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M-LAURICELLA HYPERGEOMETRIC FUNCTIONS: INTEGRAL
REPRESENTATIONS AND SOLUTION OF FRACTIONAL
DIFFERENTIAL EQUATIONS

Enes ATA } )
Department of Mathematics, Kirgehir Ahi Evran University, Kirgehir, TURKIYE

ABSTRACT. In this paper, using the modified beta function involving the gen-
eralized M-series in its kernel, we describe new extensions for the Lauricella
hypergeometric functions F(T)7 Fg), Fg) and F(DT). Furthermore, we find
various integral representations for the newly defined extended Lauricella hy-
pergeometric functions. Then, we obtain solution of fractional differential
equations involving new extensions of Lauricella hypergeometric functions, as
examples.

1. INTRODUCTION AND PRELIMINARIES

Scientists have conducted a lot of research in recent years on various general-
izations of special functions (see for example [1,[5H13}(15}/19-22}24,[26]27./29.|33]).
Particularly, the modified gamma and beta functions for R(a) > 0, R(p) > 0,
R(z) > 0, R(y) > 0 and &;,...,&,,m,...,n, # 0,—1,-2,... was introduced by
Ata in [8], respectively, as follows:

MP(B) (25 p) = MTCPN(E L Epim, - mgi @i p)
1
z—1 « 14
:/(; A 1pM(§3 ({15"'a€p;n1a"'7nq;7A7K) dAa

and

MBCA) (,y; p) = MBS &y, 6y -y T, Y3 )
1

r— y—1 « . . —p
= . A 1(1—A)y 1quB (51,...,§p,7]17...77]q,A(1A)) dA. (1)
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If we take A = (sin¢)? in Eq. (L), then

™

Mp(a,p C) — 2 221 2y—1
Bz(a,q Nz, y;p0) = 2/0 (sing) (cos )Y

X Z‘Mf (51, s &Ny Mg —p(sec ¢)2(csc (;5)2) do. (2)

If we take A = s in Eq. , then

Mp(a, . _ > u
B£7qﬁ)($ay’p) *A (1+u)1+y

rz—1

o 1
XquB (517~~afp§7717~~777q§—2p_P<U+u>>du~ (3)

If we take A = == in Eq. 7 then

b
MBEB) (2,5 p) = (b—a)' "7V / (uw—a)" 1 (b—u)’!
— b_ 2
XgMg <£177£p?n177nq7(u_p(a)(ba_)u)) du. (4)

Then, the modified confluent hypergeometric function for £(a) > 0, R(p) > 0,
R(xs) > R(xz) > 0and &,...,&,,m,...,1, # 0,—1,-2,... was introduced by
Ata in [8], as follows:

MR (s X 23 0) = MG (Er - Epi s+ g3 Xai X33 73 )
5
_ i MBz(o,oiJ )(X2 + 1, X3 — X23P) ﬁ (5)
= B(x2;X3 — X2) n!

Also, the following formula holds true [§]:

M) (y i xai 23 p) = exp(z) MBI (g — xgi X33 —25 p).- (6)

Respectively, Ata called them as M-gamma, M-beta and M-confluent hypergeomet-
ric functions. If we put p=0and p=¢q¢ =&, =n, = a = =1 to the M-gamma,
M-beta and M-confluent hypergeometric functions, we get the following classical
special functions [3l|4], respectively:

e The gamma function for ®(z) > 0
I(x) :/ A exp(—A)dA.
0
e The beta function for R(z) > 0 and R(y) > 0

1
B(z,y) = / A1 = AYTHA.
0
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e The confluent hypergeometric function for £(x3) > R(xz) >0

o - B(xa +1,x5 — Xx2) 2"
(I)(X%XS’Z)iZ B<X27X3_X2) nl’

n=0
The function M, qﬂ used above is known as the generalized M-series [28] for R(«) > 0
and §,...,&,,M1,.--,1m, #0,—1,-2,... which defined as:

o~ E)n - (Ep)n 2"
aprB —_aprB . 2) —
qu (Z)*qu (513"'7§pa7717"'7nqﬂ2)*Z (nl)n(n(p;)nr(an'i'ﬁ)

n=0
(*)n, used above denotes the Pochhammer symbol [4] is defined by

_I(¢+n) CHD.(CHn=1), n=12,...,
On="T = { L n=o. ™
The binomial theorem [4] is as follows:
o0 An
(-2 =302 (al<. 0
n=0 ’

The Caputo fractional derivative [18] for m — 1 < R(e) < m, m € N is given by

D0 = g | =™, (RO > 05> 0).

