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M-LAURICELLA HYPERGEOMETRIC FUNCTIONS: INTEGRAL

REPRESENTATIONS AND SOLUTION OF FRACTIONAL

DIFFERENTIAL EQUATIONS

Enes ATA

Department of Mathematics, Kırşehir Ahi Evran University, Kırşehir, TÜRKİYE

Abstract. In this paper, using the modified beta function involving the gen-

eralized M-series in its kernel, we describe new extensions for the Lauricella

hypergeometric functions F
(r)
A , F

(r)
B , F

(r)
C and F

(r)
D . Furthermore, we find

various integral representations for the newly defined extended Lauricella hy-
pergeometric functions. Then, we obtain solution of fractional differential

equations involving new extensions of Lauricella hypergeometric functions, as
examples.

1. Introduction and Preliminaries

Scientists have conducted a lot of research in recent years on various general-
izations of special functions (see for example [1, 5–13, 15, 19–22, 24, 26, 27, 29, 33]).
Particularly, the modified gamma and beta functions for ℜ(α) > 0, ℜ(ρ) > 0,
ℜ(x) > 0, ℜ(y) > 0 and ξ1, . . . , ξp, η1, . . . , ηq ̸= 0,−1,−2, . . . was introduced by
Ata in [8], respectively, as follows:

MΓ(α,β)
p,q (x; ρ) = MΓ(α,β)

p,q (ξ1, . . . , ξp; η1, . . . , ηq;x; ρ)

=

∫ 1

0

∆x−1 α
pM

β
q

(
ξ1, . . . , ξp; η1, . . . , ηq;−∆− ρ

∆

)
d∆,

and

MB(α,β)
p,q (x, y; ρ) = MB(α,β)

p,q (ξ1, . . . , ξp; η1, . . . , ηq;x, y; ρ)

=

∫ 1

0

∆x−1(1−∆)y−1 α
pM

β
q

(
ξ1, . . . , ξp; η1, . . . , ηq;

−ρ

∆(1−∆)

)
d∆. (1)
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If we take ∆ = (sinϕ)2 in Eq. (1), then

MB(α,β)
p,q (x, y; ρ) = 2

∫ π
2

0

(sinϕ)2x−1(cosϕ)2y−1

× α
pM

β
q

(
ξ1, . . . , ξp; η1, . . . , ηq;−ρ(secϕ)2(cscϕ)2

)
dϕ. (2)

If we take ∆ = u
1+u in Eq. (1), then

MB(α,β)
p,q (x, y; ρ) =

∫ ∞

0

ux−1

(1 + u)x+y

× α
pM

β
q

(
ξ1, . . . , ξp; η1, . . . , ηq;−2ρ− ρ

(
u+

1

u

))
du. (3)

If we take ∆ = u−a
b−a in Eq. (1), then

MB(α,β)
p,q (x, y; ρ) = (b− a)1−x−y

∫ b

a

(u− a)x−1(b− u)y−1

× α
pM

β
q

(
ξ1, . . . , ξp; η1, . . . , ηq;

−ρ(b− a)2

(u− a)(b− u)

)
du. (4)

Then, the modified confluent hypergeometric function for ℜ(α) > 0, ℜ(ρ) > 0,
ℜ(χ3) > ℜ(χ2) > 0 and ξ1, . . . , ξp, η1, . . . , ηq ̸= 0,−1,−2, . . . was introduced by
Ata in [8], as follows:

MΦ(α,β)
p,q (χ2;χ3; z; ρ) =

MΦ(α,β)
p,q (ξ1, . . . , ξp; η1, . . . , ηq;χ2;χ3; z; ρ)

=

∞∑
n=0

MB
(α,β)
p,q (χ2 + n, χ3 − χ2; ρ)

B(χ2, χ3 − χ2)

zn

n!
. (5)

Also, the following formula holds true [8]:

MΦ(α,β)
p,q (χ2;χ3; z; ρ) = exp(z) MΦ(α,β)

p,q (χ3 − χ2;χ3;−z; ρ). (6)

Respectively, Ata called them as M-gamma, M-beta and M-confluent hypergeomet-
ric functions. If we put ρ = 0 and p = q = ξ1 = η1 = α = β = 1 to the M-gamma,
M-beta and M-confluent hypergeometric functions, we get the following classical
special functions [3, 4], respectively:

• The gamma function for ℜ(x) > 0

Γ(x) =

∫ ∞

0

∆x−1 exp(−∆)d∆.

• The beta function for ℜ(x) > 0 and ℜ(y) > 0

B(x, y) =

∫ 1

0

∆x−1(1−∆)y−1d∆.
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• The confluent hypergeometric function for ℜ(χ3) > ℜ(χ2) > 0

Φ(χ2;χ3; z) =

∞∑
n=0

B(χ2 + n, χ3 − χ2)

B(χ2, χ3 − χ2)

zn

n!
.

