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Abstract

Let (%, (-,-)) be a complex Hilbert space and A be a positive (semidefinite) bounded
linear operator on H. The semi-inner product induced by A is given by (z,y) 4, := (Az,y),
z,y € H and defines a seminorm | - ||, on H. This makes H into a semi-Hilbert space.
The A-joint numerical radius of two A-bounded operators T" and S is given by

wae(T,S) = sup \/](Ta:,x>A|2+](Sx,a:)A]2.

llzlla=1

In this paper, we aim to prove several bounds involving wy (7, S). This allows us to
establish some inequalities for the A-numerical radius of A-bounded operators. In partic-
ular, we extend the well-known inequalities due to Kittaneh [Numerical radius inequalities
for Hilbert space operators, Studia Math. 168 (1), 73-80, 2005]. Moreover, several bounds
related to the A-Davis-Wielandt radius of semi-Hilbert space operators are also provided.
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1. Introduction and preliminaries

Let B(H) denote the C*-algebra of all bounded linear operators acting on a complex
Hilbert space H with an inner product (-, ) and the corresponding norm || - ||. Throughout
this paper, by an operator we mean a bounded linear operator. Let T™ denote the adjoint
of an operator T'. Further, the range and the kernel of T" are denoted by R(T") and N(T'),
respectively. In addition, the cone of all positive operators on H is given by

B(H)" :={AcB(H); (Az,2) >0, Ve c H}.
Any A € B(H)* induces the following semi-inner product:
<'7 '>A HXH — (Cv (xvy) — <x7y>A = <A$,y>

Observe that the seminorm induced by (-, -) 4 is given by ||z||4 = (z, x>114/2, for every x € H.
This makes H into a semi-Hilbert space. It is not difficult to verify that || - || 4 is a norm
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on H if and only if A is injective, and that (3, || - |[4) is complete if and only if R(A)
is a closed subspace of H. For very recent contributions concerning operators acting on
semi-Hilbert spaces, we refer the reader to [2,6,9,11] and the references therein. From
now on, we suppose that A € B(H) is always a positive (nonzero) operator and we denote
the A-unit sphere of I by S4(0,1), that is,

S4(0,1) i={w € H; ||zfla =1}.
For T € B(3), the A-numerical radius and the A-Crawford number of T" are given by
wa(T) = sup {‘<T:L’,:E>A| ;e S0, 1)}
and
ea(T) = inf {|(Tw,a) |5 @€ S4(0,1)},

respectively (see [5,24] and the references therein). It should be emphasized here that it
may happen that w4 (7T") = +oo for some T € B(H) (see [16]).

Let T € B(JH). An operator S € B(H) is called an A-adjoint of T if for every z,y € K,
the identity (Tx,y)a = (z, Sy) 4 holds (see [3]). So, S is an A-adjoint of T if and only if S
is solution in B(HH) of the equation AX = T*A. This kind of equations can be studied by
using Douglas theorem [12] which says that the operator equation TX = S has a solution
X € B(H) if and only if R(S) € R(T) which in turn equivalent to the existence of a
positive number A such that ||S*z| < A|T*z| for all z € H. In addition, in the same
theorem by Douglas [12], it is shown that: if TX = S has solutions, then there exists
only one, denoted by @, which satisfies R(Q) C R(T*). Such Q is said to be reduced
solution of the equation 7'X = S. Obviously, the existence of an A-adjoint operator is not
guaranteed. The subspace of all operators admitting A-adjoints is denoted by B4(H). By
Douglas theorem, it holds that

Ba(H) ={T € B(H); R(T*A) C R(A)}.
Let T € Ba(H). The reduced solution of the operator equation AX = T*A is denoted
by T%A. Moreover we have, T#4 = ATT*A (see [3]). Here AT denotes the Moore-Penrose
inverse of A (for more details, see [3,4] and the references therein). From now on, for

simplicity we will write X* instead of X*4 for every X € B4 (). Notice that if T €
B4(H), then T% € Bo(H), (T*)* = P——TP-— and ((T*)*)f = T. Here P—— denotes

R(A)" T R(A) R(A)
the orthogonal projection onto R(A). Further, if S € B4(H) then T'S € Ba(H) and
(TS)* = S*T%. For an account of results concerning T*% we refer the reader to [3,4].

Again, an application of Douglas theorem gives
Byi2(H) ={T € B(H); IA>0; [|[Tzfla < Az[a, Vo € H}.

It T € B 41/2(H), then T is called A-bounded. Notice that B4 (H) C B 41/2(H) (see [15]).
The seminorm of an operator T € B 41,2 (F) is given by

Tx|la
IT||a:= sup [Tzl _ sup {||Tz| ,; = € S*(0,1)} < oo, (1.1)
2ER(A), [E
x#0
(see [15] and the references therein). We mention here that || -||4 and wa(-) are equivalent

seminorms on B 41,2 (H). More precisely, for every T' € B 41,2(H), we have
A A
1
SITNa < wa(T) < [ITla, (1.2)

(see [5]). Further, it was shown in [5] that

wa(T") < wi(T), (1.3)
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for every T' € B 412 () and all positive integer n. Before we move on, it is crucial to recall
that for every T',S € B 41/2(H) we have

ITS|a <[IT||allS1a, (1.4)

(see [5]). Recall that an operator T € B(JH) is said to be A-selfadjoint if AT is selfadjoint.
Observe that if T' is A-selfadjoint, then 7" € B4(H). It was shown in [15] that for every
A-selfadjoint operator T" we have

1T 4 = wa(T). (1.5)

Further, an operator T is called A-positive if AT > 0 and we write T' >4 0. Obviously, an
A-positive operator is A-selfadjoint since H is a complex Hilbert space. It can be checked
that T#T >4 0 and TT¥ >4 0. Moreover, for every T € B 4(3() we have

2
IT*T )| g = ITT 4 = ITI = 1T s, (1.6)

(see [4, Proposition 2.3.]). Now, an operator T € B 4(H) is called A-normal if TT% = T*T
(see [24]). Tt is obvious that every selfadjoint operator is normal. However, an A-selfadjoint
operator is not necessarily A-normal (see [15, Example 4]).