(m—

The Laplace and inverse Laplace transforms [14] are defined by

S{f(p); s} = Fls) = / " exp(—s0) f(p)dp.  (R(s) > 0).

and
L 1 ct+io00
SUFE) = 1) = 5 [ eplenFds, (c>0).
Also, the Laplace transform of the Caputo fractional derivative is as follows [25]:
m—1
SLDE{f(p)} 55} = 5F(s) = 3 51 f0(0), (m—1<R(e) <m). (9)
k=0

Respectively, the Lauricella hypergeometric functions FX), Fg), Fg) and Fg)
[30,[31] are as follows:

FX) (T VAR 7 S VA I
_ i (K)nyt..an, (B1)ny - (), L?l o z," 7 (10)
(V1)ny - (Vr)n, ny! n,!

ni,...,np=0

(e + .o 4 far[ < 1),

(r) e
FB (Hla"'v'l{’?“vu’lw"7//L7"?V7x17"'71‘7’)
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_ i (K1 )ng -« (Br)n. (1) ng - - - () “‘il znr )
n1,..,nyp=0 (V)n1+‘..+nr 711! o ’I”LT! ’
(max {|z1],...,|z |} < 1),
FC(JT) (By 5 V1 e ooy Ui X1y e ey L)
— i (’i)n1+..‘+nr(M)n1+,‘,+n7, L?l {E:}T (12)
A 2D PYRR (29 R TR (1
(Va1 + ...+ vz, < 1),
Fg) (Ky gy e e e s i V3 1y e ey )
— i (K)n1+m+nr (Ml)nl ce (M’I’)nr L;Ll {E:}T (13)
(V)n1+<..+nr ’I’L1! nT.! ’

Nni,...,np=0

(max {|z1], ..., |z |} <1).

2. NEw EXTENDED LAURICELLA HYPERGEOMETRIC FUNCTIONS

Scientists have studied on various extended of Lauricella hypergeometric func-
tions (see for example [2}16}/17,23,[32]). Motivated by these studies, we introduce
the newly extended Lauricella hypergeometric functions FIE{)7 F](;), Fg) and F' g)
using the modified beta function involving the generalized M-series in its kernel, in
this section.

Definition 1. Let R(a) > 0, R(p) > 0, R(v;) > R(y;) >0 fori=1,...,r and
|z1| + ...+ |z.| < 1. Then, new extended Lauricella hypergeometric function F,E{)
is defined as:
MF,S{;Z;T)(Hvula"'7#7’;’/17"'71/7“;1'17"'51:7';p)
:MFf;}’f;r)(fl,...,fp;nl,...,nq;ﬁ,ul,...,ur;yl,...,Z/T;:cl,...,:cr;p)

— i (K)nyto s MBI(??;[B)(M1+”1;V1_/~L1§9)
pre B(py,v1 — piy)

ni,...,nr-=0

MBZE?ZB)(NT +n7"7y7" 7/U’*r‘7p) x?l :E??}T

By, Vr — 1by) ny!
Definition 2. Let R(a)>0, R(p)>0, R(A)>R(1q)>0 and max {|z1],. .., |z} <1.
Then, new extended Lauricella hypergeometric function Fy’ is defined as:

X

Mp(e.f;r) S .
FB,p,q ("{/13-“7"‘:7‘7/1'17'--a,u/wyvxlw--;mrvp?)‘)

_ Mp(a,B;r) . . - .
- FB,p,q (51)"'a§p,n1a"'7nan/l7"'7K/T7,U/1)"'a/1/r7l/7m15"'axTapaA)
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> Hlnl---HTnTAnl 2)ng « o My )n,
._Z() (Fr ), (M), (p2) (1r)

N1, ,ne=0 (V)n1+‘..+nr

B( ’ﬁ)(ﬂl +n17)\—M13P)3il x"
B(py, A = py) ! gl
Definition 3. Let R(a)>0,R(p) >0, R(v1)>R(A) >0 and v/|z1|+...++/]z| < 1.