The function α
pM

β
q used above is known as the generalized M-series [28] for ℜ(α) > 0

and ξ1, . . . , ξp, η1, . . . , ηq ̸= 0,−1,−2, . . . which defined as:

α
pM

β
q (z) =

α
pM

β
q (ξ1, . . . , ξp; η1, . . . , ηq; z) =

∞∑
n=0

(ξ1)n . . . (ξp)n

(η1)n . . . (ηq)n

zn

Γ(αn+ β)
.

(·)n used above denotes the Pochhammer symbol [4] is defined by

(ζ)n =
Γ(ζ + n)

Γ(ζ)
=

{
ζ(ζ + 1) . . . (ζ + n− 1), n = 1, 2, . . . ,

1, n = 0.
(7)

The binomial theorem [4] is as follows:

(1−∆)−ζ =

∞∑
n=0

(ζ)n
∆n

n!
, (|∆| < 1) . (8)

The Caputo fractional derivative [18] for m− 1 < ℜ(ϵ) < m, m ∈ N is given by

cDϵ
ρ {f(ρ)} =

1

Γ(m− ϵ)

∫ ρ

0

(ρ− ω)m−ϵ−1f (m)(ω)dω, (ℜ(ϵ) > 0; ρ > 0) .

The Laplace and inverse Laplace transforms [14] are defined by

L {f(ρ); s} = F (s) =

∫ ∞

0

exp(−sρ)f(ρ)dρ, (ℜ(s) > 0) ,

and

L−1 {F (s)} = f(ρ) =
1

2πi

∫ c+i∞

c−i∞
exp(sρ)F (s)ds, (c > 0).

Also, the Laplace transform of the Caputo fractional derivative is as follows [25]:

L
{
cDϵ

ρ {f(ρ)} ; s
}
= sϵF (s)−

m−1∑
k=0

sϵ−k−1f (k)(0), (m− 1 < ℜ(ϵ) ≤ m) . (9)

Respectively, the Lauricella hypergeometric functions F
(r)
A , F

(r)
B , F

(r)
C and F

(r)
D

[30, 31] are as follows:

F
(r)
A (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr)

=

∞∑
n1,...,nr=0

(κ)n1+...+nr
(µ1)n1

. . . (µr)nr

(ν1)n1 . . . (νr)nr

xn1
1

n1!
. . .

xnr
r

nr!
, (10)

(|x1|+ . . .+ |xr| < 1) ,

F
(r)
B (κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr)
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=

∞∑
n1,...,nr=0

(κ1)n1
. . . (κr)nr

(µ1)n1
. . . (µr)nr

(ν)n1+...+nr

xn1
1

n1!
. . .

xnr
r

nr!
, (11)

(max {|x1|, . . . , |xr|} < 1) ,

F
(r)
C (κ, µ; ν1, . . . , νr;x1, . . . , xr)

=

∞∑
n1,...,nr=0

(κ)n1+...+nr (µ)n1+...+nr

(ν1)n1
. . . (νr)nr

xn1
1

n1!
. . .

xnr
r

nr!
, (12)

(
√
x1 + . . .+

√
xr < 1) ,

F
(r)
D (κ, µ1, . . . , µr; ν;x1, . . . , xr)

=
∞∑

n1,...,nr=0

(κ)n1+...+nr
(µ1)n1

. . . (µr)nr

(ν)n1+...+nr

xn1
1

n1!
. . .

xnr
r

nr!
, (13)

(max {|x1|, . . . , |xr|} < 1) .

2. New Extended Lauricella Hypergeometric Functions

Scientists have studied on various extended of Lauricella hypergeometric func-
tions (see for example [2, 16, 17, 23, 32]). Motivated by these studies, we introduce

the newly extended Lauricella hypergeometric functions F
(r)
A , F

(r)
B , F

(r)
C and F

(r)
D

using the modified beta function involving the generalized M-series in its kernel, in
this section.

Definition 1. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(νi) > ℜ(µi) > 0 for i = 1, . . . , r and

|x1| + . . . + |xr| < 1. Then, new extended Lauricella hypergeometric function F
(r)
A

is defined as:

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

= MF
(α,β;r)
A,p,q (ξ1, . . . , ξp; η1, . . . , ηq;κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

:=

∞∑
n1,...,nr=0

(κ)n1+...+nr

MB
(α,β)
p,q (µ1 + n1, ν1 − µ1; ρ)

B(µ1, ν1 − µ1)
. . .

×
MB

(α,β)
p,q (µr + nr, νr − µr; ρ)

B(µr, νr − µr)

xn1
1

n1!
. . .

xnr
r

nr!
.

Definition 2. Let ℜ(α)>0,ℜ(ρ)>0,ℜ(λ)>ℜ(µ1)>0 and max {|x1|, . . . , |xr|}<1.

Then, new extended Lauricella hypergeometric function F
(r)
B is defined as:

MF
(α,β;r)
B,p,q (κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr; ρ;λ)

= MF
(α,β;r)
B,p,q (ξ1, . . . , ξp; η1, . . . , ηq;κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr; ρ;λ)
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:=

∞∑
n1,...,nr=0

(κ1)n1
. . . (κr)nr

(λ)n1
(µ2)n2

. . . (µr)nr

(ν)n1+...+nr

×
MB

(α,β)
p,q (µ1 + n1, λ− µ1; ρ)

B(µ1, λ− µ1)

xn1
1

n1!
. . .

xnr
r

nr!
.