Let B(30)¢ := B(H) x - - - x B(H). The A-joint numerical radius of a d-tuple of operators
(Ty,...,Ty) € B(H)? was defined in [5] by

1
d 2
wae(Tt,...,Ty) =sup <Z |<Tkm,x>,4]2> .z e $740,1)
k=1

Notice that the particular case d = 1 is the A-numerical radius of an operator 1" which
recently attracted the attention of several mathematicians (see, e.g., [2,7,8,15,16,18-20,23]
and the references therein). Some interesting properties of A-joint numerical radius of A-
bounded operators were given in [5,17]. In particular, it is established that for an operator
tuple (11, ...,T;) € Ba(H)? we have

1&g N
—_— T Ty 17T
ol PO 20

By using (1.7), the present author proved recently in [16] that for every T' € B4(H) we
have

1 1
2 2
Swae(Th,. .., Ty) < (1.7)

1 1
EHTﬂTJrTTﬂHA <wi (T) < 5H:N:HT:NIIA. (1.8)

Recently, the A-Davis-Wielandt radius of an operator T' € B(H) is defined by K. Feki
et al in [21] by

dwa(T) := sup {\/]<Tx,x),4|2 + | Tz||% 5 = € SA(0, 1)} .

Notice that it was shown in [21], that dwa(T") may be equal to +oo for some T € B(H).
However, if T € B 41,2 (%), then we have

max {wa(T), ITI4} < dwa(T) < \Jwa(T)? + |IT|4 < co.

Clearly, if T € By (H), then the A-Davis-Wielandt radius can be seen as the A-joint
numerical radius of the operator tuple (T, T¢T). That is, for T € B(H), it holds

dwa(T) = wae(T, T*T). (1.9)

In this paper we establish several inequalities concerning the A-joint numerical radius
of two semi-Hilbert space operators. In particular, some related results connecting the
A-joint numerical radius and the classical A-numerical radius are also presented. Some
of the obtained results cover and extend the work of Drogomir [13]. Moreover, we prove
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several inequalities involving the A-Davis-Wielandt radius and the A-numerical radii of A-
bounded operators. In particular, we generalize and refine some earlier results established
in [26].

2. Results

In this section, we present our result. In order to establish our first upper bound for
the A-joint numerical radius of two semi-Hilbert space operators we need the following
lemmas.

Lemma 2.1 ([3], Section 2). Let T € B(H) be an A-selfadjoint operator. Then, T = T*
if and only if T is A-selfadjoint and R(T) C R(A).

Lemma 2.2. For every a,b,c € H

[(a,b) Al + [{a, c) a2 < all3/1(b, B)al? + 21(b, ) a2 + (e, ) a2 (2.1)

Proof. Notice first that, by [14, p. 148], we have

ol

)+ 1o 22 < ol ()2 + 204y 22 + 12, 2)2) (2.2
for any z,y,z € H. Now, let a,b,c € H. It follows, from (2.2), that
[(a,0)a* + [{a,c)al® = [(AV?a, AV20) 2 + |(AV?a, AY2¢) 2
< ||A1/2a||2\/| (ALY/2h, AY/2D)|2 4 2|(AL/2b, AL/2¢) |2 + |(AL/2¢, AL/2¢) 2.

This proves (2.1) as desired. O

Our first result in this paper reads as follows.

Theorem 2.3. Let T,S € Bs(H). Then,

wae(T,S) < ITIY + ISIY + 202 (S2T) < 712 + (1S5 -

Proof. Let € S*(0,1). By choosing in Lemma 2.2 a = z,b = Tz and ¢ = Sz we see
that

(. 2)al? + (S 2 aP)” = (. Ta)al? + (o, Sz) )
< ll2lh (T2, T al? + 2(T, Sz) a* + (S, Sz) a]?)
= (T*Tx,z) 4|2 4 [(S*Sz, z) a|* + 2|(S*T'x, ) 4|2
< Wi o(T'T, S1S) + 203 (S*T)
<|@iriT + (SﬁS)ﬁSﬁSHA + 202 (ST, (2.3)
where the last inequality follows from the second inequality in (1.7). Now, since T*T is

A-selfadjoint and satisfies R(T*T) C R(A), then by Lemma 2.1 we have (T*T)# = T*T.
Similarly, (S*S)* = S%S. So, by (2.3), we have

(1w, 2y a2 +1(Sz,2)al2)” < (79772 + ($58)7] | + 23(ST).

By taking the supremum over all z € S4(0,1) in the above inequality we get

wae(T,S) < /I(THT)? + (S2S)2| 4 + 203 (SHT).
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Moreover, by using the triangle inequality together with (1.4) we obtain

wae(T. ) < \JITHTIP + 115885 + 203 (S°T)
= VITIL + ISI + 2034(S5T)  (by (1.6))
< VITIS + ISI4 + 2185 T13  (by (1.2))
< VITIY + ISI4 + 20SHA 0TI (by (14))

2
= T+ 1SIR)° = 1T + 11

This proves the desired result. O

In what follows, we need the following lemmas.

Lemma 2.4 ([26], Lemma 2.9). For any z1, 22 € C, we have

2
sup {faz1 + 922 5 (a,3) € €2 Jal + 18P <1} =[af + 2P

Lemma 2.5. Let T, S € B4(H). Then, for every o, 8 € C, we have
laT + BS|% < (|af” + |B)ITHT + S*S] 4.

