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ABSTRACT

Let M be an m-dimensicnal submanifold in  E™ .We define C* function 7araw by
using the idea of Putinar [2].We show that for m < n, Tynw s invariant under
the orthogonal group O(n) and it is invariant under absolute unimodular group for
m == n-1.We prove that

G(., NyeoF

where F is parametrization of M, G(,, N} is Lipschitz-Killing curvature, N is unit
normal of M and d is a distance between origin and tangent plane on a point of M.

OZET

M, E" de m-boyutlu altmanifold olsun. Putinar’in diisiincesini kullanarak bir Tasnw
fonksiyonu tammladik. 7anw nm m < nicin,O(n) ortogonal grubu altinda, m = n—
1 icin de mutlak unimodular grup altinda degismez kaldigimi gosterdik. F, M nm
parametrizasyonu ; G(., N) Lipschitz-Killing Egriligi; N, M’nin birim normali; d de
M’nin bir noktasindaki teget diizleminin orjine uzaklig: olmak iizere

G{., N)oF

ruew 1= (U Gz o 7

oldugunu gorditk.

1. Introduction. M.G. Tzitzéica, Rumanian mathematician, has
shown that % is constant for some class of surfaces M C E® when he
was studying regular tetrahedron, where K, d are Gaussian curvature
and the distance of a point on M to the origin, respectively.He has also
proved it [1] for some hypersurface in M C E* . If d%; is constant
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for any hypersurface M then, M is called Tzitzéica's hypersurface and
the ratio g,{ﬁ;—] is called Tzitzéica's invariant. The equivalency of any two
Tzitzéica’s invariants are given by Putinar [2]. The aim of this present
work is to generalize the Tzitzéica’s invariant {2] to any m-dimensional
submanifold in E™.

Firstly, we give some basic concepts in order to understandant ¢ -
vector space, a vector field over ' -map and an affine connexion on
C* - map. Afterwards, we define a C° function 7mrw by using
the idea of Putinar [2] and we show that Tas~w is invariant under the
orthogonal group O{r) in the case mm < n and it is invariant under
absolute unimodular group in the case m = n — 1. Finally, we show

that G, M)
TMoW = (—1)m7l“';n’“+2— .

2. Background and Notations.

Definition 2.1. A subset M C E" is called a smooth manifold of
dimension m if each 2 € M has a neighborhood W in M which is dif-
feomorphic to an open subset U of Euclidean space £™.In addition, if
m < n then, M is called an m-dimensional submanifold of E™ [3].

Definition 2.2. Let M be m-dimensional submanifold of E*, Then the
C=-diffeomorphism
F:U—MNW

is called a local parametrization of the region M N W [3]. The following
definitions 2.3, 2.4 and 2.5 are due to [4].

Definition 2.3. Let x(F') be C®(U} -module of vectorfield over F.
The set

AMx(F)={a A Aae|a; € X(F), 1=1, .., £}

is called a C°(U) -module of { -vector field.
Definition 2.4. The form, given by

<, 3¢ oF 1 Alx(F)zAX(F) — C*=(U)

<o, B> 0F = det] < a;, f; > oF)
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is called a metric tensor of £-vector fields, where o = an Aeg AL Aayp, B =
BiA . A Pe, oy, B € x(F).
Definition 2.5. Let
A x(F) — x(F)
be a linear transformation.Then the transformation

AfA{ay Ao A a) = Alen) Ao A Alew), o € x(F), 1 <4< ¢

is called £ — th ezterior power of A.

3.Tzitzéica’s invariant for Submanifolds

Lemma 3.1.  Let M be C°° -submanifold of E* and M NW be
a neigehborhood of p € M. of « # 0 on U, there is ¢ unique normel
vector field £ € x(F) such that

<P, £>0F =1 <zoF £>0F =0,1<i<m (1)

hold, where o = FAzy0 FA..NamoF € A" x(F) and z; 0 F =
Fs)o F.

Proof. Consider < a, o > > 0 and the matrix B = X. X' for X =
[Fzi0F.. z,0F], then we find a vector field

oo o1

EI(m)FJrE'“ ()

where B = cofac < ﬁ, F> oF and B% = cofac < ﬁ, ;0 F > oF.
It is known that Eis a O% -vector field over F, since detB # 0, B ¢
C=(),1<i< m. € isrelated to F and so & is a unique vector field over
F. If we consider the cofactor of B and the properties of a determinant
function, we obtain £ such as in (1) .By the last equalities of (1), fqis a
normal vector field over F

Lemma 3.2. Let U,V be open subsets of E™ and 7, v affine
CONNETIONS ON the diffeomorphisms F, Fofl) Y respectively. Then, there
erists a unique 6 € x(Fo®™?) for the § € x(F) such that f =£fo b1,
Furthermore, we have the following relation

VB%EZ( aif)

z; 0 F),
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Proof. 1f we consider the following diagrams

F
v — £
¢ L /S
Fod~
\%
4
U — TE"
L
ot
1%

the proof of the Lemma is clear.