Then, new extended Lauricella hypergeometric function Fg) is defined as:

X

Féfqv)(n JTES Z P Ve, SO, 1D |

MFéapﬁqr)(fl,...,fp;nl,...,nq;/i 158 Z P 7 S N /D Y|

_ i (K)ot (W m, MBiog” A 11,01 = Aip) 2yt e
i N, (V2)ny - - (Ve ), B\ vi—M\) ny! ny!
Definition 4. Let R(a) >0, R(p) >0, R(v) >R(k) >0 and max {|z1|,..., |z |} <1.
Then, new extended Lauricella hypergeometric function Fg) is defined as:
MFéaquT)(K’ ,LLl, st 7Mr; I/; xlﬂ Tt 7x’l"; p)
(e, B5m)

= Fp s (€ §pi My s Mg B gy oy Wy V3T, e T3 )

._ Z (1) (). B( ’B)( +n1+...+n,v—Kp) xr
o 3 Hana - W B(k,v — k) n! " n!

Respectively, we call them as M-Lauricella hypergeometric function FX), M-
Lauricella hypergeometric function Fg'), M-Lauricella hypergeometric function Fg )

and M-Lauricella hypergeometric function Fg ),

Remark 1. If we take p=0 andp=q=¢&, =n, = a = [ =1 in these functions,

we get Fgs. , , and .

3. INTEGRAL REPRESENTATIONS FOR M-LAURICELLA HYPERGEOMETRIC
Funcrion F{’

Theorem 1. Let R(a) > 0, R(p) > 0, R(v;) > R(w;) >0 fori=1,...,r. Then,

MF(C;’)?QT)(KMMD"'7//"7“;1/17" y Vi Ty - - - 'T77p
= 1 / / A/h 1 ur—l
B(,U“hyl_:ul) BPJWVT :U’f T
x (I—=Ap—m=t (1= A, Hel

X pM] (Al(l_—pAl)) 3M§ <Ar(1_fAr)>

X Ff{r)(’{mulv"'7/~‘Lr;/~j“17"'7/’LT;A1$13""A7"$T)dA1 dAT
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Proof. Using the integral representation of M-beta function in the definition of
M-Lauricella hypergeometric function FX'), we have

MF,E:pﬁqr)(’ivljfh EERRY (7 S PR 4 P PR A p)
- MBE (i + na v — i)
= Z ("ﬁ)n1+-~~+n7- B( Uy — ) cee
S ny.=0 M1, V1 251
MBS (1 + s v — pyip) g
By, vr — ) ny! n,!
1 o0
= B B Z n1+ AN
(hsvi =)o Blpgsve = i) | 2

1
x/ T RN e Vs
0

()
[ et g ()

7t @

T"dAl...dAT

n1! Ny
1 o0

= (F)nyttn
B(:ulayl_p’l)"'B(:uraVT_ﬂr) Z S

ni,...,n,=0

AT - AyymmtoyB (TP )
o ( 1) PO\ A(1-Ay)

1

Abr—1(1 _ A Jr—ke—1 aMﬁ —P
<y A <A -4
N ) L TN 1

Tl1! 7’7,7.!

Multiplied by w and considering Eq. , we get

(1 )n
MF,E\apﬁqr)(f%Mp---7Mr§V17«- yVri L1y - xr»p
e e [ [
B(py, vy = py) - By, vr = ur A
(1 _ Al)vl I —1 B (1 _ ur p.—1

aMﬁ —pP aMﬁ —p
(Al(l_A)> (A (1-4,)
><Flg)(Kz,ul,...7MT;/117...,ur;Alxl,...,Arxr)dAl...dA,«. O
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Theorem 2. Let R(a) > 0, R(p) > 0, R(v;) > R(w;) >0 fori=1,...,r. Then,
M (o, B;r)

FA)p)q (’%7/1117""/1%;1/1""7VT;xl7~--7£L‘T;p)
1 /OO Am—l ( A)
= — exp(—
L'(k) Jo
x MOLB) (1015 Ay p) . MO (505 Awps p)dA. (14)

Proof. Using Eq. in the definition of M-Lauricella hypergeometric function
FX), we have

F(,I’)’BqT)(H’ﬂl’""’uT’;Vl""?VT;xlw- 177«;,0)
e B(py,v1 — p1y)
ni,..,nep=0
( ﬁ) ) - .
X (b + nrs v = 5 p) T T
B(/'I’Tﬂy’l“ /14,«) nq! n,!
_ i I(k+ni+.. )MB( 76)(#1 bt — g p)
M- fir =0 F(K) B(py,v1 — 1)
JVIB( ’B)(/Jr + N Ve — Uy P) x?l ahr