Proof. Let x € SA(O, 1). Then, by applying the Cauchy-Schwarz inequality, we see that

|aTz + BSz|4 = |aAY*Tx + BAY2Sz|?

(lo? + 1B (1A Tx|? + | AV Sz|?)
(la® + 18U T )% + [1Sz]1%)
(la® + |B)((T*T + S*S)a, x)
(Ja? + |81} wa (T*T + S*S)
(lol* + [BPIT*T + SS9 4,

IN

—~~

A

IN

where the last equality follows from (1.5) since T#T 4 S%S >4 0. Hence,
(T + BS)al% < (la? + [BITHT + 555 4.

So, by taking the supremum over all 2 € S4(0, 1) in the above inequality and then using
(1.1) we get the desired result. O

Now, we are in a position to prove the following result.
Theorem 2.6. Let T,S € By(H). Then,
1
waolT, 8) < [wa((THT)? + ($9)?) + 24 (S*T)] " (2.4)

Proof. Let x € S4(0,1). As in the proof of Theorem 2.3, by choosing in Lemma 2.2
a=x,b=Tx and ¢ = Sx, we get

2
(T2, @) al? + Sz, 2)al?)" < sup  ((T*Tw,z)al? + (S Sz, 2 al?) + 2035 (ST).
z€S4(0,1)
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Hence, by applying Lemma 2.4 we obtain
2
(T2, 2)a* + (S, 2) a]?)

2
< sup ( sup  |(T*Tx,2) 4 +B(Squ,x>A‘ ) + 2w% (S*T)
2€54(0,1) \Jaf2+]3[2<1

= sup ( sup < {aTﬁT + BSuS] x,x>A’2) +2w3 (S*T)

z€S4(0,1) |al?+|B2<1
2
= sup ( sup |([aT*T+BS8S|w,x) | ) + 23 (ST).
la[2+[B12<1 (xeSA(o,l) < [ ] >A) ) 4(5°T)

On the other hand, it can be see that the operator aT*T + S!S is an A-selfadjoint
operator and then by (1.5), we have

meg}:gl) ‘< [aTﬁT + BSﬁS} x,x>A’ = [|aT*T + 3S*S|| 4.

So, by using Lemma 2.5, we get

(1T, 2) 4 +1(Sz,2)4?)°

< sup  ||@T*T + BS*S|4 + 203 (S*T)
|2 +|B812<1

< swp (lof+ 8P| (TFTET + {Sﬁs}ﬁSﬁSH + 23 (S°T)
laf2+|B]2<1 A

= swp (Jof?+ || (TP + (S89)?|| |+ 23 (S°T)
|af2+8[2<1 A

= | @+ (589)* || + 22 (5*T)
= wa [(T*1)? + (5%9)?] + 23 (S*T),

where the last equality follows from (1.5) since (T#T)? + (S%S)2 >4 0. Thus, we get

(T, @)l + (S, 2) > < \Jwa [(THT)? + (S58)2] + 23 (S°T),

for all z € S4(0,1). Finally, by taking the supremum over all 2 € S4(0,1) in the above
inequality we get (2.4) as required. O

The following corollary is an immediate consequence of Theorem 2.6 and extends a
result by Zamani et al. (see [26, Theorem 2.11]).

Corollary 2.7. Let T € Bao(H). Then,
1
dwa(T) < |wa((TT)? + (T*T)") + 203 (TF72)| "

Proof. By Lemma 2.1, we have (T#T)¢ = T#T. So, by replacing S by T'T in (2.4) and
then using (1.9) we get the required result. O

The following lemma is useful in the sequel.

Lemma 2.8. For any a,b,c € H, we have

(@, B)al? + I{a, ) al? < flal% (mas{[Bl1%, lelF3} + (B, ) al ) (2.5)
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Proof. Let a,b,c € H. By applying the Cauchy-Schwarz inequality we see that
2 2\? 2
(1@ D2l + e, c)al’)” = ({0, 0)a(b,a)a+ (o, ) alea)a)

= (@, ({a,B)ab + (@, ) ac)) )’
< llal4]|a,b) ab + {a, ) acll- (2.6)

On the other hand, if we denote by Rz the real part of any complex number z, then one
observes that

1@, Byab+ (. ) acly = I{a, By al1BI% + (e, €)al?llell + 2R((a,b) ale, @) a b, c).a)

< [(a,b) a4 + [, cal?lel? + 2I(a,b)al - [(e, ) al - (b, ).l

< [(a,b)alI3 + {a, hal?llel? + (Ia, Bal® + (e, b al?) 1B, ) al
(1@ by al? + [(a, ) al?) (maxc{[blh, el %} + (b, cbal). (27)

By combining (2.6) together (2.7), we get (2.5) as desired. O

IN

Now, we are in a position to prove the following theorem.
Theorem 2.9. Let T, S € B4(H). Then

)SéﬂmwT+mﬂu+wa—mﬂu+mme) (2.8)

wa,e(T,S

< VITIR + 1515 +wa(SPT).
Proof. Notice first that for any two real numbers ¢ and s we have
mwﬁﬁ}:%0+s+ﬁ—ﬂ) (2.9)
Now, let = € S4(0,1). By letting @ = 2, b = Tz and ¢ = Sz in Lemma 2.8 we get
(T, x) al* + (S, ) al”
< max {|Tz|?, | Szl4} + (T, Sz) 4]

1
= S (ITel% + 12l + [IT2% — [1S2I| ) + (T2, Se)al - (by (2.9))

