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Abstract: In this paper robust feedback linearization control approach based on the gap metric analysis is proposed to
control a Proton Exchange Membrane Fuel Cell (PEMFC). The oxygen excess ratio is regulated through adjustment of
the air supply to avoid oxygen starvation. Furthermore, the oxygen excess ratio regulation improves the efficiency whilst
more net power will be delivered. In this paper a six order state variables PEM fuel cell is used as a plant whereas the
system variations and disturbances are regarded as uncertainties to configure the perturbed plant. The gap metric
analysis is gained in this paper to assess the difference between the perturbed plants and that of the nominal. Results of
using the nonlinear control law reveal that the proposed feedback linearization control is robust against disturbances
during the oxygen excess ratio regulation.Results verify that the measurement delays in super twisting algorithm excite
un-modeled dynamics because of higher frequency in the oscillations. The proposed controller eliminates influence of
un-modeled dynamic and delay of actuator and sensor. Furthermore the designed controller is found capable to attenuate
the practical measurement noise effect (in terms of a stochastic uncertainty) in both of the frequency spectrum and also
in the overall amplitude.
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1. Introduction

Fuel cell is an electrochemical device which generates
electricity through reaction between hydrogen and
oxygen [1]. Due to outstanding characteristics such as
high energy efficiency, profitable to the environment,
high power density, fast power response, low noise
pollution and flexible modular structure, fuel cells
attracted several interests of researchers [1]. PEMFC is
a nonlinear dynamical system under different chemical,
mechanical and electrical regimes. The model needs to
express liquid/vapor/gas mixed flow transportation, heat
conduction and electrochemical reaction. In order to the
chemical reaction takes place a certain amount of the air
supply is needed. In the literature this is called the
oxygen excess ratio, i.e. ratio of the input oxygen flow
over the reacted oxygen flow in the cathode. The reacted
oxygen is highly dependent to the load variation. This
means the inlet air flow is variable with the load
changes. This is called the breathing of the fuel cell
which is a vital key to avoid the hot spot occurrence.
Meanwhile evaluation of the reacted oxygen needs some
formula manipulation which is called the oxygen
stoichiometry. The variation in the load current also
changes speed of electrochemical reaction. When the
oxygen flow rate in the cathode is too low, the power
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output of fuel cell and also the voltage are reduced such that
a so-called oxygen starvation happens. The oxygen
starvation in the worse situation will lead to creating a hot
spot on the membrane and will degrade the fuel cell. Thus,
to prevent the membrane damage and oxygen depletion and
the voltage drop, an effective control procedure is required
to achieve an optimal inlet air flow rate. In fact to overcome
the oxygen starvation, A0, must be tuned in a desired

constant amount through providing the air by a compressor
[2]. The air-feed system of a PEMFC includes a motorized
air compressor through a supply manifold to the cathode [3].
Its performance affects the dynamic and transient response
when a sudden change in the load occurs. Fuel cell fails to
tolerate oscillations and pulse changes in the pressure and air
flow. Therefore a quality controller of the compressor is
required to accurately control the air-feed system. This
means that control of the compressor plays a main role in the
performance of PEMFC. In recent years, several control
strategies are proposed to control the fuel cell system.
Pukrushpan et al. [4] implemented an observer-based
feedback controller to protect the fuel cell stack from the
oxygen starvation during changes in the current load. Further
Pukrushpan et al.[5, 6], proposed a linearization based
method via feedback and feed-forward controllers to adjust
the flow rate of compressor in the PEMFC air supply system.
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Grujicic and colleagues et al.[7] presented a model-
based control strategy to optimize the transient behavior
of a PEM fuel cell system including air and fuel supply
subsystems. Shortcoming of classic methods and the
linear design strategy lead to find accurate knowledge
about parameters of the system or estimation of
uncertainties. Severe nonlinearity of the system,
modeling error and parametric uncertainties such as
exhaustion of fuel cell components and fluctuations of
environmental condition are some challenges in the
adjustment approach. W. Na and colleagues et al. [8, 9]
proposed a nonlinear controller for the nonlinear model
of PEM fuel cell. The proposed controller is found
effective to adjust the pressure in both sides of
Membrane Electrode Assembly (MEA) to prolong the
stack life. Rodatz et al. [10] proposed a dynamic model
of air supply to design a Linear Quadratic Gaussian
(LQG) controller. Simulation results of pressure trace
confirms fast response time and also better transient
responses together with disturbance rejection in
comparison with the conventional Pl controller. Due to
fast variation of the dynamic, a nonlinear controller is
found more beneficial. Niknezhadi and Kunusch et al.
2010 [11] also proposed LQR/LQG technique to
regulate j0,. The proposed LQG design necessitates

linearizing a model about given (stationary) operating
point using its first derivative (Jacobian matrix) of the
Taylor series. However the performance of the design is
found satisfactory in absence of neither sudden load
disturbances nor uncertainty. The research by Garcia-
Gabin et al. [12] confirms the statement during control
of oxygen stoichiometry (via0,). Nonetheless sliding

mode controller produces chattering phenomenon that is
destructive for mechanical systems. Since oscillatory
angular velocity leads to oscillation in the outlet air flow
of the compressor, this again leads to oscillation in the
stoichiometry and also total performance of the fuel cell.
Talj et al. [13-15] successfully used nonlinear sliding
mode controllers of the compressor gaining a reduced
four-order model through a cascade control structure in
the inner loop and also during the breathing in the outer
loop. In parallel simplified and reduced model in [13-15]
provides a good structure to design nonlinear controller.
However this is not formally validated in all range of the
operating region. Meanwhile Kunusch et al. [16-18] in
2009 and 2010, proposed a second order sliding mode
controller in the air supply to prevent the starvation. In
this case, a super twisting algorithm stabilizes and
prevents the chattering phenomena. This idea guarantees
performance of the controller in a wider interval of the
operation. A shortcoming of Talj et al. [13-15] and
Kunusch et al. [16-18] works is the necessity for the
oxygen flow meter in the cathode side to control;,, .