B(:u’T’VT*:u‘r) ny! Tlr'

Using the integral representation of gamma function and considering Eq. , we
get

MFIE:;;:H;T)(K,/‘LD' Y R S TRRRER 2 PRI ,l’r;[))
1 /°° _
= — A Lexp(—A)
I'(k) Jo
X M@;?dﬁ)(ul; v1; Az p) .. M‘bz(fqﬁ)(ﬂﬁ Vi Azy; p)dA. 0
Theorem 3. Let R(a) >0, R(p) >0, R(vi) > R(p;) >0 fori=1,...,r. Then,
MF,Exa;;ﬁqT)(’%aulw-.Hu’r;yla"'ayr;xla"wxr;p)
1 oo
—/ A" exp(— Al -z —...—z,))
%) Jo
x MOLP) (1 — pysvis —Am; p) . M0N0y — s ves — Ay p)dA,
Proof. Using Eq. @ in Eq. , proof is complete. O
Theorem 4. Let R(a) > 0, R(p) >0, R(v;) > %(uz) >0 fori=1,...,7. Then,
MF,&?(péqT)(K/uulw"a,u'myla" yVpi L1y - .-

y Ly P
B B(Mlal/l /~L1) B /ufraVr ‘LLT / /
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x (sing, ) 171 ... (sing,)?r"H(cos gy )72l (cos g, )22
X SMP (= plsec dy)(cse 6,)2) ... SMP (—plsec d,)? (csc 6,)?)
X F,(AT) (K’a Hoyseeey Hops gy v o vy o3 Il(SiH¢1)2, AR ‘TT(Sin(ZST)z) d(bl e d¢7’

Proof. Using the integral representation of M-beta function in the definition of
M-Lauricella hypergeometric function FX) and making similar calculations in the

proof of Theorem (1| proof is complete. O
Theorem 5. Let R(a) > 0, R(p) > 0, R(v;) > §R(u) >0 fori=1,...,7. Then,
MF,gapl,BqT)(Kaula'"a,urvyla" yVr L1y e T3 P
1 u’fﬁl
B B(Mlayl_ul) B/-Lr’VT U'r / / 1+U'1 Vl a (1+u7')yT
xz‘Mf (—Zp—p(ul—i— )) .. z‘M < 2p — p( +>)
Ui Uy

(r) T1Uy Tplyp
x F ; ; duy ... du,.
A (Khlj'h 7/"'7"/1'17 7,u'r71+u1, 71+ur> U1 Uy

Proof. Using the integral representation of M-beta function in the definition of
M-Lauricella hypergeometric function FX) and making similar calculations in the
proof of Theorem (1| proof is complete. O

Theorem 6. Let R(a) > 0, R(p) > 0, R(v;) > §R(ul) >0 fori=1,...,7. Then,

M (e, Bsr)
FA7P7q (K;7M17."’MT7V17" s VUri 1y ..

s Ty
_ (b—a) -ttt gyt EEDAVAES|
© B(uy,vi — ) - Bl vy — ur/ / v =) - (ur=a)

X (b—up) 7T (b — )T

—p(b—a) —p(b—a)?
aprB ,0(— ISV = Lt —
o Q<<u1—a><b—ul>) 0\ (ur — a)(b— )
. x1(up — a) (U — a)
XFxg)<Ka/j/1a"'7/’6r;/’(’17"'7/’(‘r; b*a Yy b—a dU]_.-.dur-

Proof. Using the integral representation (4]) of M-beta function in the definition of
M-Lauricella hypergeometric function FX and making similar calculations in the
proof of Theorem [I], proof is complete. O

4. INTEGRAL REPRESENTATIONS FOR M-LAURICELLA HYPERGEOMETRIC
FuNcTioN FY

Theorem 7. Let R(a) > 0, R(p) > 0, R(A) > R(uy) > 0. Then,

M \Bs
FEPD (R, e By B 3 V0, 205 5 N)
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v s ()
=~ AP~ AV m—LtaopB P
Bl —p) Jy & 0T8T M R

XFg‘)(I{l,...,IiT,/\,/LQ,...