- %(«TﬂT + S8S)a, x)a + ‘((TﬁT - SﬁS)x,m)A‘) + wa(S*T)

g%@MWT+ﬂ&+MMWT—ﬁ$ymme)
1
= S(IT*T + $*8]la + | T°T = S5 4) +wa(S'T),

where the last inequality follows from (1.5) since the operators T#T £ SS are A-selfadjoint.
So, we get

1
(T ) a2+ (52,2l < 5 (IT57 + S|+ 7T = $581]a + 20a(5°T)).

for every € S4(0,1). Thus, by taking the supremum over all z € S*4(0,1) in above
inequality, we get the first inequality in Theorem 2.9. Now, the second inequality in
Theorem 2.9 follows immediately by applying the triangle inequality and (1.6). O

We can state the following upper bound for the A-Davis-Wielandt radius which gener-
alizes and improves [26, Theorem 2.14.].
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Corollary 2.10. Let T € B4(H). Then,

1
mﬂng%JM@WHLHM§+MQWﬂLJWH+M@W%
Proof. Follows immediately by proceeding as in the proof of Corollary 2.7. U

For the sequel, for any arbitrary operator X € B4 (), we write

X+ X!
2

X - Xt
and S (X) = 5

Ra(X) :

Furthermore, it is useful to recall the following two lemmas. Notice that the second one
follows by applying Corollary 3 and Proposition 4 in [15].

Lemma 2.11 ([16]). Let T € B(H) be an A-selfadjoint operator. Then, T* is A-selfadjoint
and
(Tﬁ)ﬁ — Tt
Lemma 2.12. Let T' € B(H) be an A-selfadjoint operator. Then, for any positive integer
n we have
1774 = [|T'%-

As an application of Theorem 2.9, we derive the following upper bound of the A-
numerical radius of operators in B 4(H).

Corollary 2.13. Let T € B4(H). Then,

LMGUS;wUWWJTWyHELHTWMHwMOW+TXT—WD. (2.10)

Moreover, the inequality (2.10) is sharp.

Clearly we have T' = RA(T) + iS4(7T"). This implies that

Proof. Let T € By(H).
T)]*. Moreover, we see that

T = [Ra(T)JF — i[Sa(
WA (TH) = sup {[(T, 2)a%; = € $(0,1)

= sup {[([Ra(T)fz, 2) a2 + [{[Sa(T) o, 2) 425 2 € $4(0,1)}

=W o (Ra(D)F, [Sa(D)F). (2.11)

Since wa(T) = wa(T*?), then by using (2.11) and applying (2.8) for T = [RA(T)]* and
S = [S4(T))#, we observe that

WA(T) = w4 o ([Ra(DF, [Sa(T))F)
< wa((SATPRATIE) + 3 [(RATIRATI + (SaTSATF|

F L (RADEFRADFE — (Sa@PHSA@|

A
a4

Moreover, it is not difficult to see that the operators R4(T") and I 4(T) are A-selfadjoint.
So, by Lemma 2.11, we have

(RA(D))F = [Ra(D)F and  ([Sa(D)F)F = [Sa(D)F.
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So, we infer that

A
+wa([Ra(D][Sa(T))), (2.12)

where the last equality follows since w4 (X*) = w4 (X) for every X € B4(3). On the other
hand, by making direct calculations, it can be checked that

£)2 1812 2 2\
(i)’ = (acry)” = T - (FEE

and

2 2 (THITE 4 TH(TH) b0\ 8
(at))” + (1ma(n)’ = TP (TT —;—TT) |

Hence, by taking into consideration (2.12) we get
WA(T) < % (o + 2|+ |2+ (@2, + wa (@ + TY(T - T9)].

This proves (2.10) since || X¥||, = || X|| 4 for every X € B4(3). To show the sharpness of
the inequality (2.10) we choose T = S* with S is any A-selfadjoint operator on H. So, by
Lemma 2.11, S* is A-selfadjoint and (S*)# = S*. Thus, we deduce that

wa( [(59F+ 5] [$* = ($99)] ) =o.
Further, by taking into account Lemma 2.11, we get

SIS+ SR+ (S92 + (SR = 5 y/20(S9)20a + 2 (5921

=/ I1(59)?]|a
= [|15%.4,

where the last equality follows from Lemma 2.12 since S* is A-selfadjoint. Thus, by taking
into consideration (1.5), we deduce that both sides of (2.10) become ||.S]| 4. O

Corollary 2.14. Let T € Ba(H). Then,

1 1
wa(T) < 2\/|]TﬁT + TTH| 4+ || T4T — TT#|| 4 + 5wA(T2). (2.13)
Moreover, the inequality (2.13) is sharp.

Proof. By replacing T and S by (T%)* and T* respectively and using similar techniques
as above we get (2.13). To show the sharpness of the inequality (2.13) we assume that T’
is any A-normal operator on H. By [15], we have

wa(T?) = wa(T)? = |IT|%- (2.14)
So, it be observed that that both sides of (2.13) become ||T|| 4. O
Another upper bound for wy (7, S) is stated as follows.

Theorem 2.15. Let T,S € Ba(H). Then

waelT,8) < \/max (ITI2, [S]3) +wa(SeT). (2.15)
Moreover, the inequality (2.15) is sharp.
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Proof. Let x € 3 be such that ||z||4 = 1. By letting a = z, b = Tz and ¢ = Sz in
Lemma 2.8 we get

(T, 2)a? + |(Sz, 2) a]* < max (|[T2|%, 1S2]%) + [Tz, Sz)a|
< max (||, [SI%) + [(S* T2, 2)4]
< max (||T1[%, [S1%) +wa(S*T).