The transducer produces a delay of 1-2 seconds. The
requirement is therefore modified by Kunusch et al.
2009 [16], 2010 [18] and 2013 [19] and in parallel by
Talj research team et al. [14] in 2009 and 2010 [15, 19]
to regulate 20, assuming constant humidity. The oxygen

ratio is then evaluated using the stoichiometry

formulation. A major lack of the research is using a direct
measurement of the inlet oxygen. This is because the
transducer augments another dynamic over the fuel cell
system. Meanwhile, using lower accurate and expensive
transducer are some other drawbacks which must be dealt.
As another challenge, environment conditions variations and
also the aging of the fuel cell cause uncertainty. These
together with highly nonlinearity in the model require a
quality controller design to take into account parametric
uncertainty which necessitate designing a robust controller.
Accordingly, Kunush et al. [16, 20] deal with parametric
uncertainties, although dynamic of supply manifold pressure
is ignored. Consequently, a static relation between optimal
oxygen excess ratio and the compressor flow rate reference
is established whilst the validity is questioned. An optimal
ratio (a0,) is assessed between 2 and 2.4 to provide

maximum net power Pne oOf the Fuel cell considering the
tolerable stack current (Is;) [21]. During the design procedure
a 6-order model [22, 23] of PEM fuel cell together with a
nonlinear dynamic of the air-feed system is considered here.
The inlet air flow is regarded as a measured output whilst the
load current and the motor voltage are regarded as
disturbance and control input respectively. A robust
feedback linearization control approach based on the gap
metric analysis is proposed to stabilizexozat a desired

optimal point. The gap metric approach is well gained to
evaluate the discrepancy of the model from the proposed
nominal plant.

This paper is organized as follows: in section 2, fuel cell is
briefly described whilst analytic single-input single-output
(SISO) model is presented. In section 3, an output feedback
linearization is designed based on the nonlinear dynamic
PEMFC model and the gap metric method. Robust feedback
linearization control theorems are briefly introduced and
applied to design H_ controllers. Simulation results are given

in section 4 to show the performance of the proposed scheme
against un-modeled dynamic as well as stochastic one. The
latter uses a practical measurement noise on the ambient
temperature. Finally, the work ends with a conclusion in
section 5.

2. State Space Equations of PEMFC

Auxiliary equipment in combination with PEM fuel cell
stack develops a nonlinear model. This includes following
subsystems:

- Compressor dynamic model
- Air supply manifold model
- Cathode model

- Fuel cell stack model

State variables are defined as, ~[@y Pay Moy Mg, My, Py |7
tp ' sm sm rm

whilst model variables are defined in Hata! Basvuru
kaynag bulunamad.. Details of the model and relevant
assumptions are completely studied in [22, 23].
Accordingly, the following nonlinear model of the fuel cell
is considered where parameters are given in tables 2-4 in
the appendix I.
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Table 1: Key variables desription

States Unit Definition
X = wcp [rad /sec] | Angular speed of the compressor motor
X, =P [Pa] Pressure in the supply manifold
=m . . .
sm [kg} Air mass in the supply manifold
= mo2 [kg] Oxygen mass in the cathode
5= mN2 [ka] Nitrogen mass in the cathode
X = Frm [Pa] Return manifold pressure
U=Vem V] Voltage of the DC motor (control input)
d=1lg [A] Total stack current
M:tm = yOZ,in M02+ (1_y02,in) MNZ Molar mass
m Rv Tf .
R Vapor pressure in the cathode
' Vea
Ny K 7
_lem 7t _ __%
)%_J R (ch kv Xl) (1)
cp cm cp
7R Xg Xy 7 X,
% = \/7a1 (7Ksm,out ><2+Ksm,out F’v,ca * Ksm,out ! +Ksm,out M702) X
sm N2 02 3
r-1 (2)
w Talm ><2 7 1
+ op (ratm *T (Pi) -1)
cp atm
X5 X4
)&3 - ch _Ksm,out Xp * Ksm,out Pv,ca * Ksm,out M eF Ksm,out M ) (3)
N2 02
X X, X
R _ 5 _4
)81 T X 4% +cC Kca,out ( *s J’F’v,caJr M G+ M CZ)Jr Yo2,in Ksm,out
477575 N2 02
%4 % Moz Q)
(XZ_M % N m ¢)-n 4F st
02 ' N2
_ -4 X4 *5 *5
K= A-X, ,in) W+ 0Qym) Ksm,out (XZ_M 2™ Cl_Pv,ca)_ X +X.+cC Kca,ou'(
2 02 N2 4 5 73 (5)
X4 >(5
(—><6+ c2+ Cl+Pv,ca)
02 N 2
R. T X4 *g
% = arm g (——c, + c +P _—Xx)-
Y] ca,out ‘M 2 M 1 'vica "6
rm 02 N2 (6)
(P, R+P xd+P B4R xB4P X +P )
6 5 4 3 2% 3
; 8
Where - is the motor torque, k: , Rem and ky are motor Wep =g+ Aig*a* Bog )2+ oy Xq+ By Xy X+ gy )2 ®)
constants and " is the motor mechanical efficiency. o ) ) .
) fem o : Furthermore, the humidity ratio ©amis given by
Meanwhile is the load torque which is expressed as in B . |
“ep LM, Vam Pt T, . oy Py, | A reference values
the following [24]: am =y am Pam Patm

