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Abstract. Let K be a field of characteristic zero, and Lm,c be the free

metabelian nilpotent Lie algebra of class c of rank m over K. We call an

automorphism φ pointwise inner, if there exists an inner automorphism ξi
for each generator xi, i = 1, . . . ,m, such that φ(xi) = ξi(xi). In this study,

we exemine the group PI(Lm,c) of pointwise inner automorphisms of the Lie

algebra Lm,c, and we provide a set of generators for this group.

1. Introduction

Let G be a free group. An automorphism φ of a group G is pointwise inner if
φ(t) is conjugate to t for any t ∈ G. The set of all pointwise inner automorphisms
of G forms a group denoted by Autpwi(G). An automorphism φ of G said to be
normal if φ(H) = H for each normal subgroup H and the group of all normal
automorphisms is denoted by Autn(G). Grossmann showed in [3] that in free
group, each pointwise inner automorphism is inner. Endimioni in [1] proved that
this property remains true in the free nilpotent group of finite rank. Clearly we have
Inn(G) ≤ Autpwi(G) ≤ Aut(G). It is clear that Inn(G) is a normal subgroup of
Autpwi(G) as a result of being a normal subgroup of the group of all automorphisms
of G. Lubotzsky [4] showed that Inn(G) = Autn(G), when G is non-cyclic free
group. In the case of a free nilpotent group Endimioni [1] (Theorem 2) have showed
that this situation is the different.

In this paper we assume K is a field of charecteristic zero. Let Fm be the
free Lie algebra of rank m over the field K with free generators x1, . . . , xm. Let
F ′m = [Fm, Fm], F ′′m = [F ′m, F

′
m] be the first and second terms of derived series

of Fm. The terms of lower central series of Fm are as follows: F 1
m = Fm, F 2

m =
[F 1

m, F
1
m],. . ., F c+1

m = [F c
m, Fm]. Let us denote by Lm = Fm/F

′′
m the free metabelian

Lie algebra and Lm,c = Fm/(F
′′
m + F c+1

m ) be the free metabelian nilpotent Lie
algebra of nilpotency class c. Let PI(Lm,c) be the pointwise inner automorphism
group of the Lie algebra Lm,c. The aim of this paper is to describe a generating
set of the group PI(Lm,c). The automorphism group Aut(Lm,c) is a semidirect
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product of the normal subgroup IA(Lm,c) and the general linear group GLm(K),
where IA(Lm,c) is the subgroup of automorphisms which induce the identity map
modulo the commutator ideal L′m,c. That is, Aut(Lm,c) = GLm(K) o IA(Lm,c).
Fındık has investigated in [2] the relations between the normal automorphism group
Autn(Lm,c) and normal subgroup IA(Lm,c). Temizyürek and Aydın in [5] have
defined the pointwise inner automorphisms of free nilpotent Lie algebras and proved
that under the some special conditions, each pointwise inner automorphisms of the
free nilpotent Lie algebra is inner.

2. Preliminaries

Definition 2.1. Lie algebras are important examples of non-associative, non-
commutative algebras satisfying the identities:

[x, x] = 0,

and
[[x, y], z] + [[y, z], x] + [[z, x], y] = 0.

The first identity is equivalent to the identity

[x, y] = −[y, x]

when the base field is not of characteristic 2, and the latter identity is called Jacobi
identity.

Note that the free metabelian nilpotent Lie algebra Lm,c defined in the previous
section satisfies the following identities:

[[x, y], [z, t]] = 0, and [y1, y2, . . . , yc+1] = 0 (∗)
for all x, y, z, t, y1, y2, . . . , yc+1 ∈ Lm,c.

We use the left normed commutator notation for the Lie multiplication:

[u1, . . . , un−1, un] = [[u1, . . . , un−1], un], n = 3, 4, . . . .

For each v ∈ Lm,c, the linear operator adv : Lm,c → Lm,c defined by

adv(u) = [u, v], u ∈ Lm,c,

is a derivation of Lm,c which is nilpotent and adcv = (adv)c = 0 because Lc+1
m,c = 0.

Hence the linear operator

exp(adv) = 1 +
adv

1!
+

ad2v

2!
+

ad3v

3!
+

ad4v

4!
+ · · ·

= 1 +
adv

1!
+

ad2v

2!
+ · · ·+ adc−1v

(c− 1)!

is well defined and is an automorphism of Lm,c.

Definition 2.2. The set of all automorphisms are of the form exp(adv), v ∈ Lm,c,
is called the inner automorphism group of Lm,c and is denoted by Inn(Lm,c).

Inn(Lm,c) is a normal subgroup of the group of all automorphisms Aut(Lm,c) of
Lm,c.

Definition 2.3. The factor group Aut(Lm,c)/Inn(Lm,c) is called the outer auto-
morphism group of Lm,c and is denoted by Out(Lm,c).
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Definition 2.4. An automorphism φ of a group G is called normal if

φ(N) = N

for every normal subgroup N of G.

We define normal automorphisms of the free metabelian Lie algebra similarly:

Definition 2.5. An automorphism φ of Lm,c called normal if

φ(I) = I

for every ideal I of Lm,c.

Normal automorphisms of Lm,c forms a normal subgroup of Aut(Lm,c). We shall
denote it by N(Lm,c). Hence naturally we define another automorphism class:

Definition 2.6. ΓN(Lm,c) = Aut(Lm,c)/N(Lm,c) is called the group of normally
outer automorphisms of Lm,c.

Every inner automorphism fixes the ideals of Lm,c, so that Inn(Lm,c) is a normal
subgroup of N(Lm,c). This arises the following:

Definition 2.7. OutN(Lm,c) = N(Lm,c)/Inn(Lm,c) is called the group of outer
normal automorphisms of Lm,c.