Thus, by taking the supremum over all 2 € S4(0,1) in above inequality, we get the desired
result. Now, to prove the sharpness of the inequality (2.15) we choose T' = S, where T is
an A-selfadjoint operator. Then, by using Lemma 2.11, T* is A-selfadjoint and (T%)* = T*.
So, we see that

maxx (| T#%, 17813 +wa(THFTF) = [ITHE +wa((T9)2).

Since T* is A-selfadjoint, then (T%)2 >4 0. So, by (1.5), wa((T%)?) = ||(T%)?||4. This
yields, through Lemma 2.12, that w4 ((T%)%) = || T%||4. Thus,

max ([|T5]1%, |1 T#% ) +wa(THPTF) = 2| %%

On the other hand,
whe(TF,TF) = 203 (T%) = 2||T*||%.

O
Now, we state the following corollary.
Corollary 2.16. Let T € B4(H). Then,
V2
wa(T) < 7\/HTH§‘ +wa(T?). (2.16)

The constant @ is best possible in the sense that it cannot be replaced by a larger constant.

Proof. Let T € B4(H). By replacing 7" and S in Theorem 2.15 by T % and T respectively,
we get

204(T) < |ITI% +wa((TF)?)
= [IT% +wa((T?)F)
= 1T + wa(T?)

This proves the inequality (2.16). Now, suppose that (2.16) holds with some constant
C > 0. So, by choosing T" any A-normal operator (with AT # 0) and using (2.14), we
easily get \/2C' > 1. This finishes the proof of the corollary. O

Remark 2.17. By using (1.2) together with (1.4), we see that

V2
S AVITIE + wa(1?) < |7
So, the inequality (2.16) refines the second inequality in (1.2).

The following corollary is also an immediate consequence of Theorem 2.15 and its proof
is similar to that given in Corollary 2.13 and hence omitted.

Corollary 2.18. Let T' € Ba(H). Then,

wa(T) < ;\/max {7 + T2 T = THRY + wa (T + T)(T = TH), (2.17)

Moreover, the inequality (2.17) is sharp.
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The following corollary is an immediate consequence of Theorem 2.15 and provides an
upper bound for the A-Davis-Wielandt radius of operators in B 4(3). The obtained result
generalizes and improves [26, Theorem 2.13].

Corollary 2.19. Let T € Bo(H). Then,

deoa(T) < \fmax{[ T3, 714} +wa(T97?).
The following lemma is useful in proving our two next results.

Lemma 2.20. For every a,b,c € H, we have

[(a,0) 4> + (. €) al* < llallamax {[(a, ) al, [{a, ) al /1813 + el + 21(b c)al.

Proof. Let a,b,c € H. Recall from [14, p. 132] that

(2, )2 + [z, 2)[2 < |2 max {| (2, )], [(z, )1} (Il + 11217 + 214, 2)])

for every z,y,z € H. So, by choosing z = A/2a, y = AY/2b and z = A'/2¢ in the above
inequality we get the desired result. ([l

Next, we prove another upper bound for the A-joint numerical radius of a pair of
operators.

Theorem 2.21. Let T, S € Ba(H). Then

wa,e(T,S) < \/max {wA(T),wA(S)}\/HTﬁT + SES|| A + 2w (SET).
Proof. Let x € SA(O7 1). By choosing in Lemma 2.20 a = 2,b = Tz and ¢ = Sz one has
(@, Tx) al” + {2, Sz)al?
< llella maxc {| (@, T} al, (a, Saal} /I Tll% + 1Sl + 20(Tw, Sa).
< max {wa(T),wa(S)} \/((THT + §48) 2, x) , +2(S*Tx, ) A

< max{wa(T),wa(S)} \/wA(TﬁT + S1S) + 2w (SHT)

— max {wa(T),wa(S)} /IITHT + S8S|| 4 + 2wa(SIT),

where the last inequality follows from (1.5) since T*T + S*S >4 0. Thus,

(@, Tx) a|? + |(x, Sz) 4|> < max (wa(T),wa(S)) + \/HTﬁT + S4S|| 4 + 2w (SIT),

for all z € SA((), 1). Therefore, the desired result follows immediately by taking the
supremum over all 2 € S$4(0,1). O

Corollary 2.22. Let T' € B4(H). Then,

V2
wA(T) < TN ITIay/ITHT + TTH|4 + 20a(T?) < |T 4. (2.18)

Proof. By replacing T" and S by (T jj)ﬁ and T% respectively in Theorem 2.21 and then
using the facts that wa(X*) = wa(X) and || X¥||4 = || X||4 for all X € B4(3), we see that

V2wa(T) < \/wA(T)\/HTﬁT + TTH| 4 + 2w4(T2).



Inequalities for the A-joint numerical radius of two operators and their applications 33

So, by using the second inequality in (1.2) together with the triangle inequality and (1.3),
we infer that

V2
wa(T) < A IT|Lay/ITT 4 + 1T+ 25(2)

= 2 T 2T+ 24 (o (16))
< 2 /201 + 20T,

where the last inequality follows by applying the second inequality in (1.2). This immedi-
ately proves the second inequality in (2.18) as required. O

The following corollary in an immediate consequence of Theorem 2.21 and generalizes
[26, Theorem 2.16].

Corollary 2.23. Let T € B4(H). Then,

dwa(T \/max{wA( T),wa(TT) \/wA (TT)2 + THT) + 2w (TH4T?).

By using Lemma 2.20, another upper bound for the A-Davis—Wielandt radius of oper-
ators in B4 () can be derived as follows.

Theorem 2.24. Let T € By(H). Then,

dwoA(T) < ITlLa max fwoa(T), (D)} 1+ [T + 2wa(D).