f—”( + + + + ( )2

Teop T30 Yot Xt %ot %0 Mt %20
2

+agyXp Ty X Xt gy (05)7)

)

Where W, is the delivered air mass flow by compressor.
This variable may be represented in the following form
[24]:

for PEMFC model parameters are given in Hata! Bagvuru
kaynagi bulunamadi., Hata! Basvuru kaynag
bulunamadi., and Hata! Bagvuru kaynagi bulunamadi. of
Appendix | [22, 23]. Equations (1) - (6) can be rewritten in
the following general form where xeR® is state of the
system; feR6—R® is appropriate continuous vector
function.
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f(x:%5) ) ke 0
cmJ R 0
f20 % %5 %4. %) cp cm o
e | 30172 %) 0 M ©
0 V. + 02 | "
f4(x2,><4,x5,x6) cm n S|
4F
fo (X, X, X2, X 0
5(Xp: %4 %5 %) o 0 )
fo(X,, X, X) 0
G240 8448 442443 4243
f(x) g(x) P(x)

3. The Oxygen Excess Ratio Control
using Robust Feedback Linearization
Technique

In this section primarily brief basics of the feedback
linearization technique in nonlinear control design will
be given (equation 10 - 14). The work will be developed
when a load current changes (equation 15 - 20). The
variation is regarded as a (measured) disturbance.
Finally, a robust feedback linearization procedure will
be introduced to cope with an uncertainty as the main
aim of the manuscript (equation 21 - 27). The rest of the
section will be devoted to a H_ design gaining the gap

metric analysis. This technique is given to provide more
comparative studies of those proposed robust
techniques.

- Basics of the Feedback Linearization
Technique

In the fuel cell system =[ @, P, m,, Mo,

cp ' sm My 2 Prm]T
and u=vey indicates the state vector and the control
signal respectively. The delivered air mass flow W, is
regarded as an output function y=h(x)=W, whilst g(x)

K

matrix is ["m Tofamg 0 0 0 1. Gaining r-times
differentiation of the output yields a linear input-output
relation in the following form:

SO (10)

Wherewis treated as a control. Output feedback
linearization spots the relative degree of r if the control
signal u, appears after r-times differentiation of the

output y as:

v =1 ngo + Ly Lt u, (11)
For Ly U Ihex)=0. Accordingly, this achieves the control
signal of (10) by:

uc(x,w)=

= (-L%h (12)
Lger71h(x)( £ h(x)-+w)

In the same procedure the relative degree of the
output in (8) will be found using the following

differentiation:

2. 0h0)_Wep 000+ Ao %o+ frg 0% oy %+ % B 0% (13)

ox ox ox

$eLph(0+L 9h0o ue=Ly h(0+Lg h(x) v (14)

- In the Presence of a Measured Disturbance

ag (x) = (10x (10

+ (1.0e-5xxy (466 x — 5.08e-6xx, + 5325 + 0232))/3)

The same procedure as in (15) assesses the relative degree

of one when a measured disturbance d (i.e. the load
current) is regarded as another input.

Lol h(0=0 for i<r-1; Lol h(x=0-r (15)

Using (12) immediately finds a counteracting control
effort against the disturbance d as in the following for r=

1
r-1,
LgLf h

Ue (x,w)=

(L hew-Lp L 2P(x) d) (16)

Matrix P(x) is the input disturbance coefficient as denoted
inthe last term in (9), ie: | [/, % . oI The
control signal of the nonlinear system in presence of the
measured disturbance is as follows:

1
0
gth

The lie derivative of

Ue (x,w)=

(~Lehtw-LpLG P(x) d)=a (x)+4, (X)W 17

P(x)gives ,1%Px equal zero.

Therefore, the control signal u(xw) is achieved by:

Ue (X,W)=0{C (x)+ﬁc (X)w=

1
————(-Lsh
LgL(% b0 (=L h(x)+w) (18)

Consequently, o« and goin (18) will be found as

ozc(x):—(Lgh(x))_lLf he and /3C(x):(|_g|_2h(x))71:(Lgh(x))7l Replacing

parameters in Table 4 gives o ( and g, (v as in (19).