Proof. Using the integral representation of M-beta function in the definition of
)
, we have

520
7HT;V;AI17IQ7- . amr)dA'

M-Lauricella hypergeometric function F g

MF(O(”B;T)(K/D"°7"{7‘7/1'17‘“7/1%;7/;1.17”wx’r;p;)\)

B,p,q
= (K1)ny -« (Br)n, Nng (B2)ng - - - (),

B Z (V)n1+---+nr

ni,...,np=0

MBI (g +na, N — pgsp) 2l
By, A — pq) n! n,!
_ 1 i (K1)n,y - - - (Br)n, (Mg () ns - - - (t ),
B(py, A — pq) T (V)nytotn,
1 ni Ny
Artmt(q AP mtaqrs (P )T T g
X/O (1-4) e \AQ =AY ) T nd

1 /1 -1 A—pq—1 —P )
= A= — AW m—topyB (0 F
Bl o & AT M B
— (K1 )ny - (Fr)n, (Nny (02)ng - - - (f1 ), (Azp)™ xSQ B z," dA.

X Z .
(V)na+tnn nil ng! T omy!

Considering Eq. , we get

MFETZ’?,BL];T’)(Rl""7'%7“7/1“17'”7#1‘;V§x17...71}r;p; )\)
= /1 - M P
=YY AH1 1 1—A A—py—1 OéMﬁ (>
Bl A=) Jo s rHa \ A1 - A)

X Fg)(/fl,...,m,)\,u2,...,,uT;V;Aacl,mg,...,xr)dA. |

Theorem 8. Let R(a) > 0, R(p) >0, R(A) > R(uy) > 0. Then,

MFé(TI’f‘IJ)(Hl’ sy Ry iy e s 3 VST, - T P /\)
2 3
= mA (sin ¢)2M171(COS ¢)2)\72u171 ;Mq,@ (—p(sec ¢)2(CSC ¢)2)
1 1

X Fg)(m, e By A gy ey s Vs 2 (SID D) T, . . )

Proof. Using the integral representation of M-beta function in the definition of
M-Lauricella hypergeometric function Fg) and making similar calculations in the
O

proof of Theorem [7} proof is complete.
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Theorem 9. Let R(a) > 0, R(p) > 0, R(A) > R(uy) > 0. Then,

Fé;ﬁqr)("fla-~'a'%7‘7//['17"'7ur;y;x17"'7x’r“;p;)‘)
1 < gyt 1
= M —2p—p|u+ =
el el ( g ”( u))
XFér) (le"aﬁrv)\a/i%'“v/"'ra 1x+u 27"')xr>du~
Proof. Using the integral representation of M-beta function in the definition of
M-Lauricella hypergeometric function Fg) and making similar calculations in the
proof of Theorem [7] proof is complete. O
Theorem 10. Let £(a) > 0, R(p) > 0, R(A) > R(uq) > 0. Then,
MF(ij{))qT)(Klw s Ry gy e s V5T - 7$T7p7>\)
1-X b 2
— (b_a’) / (u_a),ul—l(b_u))\—ul—l gMéB ( —p(b—a) )
B(.u’b)‘*.u’l) a (U*a)(b*u)
x Fér) <K517"'7"{T7>\3/}’2a...a“r7 Wax%'”vwr) du.
—a

Proof. Using the integral representation of M-beta function in the definition of

M-Lauricella hypergeometric function Fg) and making similar calculations in the
proof of Theorem [7] proof is complete. O

5. INTEGRAL REPRESENTATIONS FOR M-LAURICELLA HYPERGEOMETRIC
FUNCTION F.}’

Theorem 11. Let R(a) > 0, R(p) > 0, R(v1) > R(A) > 0. Then,

MFg;;i;T)(n WV, .. V,»;Jfl,.. Ty 3 A)

A— 1 vi—A—1 a ,(3 —p
X Fg)(/i,u; /\, Vo, ... Vp; Ay, T, ...,z )dA.