Proof. Let x € S*(0,1). By choosing in Lemma 2.20 ¢ = T2,b = x and ¢ = Tz we
observe that

(T, z)al? + | Taly = (T, z) al + (T2, Ta) 4|

< 1Tzl 4 max{[(T, x) al, |<TIB3T$>A|}\/1 Il + 2/, Tx) Al

= [[T]| a max{[{Tz, z) a], |<TﬁTﬂc,fv>A|}\/1 Tl + 2/, Tx) Al

< T4 max{wa(T),wa(T*T)} /1 + | TI% + 2w0a(T).

Thus

(T, z)al + | Ty < ||T|a max{wA(T),wA(TﬁT)}\/l +ITI? +2wa(T),  (2.19)

for all z € S4(0,1). Hence, by taking the supremum over z € S4(0, 1) in (2.19) we obtain
the required result. O

The next theorem provides an upper and lower bound of the A-joint numerical radius
of two operators in B4 (H).

Theorem 2.25. Let T,S € Ba(H). Then,

\fmax{wA(T+S) wa(T — 8)} < wa (T, S) < —\/wA (T +8) +w(T — ).

Moreover, the constant ? is sharp in both inequalities.
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Proof. For every x € H, we have

((T, z)al* + |(Sz, 2)a?)7 > §(|<TSU z)al + [{Sz, z) al)
> ?\(Tx,x)A + (Sx, ) 4]
?\((TiS)x,m)A\.

Taking supremum over all z € S4(0,1) yields that
2
wae(T, ) > \gwA(T +5). (2.20)

This proves the first inequality in Theorem 2.25. On the other hand, for every z € S4(0,1)
we have
Tz, z) 4 + (Sz,2) 4> < Wi (T £ S). (2.21)

So, an application of the parallelogram identity for complex numbers and (2.21) gives
1
(T,2)a + |(Sz,2)al® = 5 (I{Te,a)a + (Sz,2) P + (T, 2)a — (Sz,2)aP)

<5 (@AT+5) + AT - 9),

for every = € SA(O, 1). Taking supremum over all x € SA(O, 1) yields that
1
WBo(T,8) < 5 (WA(T +8) + Wi (T - 9)),

This shows the second inequality in Theorem 2.25. For sharpness one can obtain the same
quantity v/2w4(T) on both sides of the inequality by putting 7' = S. g

The following corollary in an immediate consequence of Theorem 2.25 and (1.5).
Corollary 2.26. Let T, S € Ba(H) be two A-selfadjoint operators. Then,

2
*{max{nﬂsnA,nT Slla} < wa T, ) < —¢|1T+S||A+||T S

Another bounds of wy (T, S) can be stated as follows.
Theorem 2.27. Let T, S € BA(H). Then,

J’

wa(T2 + 82) < wao(T, 8) < \/|T*T + S4S| 4. (2.22)

Proof. Notice first that the second inequality in (2.22) follows from (1.7). By using (2.20),
we observe that

1
2w (T, S) > i(w (T +9) +wi(T - 8))
1
> 5( (T + )2 +wal(T = 8)%])  (by (1.3))
1 2
> 5 (wal(T + 9 +(1 - 5)7)
= wA(T2 + S2).
This proves the first inequality in (2.22). O

The following corollary is also an immediate consequence of Theorem 2.27 and gener-
alizes the well-known inequalities proved by F. Kittaneh in [22, Theorem 1]. Further, the
obtained inequalities improve the bounds in (1.8)
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Corollary 2.28. Let T' € B4(H). Then,

1 2
§y/||TﬁT + TTH| 4 < wa(T) < \2[\/||TﬁT + TTH 4. (2.23)

Proof. By taking into consideration (2.27) and proceeding as in the proof of Corollary
2.13, we get

V2 Jen((RaDPP + (SaDF?) < a0 < [J(RAD? + (3],
Since ([Ra(D)]F) + (S4(D)]F)” 2.4 0, then (1.5) gives
“QW |([RA@))? + ([Sa(DN?]| | <walD) < ¢ |(RA))? + (Sa(0)9?
This proves the desired inequalities by following the proof of Corollary 2.13. (Il

Remark 2.29. (1) Notice that the inequalities in (2.23) are already proved by the
second author in [18] and by Altwaijry et al. in [1]. However, the techniques used
here are different from the other proofs.

(2) The inequalities in (2.23) are sharp (see [18]).
(3) The inequalities in (2.23) improve the bounds in (1.2) (see [18]).
(4) A generalization of the inequalities in (2.23) are established in [11].

In the rest of this paper, we prove several inequalities involving the A-Davis-Wielandt
radius and the A-numerical radii of operators in B 4(H).
The following lemma is useful in the proof of our next result.

Lemma 2.30. Let S € BA(H). Then, for every a € SA(0,1) we have

;\(SQa a)al + - ((SﬁS—i- 55%)a,a) 4.

Proof. Let x,y,z € H with ||z|]|4 = 1. We first prove that

[(Sa,a)al* <

.2tz wal < 5 (1w whal + el lwlla)- (224)
Since ||A'/2z|| = 1, then by using the well-known Buzano’s inequality ([10]), we see that
(2, 2)a(z,y)a] = (A2, AYV22) (4122, AV?y))|
< 2 (14422, 4'/25)] | A2 AV,

This proves the desired result.
Now, let a € S4(0,1). By using the arithmetic-geometric mean inequality and applying
(2.24) for = Sa, z = a and y = S*a we infer that

[(Sa,a)a[* = |(Sa, a) ala, Sa) a|
1
< ,(|<sa Sta)a] + | Salla [|S%all )

| /\

2105, %a)al + 7 (I1Sal + 5%al?)
. 2 b 4
:2\(Saa),4\+ ((SS+SS)a a)a.
Hence, the proof is complete. ]

We present now the following result.
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Theorem 2.31. Let T' € B4 (). Then, we have

dwa(T) < ;\/OJA (T4 + 7)) +wa (T4 = 7)) +wa (T + 2(T#T)2 + TT?).