(2I7)

2
x (3.9% + (7.729 x (9.87¢ — 6 x X,) ~1.0) x (4.11e 10 x x;* + 355¢ —
1 2 1

130y, +8.8e-16xx,% +4.83¢-5))/ x; )(8.226~10xx; +3.55e13xx,)

—(L.06-5¢(1.29x(9.87e-6xx)(2/T)-0.29)x(0.00246 3% + 21366 x Xy, +5.266~8xx,2 +289.0)

(19)

x(3.55e-13xx, + 1.76e-15xx, )))/(2.1e~7xx, + 9.06e-11xx
X 2 M 2

B (x) =1/ (2.1x10’7x X+ 906x10’11xx2]

In comparison with the standard linearized system:
R=Ao X tB W (20)

Where A, and s, are the matrices of the Brunovsky
canonical form, x_is defined by » -fneo Lineo L U theor

- In the presence of uncertainty

The above technique of feedback linearization is found
sensitive to model uncertainty [25]. To cope with, a robust
feedback linearization is proposed to be used in the system
operating point xo. To distinguish two distinct cases, similar
but different notations are used hereafter. A robust feedback
linearization is shown by the following linear form:

)ﬁ;:ﬁ xr+Br % (21)

Similarly, a robust feedback linearization control law may be

designed [26] by a control law of: u(x,w)=a(x)+8(x) v, where v

is the control law, A -2100) and B.-g(,) are correspondent to
ax
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appropriate linear approximation of the nonlinear terms.
The operating point is chosen as [22]:

Xl(O) =5100; XZ(O) =1.48038 ; X3(0) =0.03; X4(O) =12:1073 ; XS(O) =0.008 ; XG(O) =1.28300

. Matrices a and s, are then achieved as:

437 -562a071 0 0 0 0
508 ~26.2 534x107  235x10°  268x10° 0 and
A- 714407°  —36340° 0 333 380 0
0 8371078 0 133 118 3371070
0 27665 0 361 445  .139x1070
lo 0 0 403a0°  4600° 49
255
0
o
Br=lo
0
0

The notation for the feedback linearization is described
here. Defining 4 T-heo Lineo L Utheor  @ndx =00
yields «(x) and p(x) in (18) of the robust control law as

follows:

a(x) = ag (x) + B, (X)L T_1 2 (22)
$(0=T1 g%
pOO= i (OR
-1

a() =ag () + B (OLT "~ ¢, (23)

) 2.24

X)=
’ (0.906x1010xx , +0.448x102 ;)

Finally, the control law will be generated by:
24

u(x,w)=a (x)+5, (x) L 71 $ B (X) R1 v=a(X)+p(x) v ( )

Matrices L, R and T matrices which are needed for the
robust feedback linearization method are as follows:

a(ac(xo))
L= Ag)
1 % cl) (25)
X
-1
R = (xo)

Where for the PEMC evaluated as:

3 -14 -1 11
L =10" x[05716 -23691 -125x10  -245x10  -280x10 0]
T=[0.0088 -1.05103 0 0 0 0] (26)

R = 0.4461

As already stated the load current is regarded as a
measurable disturbance d due to change in the
operating point. Large and sudden load variation
necessitates supplying huge amount of the air.
Otherwise the lack of the air supply damages the
membrane. In order to counteract an undesired change
in the load, the control law in (24) is modified to (27)
considering the term -,(x) « in the control as:

u(x,w) = a(x) + B(x)v-y(x)d

y(0=A"100 P(x) (27)

-1 -1 -1
U=ac(X)+B. (LT ¢+ B (R v-A (x)P(x)d

3.1. Deviation from the nominal plant

Suppose that ¢, denotes the nominal model of the fuel cell

in the operating condition such that GO% is anormalized co-

prime factorization of the weighted plant and mm*snN*=i .
Consider the deviation ¢, of the nominal plant which is

N+A. - .
N +A:; assuming [27, 28]:

defined as o, -

[aw an | < (28)
It should be noted that M and N are denominator and
numerator polynomials of ¢, respectively. A gap metric

between the nominal plant ¢, and the perturbed plant ¢, will
be defined in the following section.

3.2. Choosing the nominal plant and assessing the
gap metric Wang et al. [27, 28]

Minimum value of H[AM ay] " that converts the nominal

plant model of fuel cell ¢, to the perturbed models, ; is

treated as a least distance of the current situation from the
nominal plant so called the gap metric between ¢, andg, i.e.

56, - FUrthermore, the nominal plant is chosen such that

the difference between the nominal and that of perturbed
plant i.e. the maximum distance can be minimized as
follows:

& &G0 %) (29)
Transfer functions of fuel cell in different operating points
are derived according to different load currents of 5 L

.001836
step and presented in Hata! Basvuru kaynagi
bulunamadi.. A gap metric evaluation of all transfer
functions are presented in Hata! Basvuru kaynag
bulunamadi.. From Hata! Basvuru kaynagi bulunamada.,
it can be seen that G4 is at the middle of those other transfer
functions with similar distance (i.e. gap metric). Therefore,
this is treated as a nominal plant of the fuel cell system during
the robust control design. The widest gap metric between the
nominal plant G4 and the rest, according to the criteria
min max 5(Go , G;) is also treated as the uncertainty bound (i.e.
0 i

0.0019 ).