Proof. Using the integral representation (1) of M-beta function in the definition of

M-Lauricella hypergeometric function Fg , we have

]MFé?LprT)(/ﬁM; Vlyeo s Vps 1y e ooy T 5 A)
i (l‘f)n1+...+m~ (M)n1+...+m~ MB;l(O?élﬁ) ()\ + ny, vy — A; p) 1 gj:”

N (2 - - (Ve ), B\ v1—\) PR

o0

= ; (H)n1+--~+nr(ﬂ)n1+...+nT
B 2 Ny (V2)rs -+ Ve )

ni,...,np=0
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1 n N
x/ AMmL(] _ AyAl apB <_p) T T A

A(l—A) ) nyq! n,!
A— 1 1/1—/\—1 anr8 P
e i (srla)
(K)ny 4ty () g 4oy (DA™ 172 "
L r L r . L dA.
8 Z NS NS T N Nk

Nn1,...,npr-=0

Considering Eq. 7 we get

MESSD (ke 01, Vi @1, 0 p3 M)
A)\ 1 1/1 A—1 aMﬂ —P
)\ vy — / A(l — A)
><Fé)(ﬁ,u;)\,VQ,...,VT;A$1,$27...,$T)dA. O

Theorem 12. Let R(a) > 0, R(p) > 0, R(v1) > R(A\) > 0. Then,

F(J;ir)(,q,,u;l/l,...,Z/T;xl,...,xr;p;)\)
= # E : 22—1 2u1—2X—1 ajrs8 2 2
~ B\ —A)/O (sin )™~ (cos ¢) oM, (—p(sec d)*(csc¢)?)

X Fg)(n, WAV, ... vz (sin @), xo, . . ., z,)do.

Proof. Using the integral representation (2]) of M-beta function in the definition of

M-Lauricella hypergeometric function Fg and making similar calculations in the
proof of Theorem [T}, proof is complete. O

Theorem 13. Let R(a) > 0, R(p) > 0, R(v1) > R(A) > 0. Then,

M p(a,B;r) . . <
FC’p’q (K/vl'l‘7ylﬂ"'7V7‘7x17°"7x7“7p7)\)

1 o Al 5 1
= “NT 20 — -
B(A,ul—»/o (Itu) ? ( P ”(“*u))

(r) ) . hu
X Fe/ | By s A\ Vo, oo Vg ——, T2, ..., Ty | du.

14+u

Proof. Using the integral representation of M-beta function in the definition of

M-Lauricella hypergeometric function Fg) and making similar calculations in the
proof of Theorem [I1], proof is complete. O

Theorem 14. Let R(a) > 0, R(p) > 0, R(v1) > R(A) > 0. Then,

MFgXI;BqT)(H,,u; Vlyeo s Upi @1y ooy Tpi P5A)

_ (b_a)l_V1 ’ — vi—A—1 «a _p(b_a)Q
= B(A,ul—»/a A lpr(<u—a><b—u>>
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z1(u—a)

><Fg) (Fc,,u;)\,VQ,...,VT, b ,xg,‘..,xr)du.
—a

Proof. Using the integral representation of M-beta function in the definition of

M-Lauricella hypergeometric function Fg) and making similar calculations in the
proof of Theorem [I1] proof is complete. O

6. INTEGRAL REPRESENTATIONS FOR M-LAURICELLA HYPERGEOMETRIC
FUNCTION Fg )

Theorem 15. Let R(a) > 0, R(p) > 0, N(v) > RN(x) > 0. Then,

M (e85
FI(DCf@qT)(’iv“l’ VT T p)

1 ! —p
_ An—l 1-A v—k—1 (XM,B
B(H,V—H)/O ( ) T \A(l-A)
X Fg)(n,ul, cey s Ry AT, L Ay )dA.
Proof. Using the integral representation of M-beta function in the definition of

M-Lauricella hypergeometric function F' 1(3 , we have

MFéO;?;T)(’iaulw"7/1'T;V;x17"‘7$7‘;p)

= i (k1) (1) MBI (kv —Rip) ol g
OM1n1---Mrn,. B(k,v — k) ny! T on,!
MN1yeeny Npyr=
D SR o
7B(KZ,V—I€) Hi)ng - By )ns
ni,...,np=0
! +n1+.tn,—1 1 8 —P zy’ z"
AN ni e TNy — 1 _ A V—K— QM - . T dA
X/O (1=24) rta <A(1—A)) nl )
1 ! —p
_ Amfl 1—A v—rk—1 aMﬂ
B(H,V—ﬁ)/o ( ) P AL = A)
= (Axy)™ (Ax,.)™r
<Y () (B, —dA.

nq! n,
ny,...,n-=0

Multiplied by Eﬁg"”iw and considering Eq. (13)), we get

K)nyi+...4+np

MF](D(T[’)[?(;T)(K,#D,._,yr;y;xl,... axr;p)