Lemma 2.8. [2] (i) If m ≥ 3 and c = 2, then N(Lm,2) ⊂ IA(Lm,2).
(ii) If m ≥ 3 and c = 3, then N(Lm,3) ⊂ IA(Lm,3).
(iii) If m ≥ 2 and c ≥ 4, then N(Lm,c) ⊂ IA(Lm,c).

We consider only the group of normal automorphisms in IA(Lm,c) and denote it
by IN(Lm,c).

Theorem 2.9. [2] (i) IN(Lm,2) is abelian;
(ii) IN(Lm,3) is nilpotent of class 3;
(iii) IN(Lm,c) is metabelian when c ≥ 4.

Theorem 2.10. [2] A normal automorphism ψ of the algebra Lm,c is of the form

ψ : xi → xi +

m∑
j=1

[xi, xj ]fj , i = 1, . . . ,m,

where fj ∈ K[adx1, . . . , adxm].

Now we illustrate some explicit examples for low ranks and nilpotency classes as
follows.

An example of a normal (inner) auto for m = c = 3

φ(x1) = x1

φ(x2) = x2 + [x2, x1] + [x2, x1, x1]/2

φ(x3) = x3 + [x3, x1] + [x3, x2, x2]/2

A simple example of a normally outer auto for m = c = 3

φ(x1) = x1

φ(x2) = x2 + [x2, x1] + [x2, x1, x1]

φ(x3) = x3 + [x3, x1] + [x3, x2, x2]
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A simple example of an outer normal auto for m = c = 3

φ(x1) = x1

φ(x2) = x2 + [x2, x1] + [x2, x1, x1]

φ(x3) = x3 + [x3, x1] + [x3, x1, x1]

Theorem 2.11. [2] The free Lie algebra of finite rank does not have inner and
normal automorphisms.

Our goal is to describe the group of pointwise inner automorphisms PInn(Lm,c)
of the algebra Lm,c.

Approach:
• The automorphism group Aut(Lm,c) is a semidirect product of the normal sub-
group IA(Lm,c) of the automorphisms which induce the identity map modulo the
commutator ideal of Lm,c and the general linear group GLm(K).
• Since PInn(Lm,c) ⊂ IA(Lm,c), it is sufficient to work in only IA(Lm,c).

3. Main Results

In this section, we define a set of generators for the group PInn(Lm,c) of pointwise
inner automorphisms of the free metabelian nilpotent Lie algebra Lm,c of rank
m. Every automorphism ϕ in PInn(Lm,c) is of the form ϕ = (u1, . . . , um); i.e.,

ϕ(xi) = ead(ui)(xi), for some ui ∈ Lm,c, i = 1, . . . ,m. Let us define the set

Ii = {ϕu = (0, . . . , 0, u, 0, . . . , 0) | u ∈ Lm,c}, i = 1, . . . ,m,

consisting of m-tuples where each coordinate except for i-th position is necessarily
filled by zero.

Theorem 3.1. The set Ii is a group for every i = 1, . . . ,m.

Proof. Let i = 1, and let ϕu = (u, 0, . . . , 0), ϕv = (v, 0, . . . , 0) ∈ I1, where u, v ∈
Lm,c. Then ϕuφv(xi) = xi, i = 2, . . . ,m, and

ϕuφv(x1) =ϕu

(
ead(v)(x1)

)
=ϕu

(
x1 + [x1, v]

c−2∑
k=0

adk
v̄

(k + 1)!

)

=ϕu(x1) + [ϕu(x1), ϕu(v)]

c−2∑
k=0

adk
ϕu(v̄)

(k + 1)!

=ead(ϕu(v))(φu(x1)) = ead(ϕu(v))ead(u)(x1).

On the other hand, since inner automorphisms form a group, then there exists an
element w ∈ Lm,c such that ead(ϕu(v))ead(u) = ead(w), that is

ϕuφv = (w, 0, . . . , 0) = ϕw.

Now let us show that ϕu has an inverse in I1. Consider the map ϕ−u. Clearly
there exists a linear combination of smaller length of elements in ϕu(x1)− x1 com-
paring with the element (ϕ−uϕu)(x1) − x1. In other words, the least length of
monomials in the element (ϕ−uϕu)(x1) − x1 is longer than that of ϕu(x1) − x1.
Hence, after finite number of this process we reach to the identity map, due to
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nilpotency. Therefore I1 is a group. One may prove similarly that Ii is a group for
i = 2, . . . ,m. �

Theorem 3.2. The set PInn(Lm,c) of pointwise inner automorphisms of the free
metabelian nilpotent Lie algebra Lm,c forms a group generated by the set I1∪· · ·∪Im.

Proof. Consider an arbitrary element ϕ = (u1, . . . , um) for some ui ∈ Lm,c, i =
1, . . . ,m. One may easily observe that (ϕ−1

u1
ϕ) = (0, u2, . . . , um). Similarly we have

that
ϕ−1
um
· · ·ϕ−1

u1
ϕ = 1

and that ϕ = ϕum
· · ·ϕu1

which means that ϕ ∈< I1 ∪ · · · ∪ Im >. �

4. Conclusion

In this study, it was shown that the set of piontwise inner automorphisms form
a subgroup of the group of all automorphisms of the free metabelian Lie algebra
of rank m ≥ 2 in the nilpotency class c ≥ 2 over a field of characteristic zero. In
addition, the main result provides a generating set for this subgroup.
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Department of Mathematics, Çukurova University, 01330 Balcalı, Adana, Turkey
Email address: eaydin@cu.edu.tr