3.3. Robust stability analysis

The designed robust control algorithm needs to guarantee the
stability of the fuel cell system with respect to model
uncertainties and disturbances. Consider the gain controller
K as in Figure 1.
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Figure 1: Closed-loop feedback structure of uncertain system
using a controller K Wang et al. [27, 28]

Transfer function of systems is rearranged as follows:
{%HH (-6K)yim1 wz[ﬂ 0-6K)L[1 6le (30)
Where ., i-12 and o are input and output signals of the

system respectively. Using the small gain theorem [27-
29], provides internal stability of the closed-loop system
for all uncertainties with less magnitude than [ow ax ]

<€
loo

if and only if:

[oami flenoials @)

oo

For the relative degree r-othe system is simplified as in
Figure 2.

K Y|
L :|(.'—G.\) M

Figure 2: Closed-loop feedback configuration of system with
r=0 Wang et al. [27, 28]

3.4. The stability margin

The stability margin of b, .« for the closed loop
system is found [27, 28] as follows:
(32)

b(Gy . K):H[r](h(}o K)ytn GO]H;l

The closed-loop system is internally stable for all
uncertainties H[AM - <if and only if e -

Therefore, the goal of designing controller K for the
nominal plant of fuel cell o, is b(c, . k)=00019 .

3.5. Design of w_ loop-shaping robust controller

In order to provide a robust stability and performance
against the modeling error McFarlane-Glover method et
al. [30] is used. Loop shaping method is chosen to
achieve robust performance and stability in two different
steps of the controller design procedure [30]. To design
a loop-shaping based technique the following three steps
must be taken:

Step 1:
Nominal plant of the fuel cell g, with pre-weighting w, and

post-weighting w, is converted to form of ¢ -w,c,w (Figure

3).
T}

Figure 3: First step of the robust controller design Wang et al.
[27, 28]

Step 2:
The maximum stability margin »__ can be calculated with

the following relation:

(33)

-1
b (G - K)z[ian NGNS ]
If b ... k=1 the algorithm returns back to stepl to
redefine weightings w, and w, . Finally, if v __ (s, . k== isthe
stabilizing controller k_ must satisfy the following relation
(Figure 4).

K _
HL w](I—GS K Gl

(34)

Gs
P

K

L=2r

Figure 4: Second step of the robust controller design Wang et al.
[27, 28]

Step 3:
The «_ controller is pre and post-multiplied by the weights.

Thus k-w, k_ w, controls the fuel cell with nominal model ¢,
according to Figure 5. The w_ controller is designed

according to physical characteristics of system and desired
performance. In the first step pre and post-weights must be
determined. It is required that the gain Gs= W, Go W1 must
be high enough at frequency where the disturbance
attenuation is needed. Similarly, the gain is required to be
low enough at frequency where the robust stability is of
interest. By a trial and error, weights of the sensitivity

functions are achieved wl%l and w,-i. Accordingly, the

controller «_ is yielded as in equation (35):

1.207 (s+4096) (s + 88.94) (s + 88.93) (s + 39.53) (s + 39.49) (s + 3.92) x (35)
_ (s +3.029) (s +3.026) (s + 1) (s2 +2.004 s+ 1‘016)(32 +1.533 s + 0.6529)
* ((s + 4096) (s + 88.94) (s+ 88.93) (s + 39.53) (s + 39.49) (s + 3.92) (s + 3.029) x )

(s +3.026)(s +1.707) (s + 0.7071) (s2 +2.004 s + 1.016) (s? + 1533 5 + 0.6529)
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Figure 5: Third step of the robust controller design Wang et
al. [27, 28]

In the second step, «,controller is multiplied by
weighting functions as k-w,(s) K (s) w,(s). The designed

controller k is applied on the fuel system according to
the structure in Figure 6. The aim is to adjust the air mass
flow w, in (8) which is treated as a desired output, i.e.:

Y= (0Wep =l + Ao X+ Bag ()2 + fioy X+ Ay X %+ hip ()° (36

dis = Iy

y=Wep=
air flow rate

Non Linear | =y,

Control Law om | PEM FUEL CELL

=1 Non Linear L
Model

Wep_ret Error \
— Robust
+ Controller

By
F.B linearization

Figure 6: Structure of the fuel cell system using robust
feedback linearization control

Assuming fixed humidification w,, ;,is directly relevant
to wg, through the supply manifold dynamic. In the

current work, the error is defined as follows:

e=Wep, Wair, ref (37)
Where v is the air mass flow reference according to:

Mo, N st 1 (38)
lopt (1+Qatm) W
a

Wair ref T 4F
Denoting o, =~ as the relative humidity of the air.
However, the relation between the optimal oxygen (4,
) and the reference value for the air mass is obtained as
follows [16]:

1 Wair,ref (39)
0Pt Mg n g

1
TF (1+Qatm) 7M 2t
a

Indeed, tuning o, in the optimal value 4., ensures the

pt
required performance.

4. Simulation results

In order to verify the performance and efficiency of the
closed-loop system, two methods of robust feedback
linearization and second order sliding mode controller
with super twisting algorithm are gained in different

conditions. Primarily a simulation is made in section one
when no measurement delay in W, is of concerned. Second
section deals with the measurement delay in We,. Effects of
un-modeled dynamic and the delay are investigated to
evaluate performance of the super twisting algorithm.
Finally, the last part assesses capability of the robust
feedback linearization against the model uncertainty.

The nonlinear model is expressed in equations (1) to (6) for
a 75 kw fuel cell stack supplied with a 14 kW motor
compressor to provide the required air. All simulations are
performed with ODE4 Runge-Kutta solver using fixed step
size of 1ms. Performance of the proposed robust feedback
linearization controller in the closed loop will be assessed
against the load variation and parametric uncertainty in the
following.