= Bl = ") /01 AT Ay My (A(l_f A))

Z (K)nat..+n, () ny - - (B )n, (Az1)™ (Az,)"r dA

X
(’i)n1+...+nr ny! n,!

ni,...,np-=0
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1 ! k—1 1/ k—1 aprsB P
_B(H,V%)/OA (1-a »Ma (A(lA)
><Fg)(n,ul,...,ur;/@;Axl,...,Axr)dA. O

Theorem 16. Let R(a) > 0, R(p) > 0, R(v) > R(x) > 0. Then,

MFéapﬁqT)(Hvﬂlv ceey s VST, e ,l’r;p)

= B(mi—ﬁ) /OlAH(l - AT M (A(l_—pA)>

x (1 —Azy) ™" ... (1 - Ax,)"HrdA.

Proof. Using the integral representatlon 1)) of M-beta function in the definition of

M-Lauricella hypergeometric function Fp,’, we have

M pp(o,Bir) o .
FD,p,q (K‘vl’l’lw"7uray7x17"'7x7‘7p)
oo

MBZ(,(,XQ’B)(/@+TL1+...+nr,1/fn;p) xpt

- Z (11)ny -+ (), Blr,v —r) ] nL,«'

ni,...,np=0

. 1 ! Kk—1 o v—k—1 ayspB —pP
773(}/” V_ﬁ)/o A1 - A) N <A(1_A))
o Z ) Aml 1 o Z (1), %dA

np= =0 TL,«:O

Considering Eq. (§ , we get

MFéapﬁqT)(K’hu’lv sy My Vi, axr;p)
1 ! —p
- - An—l 1— A)—r— 1 onB R
B(n,u—m)/o ( ) A(l = A)
(1= Az)~™ ... (1 — Az,) "dA. O

Theorem 17. Let R(a) > 0, R(p) > 0, N(v) > R(k) > 0. Then,

MF(75ﬁqr)(“’“17---’MT-;V;m,...,a:r;p)
2 5 o
_BW—H)/O (sin 6)2° " (cos $)* 721 M (—p(sec §)?(csc 6)?)

X F[(;) (Hnu’la v ,,ur;li;.’ﬂl(Sin(ZS)Q, c ,,CET(SiI’lQS)Q) d¢

Proof. Using the integral representation of M-beta function in the definition of

M-Lauricella hypergeometric function Fg) and making similar calculations in the
proof of Theorem [I5], proof is complete. O
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Theorem 18. Let R(a) > 0, R(p) > 0, N(v) > RN(k) > 0. Then,
M (e, B5r)

FD’p’q (K”ul""7Mr;y;x1;-..7xr;p>
1 o yr—1 1
B(”’V—F»)/o (1+u)y ? q< p p<u+u>)
(r) T1U o)
e (R’u“ T ’1+u> !

Proof. Using the integral representation of M-beta function in the definition of
M-Lauricella hypergeometric function F g and making similar calculations in the
proof of Theorem proof is complete. O
Theorem 19. Let (o) > 0, R(p) > 0, R(v) > R(k) > 0. Then,

M (e, B5m) - .
FD,p,q (Ka/j/la"'7/’Lray7x1a"'7x7‘7p)

(b—a)'™ / - - —p(b—a)?
_ _ K bh— V—K aMﬁ L SOy
B(k,v — k) J, (u—a)™ (b —u) P\ (uw—a)(b—u)
- z1(u — a) xr(u— a)
xF},)(m,,ul,...,,ur;m; b —a " b—a du.
Proof. Using the integral representation of M-beta function in the definition of

M-Lauricella hypergeometric function Fg) and making similar calculations in the
proof of Theorem [I5], proof is complete. O

7. APPLICATIONS OF M-LAURICELLA HYPERGEOMETRIC FUNCTIONS

In this section, we obtain the solution of fractional differential equations involving
the M-Lauricella hypergeometric functions.

Example 1. Let 1 < R(e) < 2, R(w) > 0, R(A) > R(pq) > 0. We consider the
fractional differential equation

L‘D; {f(p)}:]\/[FéOj};,ﬁér)(gla cee 7§p§7717 s ,77q§f<017 sy By ey Ui ViTLy e ey T €p7A)u
with the initial conditions
f(0) = f'(0) = 0.

