4)—>(¥,B) is any continuous
mapping, then F(f )= f":5,(X, 4) > S, (¥, B).
(D If =1y then F(1 iy 0)=15x.0s since

(I(X,A))‘ = [I(X,A) © af] = [a]
for any [a], €(S,(X,4),.

@ If fu(X,4)—> (¥,B) and g&(¥,B)—> (Z,C) any two continuous
mappings, then by the Theorem 3, (gof) =g'of  ie,
F(go f)=F(g)oF(f). Therefore F is a covariant functor.

Theorem 5. Let the sheaves S,(X,4) and S,(¥,B) be given. A
homeomorphism f:(X,4) — (¥,B) induces an isomorphism of sheaves
S8, (X, 4) > S, (Y,B).

Proof. Since f is a homeomorphism, there exists the continuous inverse
mapping /' such that fof ™' =1,,, [ of =1, ,. By theorem 2,
there exists the sheaf homomeorphism (f ™)*:S, (¥, B) - S§,(X,4).By
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Theorem 4, Sof™) =f" (ST =lpyy and
(o f) = (") of =1k, Hence (f7') =(f")" and therefore
J" is a sheaf isomorphism.
Theorem 6. Let the sheaves S,(X,4) and S,(¥,B) be given and
f,g:(X,4y—> (Y,B) be two continuous mappings. If f and g are
homotopic  re/4, then their induced sheaf homomorphisms
f.g"S,(X,4) > S,(Y,B) are equal forevery n>2.
Proof. Let [a]eS,(X,A). Since f~g rel 4, there exists a continuous
mapping F: X x [ — ¥ such that

F(x,0) = f(x) and F(x,1)=g(x) for all x € X,

Fla,ty=f(a)=gla) forallacdandtel,

F(Ax1)c B. .
Then the composition Foa gives a homotopy connecting /o and goa
ie., [foa] = [goa]. Hence f*(a)) =g (a)).
Theorem 7. Let the sheaves (S,(X,A4),9), (S,(Y,B),w) be given and
I, S.(X, AN, T(f(#),S,(Y,B)) be the groups of ail sections of
SAX,4),S,(Y,B)over W and f(W) respectively, where W is an open
subset of 4. Then a homeomorphism f:(X,4)-»(Y,B) induces an
isomorphism f,:T'(W,S, (X, A)) ->T'(f(¥),S,(Y,B)).
Proof. By Theorem 5, the homeomorphism f:(X,4) — (¥, B) induces a
sheaf isomorphism f™:S, (X, 4) —S,(Y,B). Let s eU'(W,S,(X.4)) bea
section over W, then fosof :if(W)—> S (Y,B) is a continuous
mapping and wo(f"eso /™) =1,,,. Hence f*oso £ is a section over
f)ie., f*eso f eD(f(W),S,(Y,B)). Thus we can define a mapping
foTW,S,(X,A) >T(fFW),S,(Y,B)). with f.(s)= f"oso /", for all
sel(W,5,(X,A)). Itiseasy to see that £, isa group isomorphism.

Now we give the functorial statement of this theorem:
Theorem 8. There is a covariant functor from the category of the pairs of
topological spaces together with their connected, locally path connected, and
semilocally simple connected subspaces and topological mappings to the
category of groups and isomorphisms.
Proof. Let D be the category of the pairs of topological spaces together with
their connected, locally path connected, and semilocally simple connected
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subspaces and E be the category of groups and isomorphisms. Define a
mapping F:D—E as follows: F((X,A)})=T(,S,(X,4)). and
if f:{X,4) > (Y,B)is any continuous mapping, then
F(f)y=fuT(W,S,(X,A) >T(f(W),S,(Y,B)).Then F is a covariant
functor:

(DIEf =1 4. then F(1y ), Thus F(1 »). =1 -

@) If f:(X,4)—>(,B) and g(¥,B)—> (Z,C) any two continuous
mappings, then
F(gef)=(g°f).=g.°fu
LW,S,(X, ) >T(g(f (W),5,(Z,C)), i.e, F(gof)=F(g)o F(f).
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