4.1. Effect of the controller against wide range
of the load variation

The effect of the controller in the nominal plant (parameters
in Hata! Basvuru kaynag bulunamadi. , Hata! Bagvuru
kaynag bulunamadi. and Hata! Basvuru Kkaynagi
bulunamadi.) against wide range of the load variation as an
external disturbance is investigated using the proposed
feedback linearization controller. During simulation, the fuel
cell is forced by severe changes of the load current involving
100 to 150 Amps at twentieth second. Again in the fifty fifth
second the current is decreased from 150 Ampsto 120 Amps.
Finally, in the eightieth second the current is again increased
from 120 Amps to 190 Amps (Figure 7). In order to regulate
and stabilize ,_, at a set point, the outlet flow rate of the air

compressor is measured using a (0-15 Slpm) flow meter. In
this case, the measurement delay of W, is ignored where
Figures 8 and 10 show the outcome. Figure 8 depicts the
tracking of , vs. different load conditions which confirms

the performance of the proposed control. The tracking time
is about 0.7 seconds when a change in the load occurs. The
behavior of the voltage of the compressor as the control input
is also depicted in Figure 9. The robustness of the proposed
controller is compared in the simulation with a second order
sliding mode as another robust controller. The super twisting
controller produces a control law U with two terms without
the need for information on «. The first term is a
discontinuous time derivative function, whilst the second

term is of a continuous sliding variable as in the following:
1

t
u=-a| s\z sign (S) - b [ sign (S(z)) dr (38)
0

Where a and b are the design parameters. This controller
with relative degree of one provides proper performance
together with satisfactory robustness against disturbances
and uncertainties [31]. Furthermore, this is found effective
for chattering attenuation purpose. The super twisting
controller parameters are tuned to have a low content of high
frequency components in the control. After an iterative
refining procedure, the following proper sets of parameters
are chosen:

a =05, b=0.2 (39)
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Figure 7: Profile of the load current changes

Oxygen stoichiometry

NN NN

555
Time(sec)

w

’_xoz\wtyrobust linearization

N
&)

=
4

Oxygen stoichiometry
N

&+

20 40 60 80 100 120
Time(sec)

Figure 8: The controlled oxygen excess ratio . using the
2
robust feedback linearization ignoring the measurement delay

The controlled oxygen excess ratio in response to the
load variation can be seen in Hata! Bagvuru kaynagi
bulunamadi. when the air flow is considered without
delay. As shown in Figure 10, the tracking is made
possible in less than 3 seconds. In contrast, Figure 10
shows the superiority of the feedback linearization when
achieves the tracking in 0.7 second.
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Figure 9: The control input (the voltage of the compressor)
using the robust feedback linearization
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Figure 10: The controlled oxygen excess ratio . with super
2

twisting algorithm ignoring the measurement delay

As a practical investigation, a delay of one second is
considered when W, i.e. the air flow of the compressor is

measured. Both of the second order sliding mode with super
twisting algorithm and robust feedback linearization
controllers are gained considering the delay of one second.
Outcomes are given in Figures 11 and 13 respectively. Those
Figures again confirm superiority of the robust feedback
linearization controller with respect to the second order
sliding mode when the tracking of ,__is done at a desired

command. The tracking of ,_, using super twisting algorithm

is seen oscillating. Since the air flow is directly affected by
the angular velocity, the speed oscillation causes oscillation
in the outlet air flow of the compressor. Likewise, the
measurement delays cause oscillations using the super-
twisting controller.
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Figure 11: Control of ;, with super twisting algorithm with
2
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Figure 12: The compressor voltage with super twisting algorithm
with delay
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Figure 13: Control of ;, using the robust feedback
2

linearization with delay

This again excites un-modeled dynamics because of
higher frequency in the oscillations. The un-modeled
dynamic again increases the chattering with 1.25 rad/s
frequency and 0.04 in the amplitude when a super
twisting controller is used as seen in Figure 14. It can be
seen that the measurement delay causes an instability of
the controller. From the simulation can be seen that there
is a severe impulse in ;. This phenomenon reduces the

life time of the fuel cell whilst increases the
consumption of the energy and the power. The
differential pressure (between the anode and cathode) of
both sides of the membrane must be kept small (lower
than 500 mbar) to avoid damage to the membrane due to
large oscillations. A 1 second delay of the sensor in the
outlet air flow reduces the efficiency of the tracking and
control of, . However, the robust feedback

linearization controller is seen a good choice to prevent
the oscillation in the tracking. Behavior of the voltage
compressor using second order sliding mode with super
twisting algorithm under different load conditions is
depicted in Figure 12. The figure shows high frequency
oscillation in the compressor voltage. These oscillations
lead to a physical damage in the membrane. This is
because oscillations at the cathode side produces wider
differential pressure at the cathode and anode sides and
damages the membrane. Furthermore, the high
frequency switching destructs the electrical motor and
the compressor.
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Figure 14: Control of ,10 with super twisting algorithm

2

with delay and un-modeled dynamic

Figure 15 exhibits the dynamic behavior of the stack voltage
vs. changing the load current. It is shown that the fuel cell
voltage is a function of the current, reactant partial pressure,
and membrane humidity. The voltage model contains an
equation that depends on varying fuel cell variables such as
current, reactant gas partial pressures and membrane
humidity.
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Figure 15: Stack voltage under the load current variation