Proof. Let x € S4(0,1). By applying the well-known parallelogram identity for complex
numbers, we see that

1

(Tw,2)al? + [Tl = 5 (Tl + (T, 2)al” + [T )% = (T, 2)a])

N — N

2 2
(K@ + Ty, 2) | + [(T*T = D)z, @) ,[*) - (2.25)
On the other hand, by applying Lemma 2.30 we see that

[(T*T + T)z, ) ,|* + [((T*T — T)a, z) |
<

[um—y

(TP + T2, 2) | + S [((TPT = TV, 2)

2
+ %< [(TﬁT + DT + T) + (T*T + T)(T*T + T)ﬂ z,7) ,

+ i( [(TﬂT — TYYT*T — T) 4+ (T*T — T)(T*T — T)ﬁ] ,T) .

By observing that (T*T)* = T*T and making short calculations, we infer that
2 2
[(T*T + T)z, ) ,|” + [{(T°T = D)z, z) |

1 1 1
< W@ T+ TPa,2) | + ST = T, x) | + S [T + 2T + TTF| 2,2,

1

IN

2 2
wa ((TﬁT +17) ) +wa ((TﬁT - T) ) +wa (T + 2(T*T) + TTﬁ)] .
Hence, by taking into account (2.25) we obtain
(T, z)a* + | T

1
< Z
!

2 2
wa ((TﬁT +7) ) +uwy ((TﬁT = ) +wa (T + 2T*T)? + TTﬂ)} ,
for all z € S4(0,1). Finally, by taking the supremum over all 2 € S4(0,1) in the above

inequality we get the desired result. O

In order to prove our next upper bound for dw4(-), we need the following lemma.

Lemma 2.32. Let T € B4(H). Then, for all z € SA(0,1) we have

(Ta,)al> < \/(T¢T2, 2) 41/ (T Ttz 2) a.
Proof. Let z € SA(0,1). By using the Cauchy-Schwarz inequality we see that
(T, x)al* = (T2, 2) a] - |(T, ) A
= [(Tz, )l - |z, Thz) 4]
= (AT, AY22)| - (A 22, AV2Thg)|
< ||T|| 4| T*] 4
= \/<TﬁT:L", x>A\/<TTﬂ:E, z)A.

Hence, the proof is complete. O

Now, we are in a position to provide the following upper bound for dw4(-).
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Theorem 2.33. Let T' € Ba(H). Then

1 1
- # 872 ) — = _ |7t
dwa(T) < \/2 wa (T T +2(TT)2 + TT ) . eglgfo . (||T;L~||A [iea x||A) .

Proof. Notice first that (T%T)* = T*T. Now, let = € S4(0,1). By using Lemma 2.32 and
the Cauchy-Schwarz inequality we obtain

(T, )l + [|IT |4
(T, )l + [(T*Tx, z) Al

IN

(T¥T2, z) /(T Th2, ) 4 + [ ((TVT)H(THT )2, ) ar/ (THT)(THT Yo, )

T4T, o) )\ (T, 2) 4 + [ (T¥T) 22, @) 4 ((THT 2, )

(T'Tz, )4 + (TT 2, x) 4 — <\/<TuTx, 2)4 — \/(TTﬁx,:cM)T + <(TﬂT)2x,x>A

(T'Tz,2) 4 + (TT 2z, z) 4 + 2 <(TﬁT)29:,$>A} - % <\/<TﬁTx,x>A - \/<TTﬂ:c,x>A>2

Il
M\HL\D\)—‘N}\H w\H = <_
—

P N e T e

|77 + 2(T*T)? + TTF| o, ) - 1 (HTxHA - ||T%HA)2

IN

1
[TﬁT+2(TﬁT) +TTﬂ -3 S1£1f01 (HT;CHA—HT%HA) .

This gives

2
(T, 2)al? + | T2l < Swa |TT +2(T*T)2 + TT# — - (ITalla = [ T52]4) ",

11
22e54(0,1)

N
&

for all z € S4(0, 1) which in turn shows required inequality by taking the supremum over
all z € S4(0, 1). O

The next theorem provides another bound for dw(+).

Theorem 2.34. Let T € B4(H). Then,

dwa(T) < \Jw? (T*T — T) + 2| T|3wa(T). (2.26)

Proof. Let x € H be such that ||z||4 = 1. Then, by making simple calculations and using
the Cauchy-Schwarz inequality, we see that

2
(T2, 2)al? + | Tally = |(T2, T2)a — (Tw,2) |+ 2R((T2, T2) 4 (T2, 7))
4 2 2
_ ‘< (T T - T) z, 3:>A‘ +2||T2 | AR(Tx, 2) 4
< WA(T*T = T) + 2||T|wa(T).
So, we get
[Tz, x)al* + | Tx]| % < WA (T*T = T) + 2||T|3wa(T), (2.27)

for all z € S4(0,1). Hence, by taking the supremum over all = € S4(0,1) in (2.27), we get
(2.26) as required. O

To prove our next result, we need the following lemma which is quoted from the proof
of [25, Theorem 2.13.].
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Lemma 2.35. Let T € Ba4(H). Then

w2 w
Tl a s\/ Al) | @t S )~ (e, a)aP

for any = € S(0,1).

Now, we are ready to prove another upper bound for the A-Davis—Wielandt radius of
operators in B 4(H).