Applying the Laplace transform to the fractional differential equation and using Eq.
, we have

L{°D;{f(p)};s}
= )3{MF;‘fq;r)(fl,...,fp;nl,...,nq;m,...,nr,,ul,...,ur;u;xl,...,xr;ep;)\);s} ,
then
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s°F(s) — s f(0) — s f(0)

M 04,87“ . . v
FBqu(fl,...,§p71,771,...,nq,m,...,ﬁr,ul,...,ur,l/,wl,...,xr,S,)\)

S

Using the initial conditions, we get

lesBir) ) . o
B,p+1,q (£17'-'7€p717n1>'-'anqﬂ‘ih-'-7'%7’7”17-"7/’&7'7”7*%'1’-- $T7S7)‘)

F(S) = get+1

Applying the inverse Laplace transform, we obtain

f(p): 7Z;i7£,)q+1(€17 s ?£p71;7717 s 777q71+€;/<’17 A7 Y S ERRRY ST 41 FI 7x7“;€p;)‘)
I'(1+e€)pe '

Example 2. Let 1 < R(e) < 2, R(aw) > 0, R(v1) > R(A) > 0. We consider the
fractional differential equation

CD;{f( )} MF(?p% (5177€p7771a777(17’4”/“11/177VTax177‘r776p)>\)5

with the initial conditions

£(0) = f(0) =0.
Applying the Laplace transform to the fractional differential equation and using Eq.

, we have
L{°Ds{f(p)};s}
—E{MFéapﬂq’”(ﬁl,...,ﬁp;nl,...,nq;n,u;ul,...,ur;xl,...,x,,;ep;)\);s},
then
$°F(s) — 571 f(0) — 572 f7(0)
Mp (?‘pi;q(fh e S LMy e Mg By 5 V15 V3 T $r757)‘)

S
Using the initial conditions, we get

a,f3;
o 7P+£)q (51?"'7§p71;"717"'7nq;K7M;V17"'7V’F;x1a"'a$T7 SaA)
F(S)_ get+l

Applying the inverse Laplace transform, we obtain

Mplesn) (e

f(p): C,p+1,q+1 "7£pa1;7717"'7’r]q71+6;’i7.u’;1/17"'7VT;'I1a"'7IT‘;€p;)‘)

IF(1+e)pe
Example 3. Let 1 < R(e) < 2, R(a) > 0, R(v) > R(k) > 0. We consider the

fractional differential equation

CD; {f(p)} - IMFéaqur)(gh"‘7£p;7717"';nq;/ivljflv"'7/1'T;V;x17"'7x7“;6p)7
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with the initial conditions
f(0) = f'(0) = 0.

Applying the Laplace transform to the fractional differential equation and using Eq.
, we have

£{°Ds{f(p)};s}
=L {MFl()(ff;T)(fu e Ep Mg Ry [ s [ VT 71'7"§6p);5} :
then
s°F(s) = s7Hf(0) = s“72f/(0)

Mipp(a,B;r) . . e .
_ FD7P+1,q (61""7{])717”17" '7"7(15’{"”1’"'7”7“1’/3371’"'73:7"7 f)
s .

Using the initial conditions, we get

(o, B5m) . . e .
Fp i1y (51,...,fp,1,771,...,nq,n,,ul,...,,ur,u,xh...,x,,,g)

F(S) = 85—0—1

Applying the inverse Laplace transform, we obtain

MF(Ot”@;T) (&,

f(p): D,p+1,q+1 .-,§p71;771,-.-,7’](1,14‘6;/4;,/11,-.-,,UT;V;JH,...,,IT;EP)

I(1+e)pe

8. CONCLUSION

In this paper, we introduced the M-Lauricella hypergeometric functions using
the modified beta function involving the generalized M-series in its kernel. Then
we presented various integral representations of M-Lauricella hypergeometric func-
tions. As examples, we obtained the solution of fractional differential equations
involving the M-Lauricella hypergeometric functions.

M-Lauricella hypergeometric functions can be used not only in various fractional
differential equations, but also in various ordinary and partial differential equations.
Therefore, we conclude this paper by believing that M-Lauricella hypergeometric
functions can be used in various research areas of interest to many fields of science
such as mathematics, statistics, physics, chemistry, biology, medicine, engineering,
astronomy and space sciences and will contribute to the scientific world.
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