4.2. Effect of the controller in the presence of
parametric uncertainty

Performance of the proposed robust feedback linearizing
controller against parametric uncertainty is investigated.
Practically parameters of PEMFC are hard to spot. These
parameters are dependent to environmental conditions such
as temperature, structural characteristics of stacks such as
manifolds volume, cathode volume, rotor inertia, and etc. A
permissible bound of variation is reported in Hata! Bagvuru
kayna@ bulunamadi. Kunusch et al. [16] . An importance
of the feedback linearizing controller is verified through the
simulation. Apart from the impulse of due to the sudden
changes in the load condition, the robust feedback linearizing
scheme effectively controls the tracking of ,_, as shown in

Figure 16. In order to spot the ability of the robust controller
a stochastic uncertainty is applied on the ambient
temperature. The following section deals with the time
varying uncertainty control issue.

w

[_).02 with parameter uncertanity
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Time(sec)
Figure 16: Control of ;, using the robust feedback linearization
2

in the presence of parametric uncertainty

4.3. Stochastic uncertainty in the ambient
temperature

In order to signify capability of the proposed robust
controller, a practical measurement noise is applied to the
ambient temperature where the oxygen excess ratio ,_,, is
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controlled in the presence of this stochastic uncertainty
in the temperature, similar to [16] as in (Table7).

- The uncertainty characteristics

Some measurement noise are collected from a practical
real application using 1710 HG Advantech™ card in
association with the MATLAB™ similar to RakhtAla
et al.[32] which can be seen in Figure 17. Features of
collected noise are extracted as seen in Table 1.

Noisy time domain Atmospher Temperature
T T T

T
The Mean, o

-4.8608e-13  1.1593
r

r r r
0 20 40 60 80 100 120

Power Spectral Density, PSD
T T T

15 T T T T
Elapsed Time = 0.047 Sec

The most 3 highest harmonic
10 The PSD , The Frequéncy (Hz

11.2158 44.9323

10.2194

23.1161]

5 10 15 20 25 30 35 40 45 50
Frequency (Hz)

Figure 18: Effect of the stochastic uncertainty on the actual
temperature

- The effect of the uncertainty on the actual
temperature and to the stoichiometry

The frequency spectrum of uncertainty can be seen here
in Figure 17 for the atmosphere temperature from and
likewise in Figure 18 for the Stoichiometry i.e. ,,. As

can be seen from Figure 17, the temperature varies in
bound of [-4.8669, 4.0007] in a random (uniform) way
which seems huge. The temperature is a key issue to
control PEMFC [4-6]. It, therefore, degrades the
stoichiometry control to remain constant as it was
supposed to be [4-6]. The lack of control can be
observed in Figure 18 while generates an oscillatory
(random) response in , . The degradation of the

stoichiometry can be seen in both of the time domain
(top) and in the frequency spectrum in (below) Figure
18. However, it seems the designed robust controller
performs the undertaken duty well enough when the
higher frequency component of the signal (above 5 Hz)
is band passed. Furthermore, the amplitude of the
oscillation is attenuated from 4.0007 to 0.0089 for the
maximum criteria as an index of quality. The same
happens for other indices than the "max". Performance
of the controller will be signified if the energy is chosen
as an index. In this case the energy of the perturbation
signal (in terms of the highest frequency component i.e.
the 1% harmonic) is dramatically attenuated from
44,9323 at 11.2158 Hz to  0.6454 at 0.00012782 Hz
(almost DC). This shows 69.6193 reduction in the
energy. Specification of the perturbed and controlled ,_,

can be observed from Figure 18 and also in table 9.
However, if someone intents to finds the global

T A%
evaluated by the "Max/Nominal” index in tables which
assessed 0.0040/.0134 = 0.2985. This clarifies capability of
the designed robust controller when reduces the sensitivity

by a third ratio.

sensitivity issue of the controller, i.e. (s;!’li:%)v it is

Noisy time domain Stoichiometry
0.01 T T

The Mean, s
0.005 M
ol
-0.005 J
1.4187e-15 0.0022569
0.01 c c c ‘ :
20 40 60 80 100 120
x 107 Power Spectral Density, PSD
15 T T T T T T T T
Elapsed Time = 1.109 Sec
The most 3 _highest harmoniq
1 The PSD , The Frequency (Hz)
0.00012782 0.6454
0.00010198  0.65449
0.5 9.1958e-05  0.77266

Frequency (Hz)