Theorem 3.3. If M is an m-dimensional submanifold of E™ and o # 0
on U then, there is a unique function Tyow € C°°(M NnW, R) such

thatTMnWoFﬁﬁugv%'ﬁ%for,@ 5/\v €/\V 5/\ /\vaf

Proof. Firstly, if we show that M N W has the parametrlza.tlon F such
that @ # 0 on U then, every parametrization of M N W has the same
property.To this end we choose another parametrization G of M NW.
Since @ # 0 on U, we have the diffeomorphism @ as in the diagram

— 3

F
— MOW
Ve

g

<

It is easy to see that
a
MG~ )09)/\ NG5 0G) # 0,

since z; o F' = (Q.(%) o G) for <I>,(37“) = ai . Now by using Lemma
3.2, we obtain the equality

<a, B >nno(Go®) .
<o, o >pp0(God) Taow © (G 0 ),

TMaw 0 F =
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where o = G A (Gul
v af/\ AT

From deﬁmtlon 2.3 and o # 0 on U, it is routine to check that
mnw € C(M N W, R).This completes the proof of theorem.

Jog) A A (Gul52) 09), B =E AT 28 A

2
g
28

Theorem 3.4. The funciion Tarw is an tnvariant of Ofn) in the case
of m < n, and & is an invariant of the absolute unimodular group in
the case m = n-1.

Proof. Let ¥ be a linear transformation which corresponds to ¢ €
GL(n, R).Then we get a C*°-map

JoF :U— WU (MNW),

according the diagram

GoF
U —s MNW
F l A

=N

MnW

where U is a restriction of ¥ on M N W. By the equahtles V, =g, glz;
F) = (gz;) o F, W,(F) = g(F), we find a unique € € x(\IloF)such
that

<g(F), € >0F =1, <g(zioF), € >0F=10,1<i<m (2)
Thus we may take the following system instead of (2).
<F g€ >o0F=1,<noF g€ >0F=10,1<i<m (3)
Taking into account Lemma 3.1 and (3), we realize that
£=g¢
holds. By getting help from the Definition 2.5 and (¢*)™'(7 = _‘) =(T e

b
£"), we have

a3

<@, f>my1 oF

T§ Yo F =
MW <, @ >ppq oF'
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where ¢ = g'¢. ¥ g € O(n), then we see that the equality
T@anq’ o] 1.'4" = TMnw © F

holds.Thus Tpsrw is the invariant of O(n). Since A”c(ﬁ‘ NeioFALLA
Ty 0 F) = detca, for m = n-1, we obtain

~ <a,ﬂ>noF Traw 0 F
. — = 4
Tanew ¥ 0 F detc < o, @ > oF (detg)? (4)

If | detg |= 1 in (4) then we have Topew YO F = Tuawo F, that is, Taraw
is an invariant of absolute unimodular group, as required.

Let M be an m-dimensional submanifold of £™.Then, we call the
function Tarew in Theorem 3.3 | as Tzitzéica’s invariant. We also call M

as Tzitzéica’s submanifold if Tarnw is constant for all region M N W of
M.

Theorem 3.5. Let M be an m-dimensional submanifold in E® and o 5 0
on U.Then the equality
mG(, N)oF

Tew o F = (—=1)™ e

is valid, where N is the unit normal in direction E of affine subspace and
G(., N) is the function of Lipschitz-Killing curvature in direction N.

Proof. Let D be a connexion of E® and 37 be an affine connexion of
F.Then we have the following three relation

(DaNyo F =g NaF (5)
3 Ei > 1 -

i | = —— — _f 6

Vi (o) = Gl T T ©

(Dg;NYo F = —Sy(F)(zio F)+ (D*;,N)o F (7)

By using (5), (6), we obtain

{((De;N)o F, wjo FyoF = —(Sn(F){(zioF), zj0 F)oF,  (8)
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((DyN)o F, zjo Fyo F = <V(a%>5’ zjoF)oF (9)

o
T
By following {8), (9), we find that

— [ €1 (Sw(F)(@io F), 50 F)o F = (V(ﬁt)ﬁi zjo F)oF (10)

holds.By considering the definition of myaw o ', we get

det[<v(%)5 z; 0 F > oF)]

(11)

Tarew 0 F' =
! < Q& O Zmel oF

If we put (10) in (11), we find that

- dt S F| 4 F7 F F
TMnWOF = (—l)m(H 5 “)m ° [< Ni (z(xa())mll ‘ZJ; = ]

(12)

If we use the Definition 2.3, 2.4 and 2.5 in (12), we obtain that

<, Q>, ofF

ew o F = (=1)7()| € D" detSn(F) = = S o

(13)

where Q@ = 210 F A ... Az, 0 F. By getting help from Lemma 3.1 and
Theorem 3.3, we reach

Tvaow 0 F = (= 1)™(}| € )2 detSn(F) (14)

On the other hand, it is not difficult to calculate that

doF = — (15)
<
Finally, by using (15) in (14), we have
mGl, NYoF

munw o B = (0" o

which makes end the proof of theorem.
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