Theorem 2.36. Let T € B(H). Then

\/wA (1) + jooa (T57 + TT%) + 85,
where
p =) (2A(T) — (T) + 2ua(D) WA(T) - (D).
Proof. Let x € S4(0,1). It follows, from Lemma 2.30, that
(T2, 2) 42 < %|<T2x,x),4| + i((TﬁT £ TT) ,2) 4
<l (72) + iwA (%1 + TT*). (2.28)

2
Moreover, by using Lemma 2.35 one has

CL)Q w 2
IITxIIf‘qSlG( Al "‘(TWw,%(T>—|<Tw,x>A|2>

2
2
<4 (WD) +wa(@)A(T) - A1)

< A1) (2A4(T) - 4(T) + 2a(D) AT - AD),  (229)
By combining (2.28) together with (2.29), we infer that

(T, aal? + | Tally < WA(T) (24(T) = A(T) + 20a(T)WA(T) — AD))

+ %WA (?) + %wA (T*1 + TT%),

for all € S4(0,1). Therefore, we obtain the desired inequality by taking the supremum
in the above inequality over all = € S4(0,1). O

Acknowledgments: The author is very grateful to the anonymous reviewers for their
useful remarks and valuable suggestions that improved the original draft.

References

[1] N. Altwaijry, K. Feki and N. Minculete, Further inequalities for the weighted numerical radius of
operators, Mathematics, 10 (19), 3576, 2022.

[2] N. Altwaijry, K. Feki and N. Minculete, On Some Generalizations of Cauchy—Schwarz Inequalities
and Their Applications, Symmetry, 15(2), 304, 2023.

[3] M.L. Arias, G. Corach and M.C. Gonzalez, Partial isometries in semi-Hilbertian spaces, Linear
Algebra Appl. 428 (7), 1460-1475, 2008.

[4] M.L. Arias, G. Corach and M.C. Gonzalez, Metric properties of projections in semi-Hilbertian spaces,
Integral Equations and Operator Theory, 62, 11-28, 2008.

[6] H. Baklouti, K. Feki and O.A.M. Sid Ahmed, Joint numerical ranges of operators in semi-Hilbertian
spaces, Linear Algebra Appl. 555, 266284, 2018.

[6] H.Baklouti and S. Namouri, Spectral analysis of bounded operators on semi-Hilbertian spaces, Banach
J. Math. Anal. 16, 12, 2022.



Inequalities for the A-joint numerical radius of two operators and their applications 39

P. Bhunia, S. S. Dragomir, M. S. Moslehian and K. Paul, Lectures on numerical radius inequalities,
Infosys Science Foundation Series in Mathematical Sciences. Springer, 2022.

P. Bhunia, K. Feki and K. Paul, Generalized A-numerical radius of operators and related inequalities,
Bull. Iran. Math. Soc. 48, 3883-3907, 2022.

P. Bhunia, F. Kittaneh, K. Paul and A. Sen, Anderson’s theorem and A-spectral radius bounds for
semi-Hilbertian space operators, Linear Algebra Appl. 657, 147-162, 2023.

M. L. Buzano, Generalizzazione della disequaglianza di Cauchy-Schwarz (Italian), Rend. Sem. Mat.
Univ. e Politech. Torino 31, 405-409, 1974.

C. Conde and K. Feki, On some inequalities for the generalized joint numerical radius of semi-Hilbert
space operators, Ricerche mat. 2021, doi:10.1007/s11587-021-00629-6.

R.G. Douglas, On majorization, factorization and range inclusion of operators in Hilbert space, Proc.
Amer. Math. Soc. 17, 413-416, 1966.

S. S. Dragomir, Some inequalities for the Euclidean operator radius of two operators in Hilbert spaces,
Linear Algebra Appl. 419, 256-264, 2006.

S. S. Dragomir, Advances in inequalities of the Schwarz, triangle and Heisenberg type in inner product
spaces, Nova Science Publishers, Inc., New York, 2007.

K. Feki, Spectral radius of semi-Hilbertian space operators and its applications, Ann. Funct. Anal.
11, 929-946, 2020.

K. Feki, A note on the A-numerical radius of operators in semi-Hilbert spaces, Arch. Math. 115,
535-544, 2020.

K. Feki, On tuples of commuting operators in positive semidefinite inner product spaces, Linear
Algebra Appl. 603, 313328, 2020.

K. Feki, Some numerical radius inequalities for semi-Hilbert space operators, J. Korean Math. Soc.,
58 (6), 1385-1405, 2021.

K. Feki, Further improvements of generalized numerical radius inequalities for semi-Hilbertian space
operators, Miskolc Mathematical Notes 23 (2), 651-665, 2022.

K. Feki and S. Sahoo, Further inequalities for the A-numerical radius of certain 2 X 2 operator
matrices, Georgian Mathematical Journal, 2022, doi:10.1515/gmj-2022-2204.

K. Feki and O.A.M. Sid Ahmed, Davis- Wielandt shells of semi-Hilbertian space operators and its
applications, Banach J. Math. Anal. 14, 1281-1304, 2020.

F. Kittaneh, Numerical radius inequalities for Hilbert space operators, Studia Math. 168 (1), 73-80,
2005.

F. Kittaneh and A. Zamani, Bounds for A-numerical radius based on an extension of A-Buzano
inequality, J. Comput. Appl. Math. 2023, doi:10.1016/j.cam.2023.115070.

A. Saddi, A-Normal operators in Semi-Hilbertian spaces, Aust. J. Math. Anal. Appl. 9 (1), 1-12,
2012.

A. Zamani, A-numerical radius inequalities for semi-Hilbertian space operators, Linear Algebra Appl.
578, 159-183, 2019.

A. Zamani and K. Shebrawi, Some upper bounds for the Davis-Wielandt radius of Hilbert space
operators, Mediterr. J. Math. 17, 25, 2020.