Figure 19: Effect of the stochastic uncertainty on the
stoichiometry control

5. Conclusions
In the current work, a robust feedback linearization control
approach based on the gap metric analysis is used to stabilize
4o, at a desired optimal point. The gap metric method is

applied in this paper to assess the difference between the
perturbed plants and the nominal plant. Model of the fuel cell
is proposed as a nominal plant incorporates a dynamic of six
states. Capability of the proposed controller is assessed in the
presence of the large load variation. Significance of the
robust feedback linearization is seen over the second order
sliding mode controller when the former provides faster
transient and steady state response. The latter i.e. the sliding
mode controller produces an oscillatory response of the
angular velocity that leads to oscillation in the outlet air flow
of compressor and as a result lead to oscillation in the
stoichiometry.  Simulation result verifies that the
stoichiometry control i.e. , , is successfully performed at

the desired set point. Simulation results are shown that the
measurement delay causes oscillations using the super-
twisting controller. This again excites un-modeled dynamics
because of higher frequency in the oscillations. The proposed
controller eliminates influence of un-modeled dynamic and
delay of actuator and sensor. Furthermore the performance
of the proposed robust controller is confirmed under
parametric uncertainty. Therefore, the proposed controller
prolongs the PEMFC life time when a well-behave tracking
of ,.,is made possible. Further investigation is performed

when a practical stochastic uncertainty is applied on the
ambient temperature. The proposed robust controller is
shown capable of tuning ,,. Furthermore, the controller

reduces the global sensitivity against the measurement noise
by a third factor.
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Table 6: The gap metric of all transfer functions

G1

G2

Gs

G4

G1 0

0.0031

0.0024

0.0019

Gz | 0.0031

0

9.75x107%

0.0018

Gs 0.0024

9.75x1074

0

0.0018

G+ | 0.0019

0.0018

0.0018

0

Max | 0.0031

0.0031

0.0024

0.0019

Min

0.0019

Table 7: Bound of parameter variations Kunusch et al. [16]

Parameter

Variation

Stack Temperature (Ts)

+10 %

Cathode Volume (Vem)

5%

Supply manifold volume (Vsm)

+10 %

Return manifold volume (Vim)

+10 %

Ambient Temperature (Tams)

+10 %

Motor Inertia (Jep)

+10 %

N o gl AW

Compressor Diameter(dc)

N oo AW

1%

Table 8: Characteristics of applied noisy uncertainty

Nominal Temperature

Min. Variation

Max. Variation

std

Max/Nominal

Distribution

298° K

-4.8669

4.0007

1.1593

1.34%

Uniform

Table 9: Specification of the controlled the Stoichiometry

Nominal Set point

Min. Variation

Max. Variation

std

Max/Nominal

Distribution

2.25

-0.0091

0.0089

0.0022569

0.4%

Gaussian
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Appendix I: Model Parameters in Tables 2-4

Table 2: General parameters in the modeling of PEMFC

Parameter symbol SI Units | Value
Atmospheric pressure Patm Pa 101325
Average ambient air relative humidity (Datm -- 0.5
Saturation pressure Psat Tatm Pa 3.1404 x 103
Atmospheric temperature Tatm K 298. 15
Air-specific heat ratio 4 -- 1.4

Air density Cp J/kg/K 1004
Universal gas constant R J/mol/K | 8.31451
Air gas constant Ry J/mol/ K | 286.9

Oxygen gas constant J/kg/K 259. 8

) Jkg/K | 296.8

Z | g°
N

Nitrogen gas constant

Vapor gas constant R/ J/kg/K 461.5
Molar mass of air M a kg/mol 28.97 x 10—3
Molar mass of oxygen Mg, kg/mol 32x10_3
Molar mass of nitrogen My2 kg/mol 28 x 10—3
Molar mass of vapor M, kg/mol 18.02 x 103
Faraday’s constant F C/mol 96 487
Temperature of the fuel cell ch K 353
Maximum mass of vapor in cathode m kg 0.002889

V, Ca, max
Humidity ratio Qatm -- --
Temperature of the return manifold Trm K --

Table 3: Parameters in the modeling of PEMFC

Parameter symbol | Sl Units Value
Motor constant K,[ Nm/A 0. 0153
Motor constant Rem ohm 0.82
Motor constant Ky V/ (rad/sec) | 0. 0153
Compressor efficiency ncp -- 0.8
Compressor motor mechanical efficiency em -- 0.98
Compressor diameter dc m 0. 2286
Compressor and motor inertia ‘]cp N.m 2 %10~/
Number of cells in fuel cell stack n -- 381

Fuel cell active area At m2 280 x10~4

Supply manifold volume Vsm m3 0.02
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Single stack cathode volume Vea m3 0. 005

Return manifold volume Vim m3 0. 005

Supply manifold outlet orifice constant Ksm.out | ka/sec/Pa 0.3629 x 10~°

Cathode outlet orifice constant Keaout | Ko/sec/Pa 02177 x 107
Oxygen mole fraction at cathode inlet yOZ,in -- X02.in Mo2
ppatm
a
Oxygen mole fraction in dry air X0 in -- 0.21
o

Table 4: Polynomial coefficients of equations

5 k P ]0.07804 0
Poo | 48310 K94 ag %00
c42 105 K 02772 .
Big | ~s42x10° K9/ , PaS 0.0 ayq | 00058 N m sec
B 8.79 <106 kg P. 0002122 | ¢« ~0.0013 N m sec?
20 x /%Cs a, 20

Bor | s4ex1077 K9/ sec? Pa3 —0001524 | ;| 325x1070 Nm/bar

,511 355x 10713 k%c Pa —0.001967 @11 | -280x 0% N'msec/bar

Bog | ~a11x10720 kg, Pal 0.001248 | &, | -137x10° Nmsec/bar?

C = Rz Tst . = Roz Tst 24 3.92x10°% Nmsec
1 \Yj 27 vy
ca ca
3 Pv,ca Vea My ) 41x107% N m
3 RT
VvV st
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