Definition 3. Let ℜ(α)>0,ℜ(ρ)>0,ℜ(ν1)>ℜ(λ)>0 and
√
|x1|+ . . .+

√
|xr|<1.

Then, new extended Lauricella hypergeometric function F
(r)
C is defined as:

MF
(α,β;r)
C,p,q (κ, µ; ν1, . . . , νr;x1, . . . , xr; ρ;λ)

= MF
(α,β;r)
C,p,q (ξ1, . . . , ξp; η1, . . . , ηq;κ, µ; ν1, . . . , νr;x1, . . . , xr; ρ;λ)

:=

∞∑
n1,...,nr=0

(κ)n1+...+nr (µ)n1+...+nr

(λ)n1
(ν2)n2

. . . (νr)nr

MB
(α,β)
p,q (λ+ n1, ν1 − λ; ρ)

B(λ, ν1 − λ)

xn1
1

n1!
. . .

xnr
r

nr!
.

Definition 4. Let ℜ(α)>0,ℜ(ρ)>0,ℜ(ν)>ℜ(κ)>0 and max {|x1|, . . . , |xr|}<1.

Then, new extended Lauricella hypergeometric function F
(r)
D is defined as:

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

= MF
(α,β;r)
D,p,q (ξ1, . . . , ξp; η1, . . . , ηq;κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

:=

∞∑
n1,...,nr=0

(µ1)n1 . . . (µr)nr

MB
(α,β)
p,q (κ+ n1 + . . .+ nr, ν − κ; ρ)

B(κ, ν − κ)

xn1
1

n1!
. . .

xnr
r

nr!
.

Respectively, we call them as M-Lauricella hypergeometric function F
(r)
A , M-

Lauricella hypergeometric function F
(r)
B , M-Lauricella hypergeometric function F

(r)
C

and M-Lauricella hypergeometric function F
(r)
D .

Remark 1. If we take ρ = 0 and p = q = ξ1 = η1 = α = β = 1 in these functions,
we get Eqs. (10), (11), (12) and (13).

3. Integral Representations for M-Lauricella Hypergeometric
Function F

(r)
A

Theorem 1. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(νi) > ℜ(µi) > 0 for i = 1, . . . , r. Then,

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=
1

B(µ1, ν1 − µ1) . . . B(µr, νr − µr)

∫ 1

0

. . .

∫ 1

0

∆
µ1−1
1 . . . ∆µr−1

r

× (1−∆1)
ν1−µ1−1 . . . (1−∆r)

νr−µr−1

× α
pM

β
q

(
−ρ

∆1(1−∆1)

)
. . . α

pM
β
q

(
−ρ

∆r(1−∆r)

)
× F

(r)
A (κ, µ1, . . . , µr;µ1, . . . , µr; ∆1x1, . . . ,∆rxr)d∆1 . . . d∆r.
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Proof. Using the integral representation (1) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
A , we have

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=

∞∑
n1,...,nr=0

(κ)n1+...+nr

MB
(α,β)
p,q (µ1 + n1, ν1 − µ1; ρ)

B(µ1, ν1 − µ1)
. . .

×
MB

(α,β)
p,q (µr + nr, νr − µr; ρ)

B(µr, νr − µr)

xn1
1

n1!
. . .

xnr
r

nr!

=
1

B(µ1, ν1 − µ1) . . . B(µr, νr − µr)

∞∑
n1,...,nr=0

(κ)n1+...+nr

×
∫ 1

0

∆
µ1+n1−1
1 (1−∆1)

ν1−µ1−1 α
pM

β
q

(
−ρ

∆1(1−∆1)

)
. . .

×
∫ 1

0

∆µr+nr−1
r (1−∆r)

νr−µr−1 α
pM

β
q

(
−ρ

∆r(1−∆r)

)
× xn1

1

n1!
. . .

xnr
r

nr!
d∆1 . . . d∆r

=
1

B(µ1, ν1 − µ1) . . . B(µr, νr − µr)

∞∑
n1,...,nr=0

(κ)n1+...+nr

×
∫ 1

0

∆
µ1−1
1 (1−∆1)

ν1−µ1−1 α
pM

β
q

(
−ρ

∆1(1−∆1)

)
. . .

×
∫ 1

0

∆µr−1
r (1−∆r)

νr−µr−1 α
pM

β
q

(
−ρ

∆r(1−∆r)

)
× (x1∆1)

n1

n1!
. . .

(xr∆r)
nr

nr!
d∆1 . . . d∆r.

Multiplied by
(µ1)n1 ...(µr)nr

(µ1)n1
...(µr)nr

and considering Eq. (10), we get

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=
1

B(µ1, ν1 − µ1) . . . B(µr, νr − µr)

∫ 1

0

. . .

∫ 1

0

∆
µ1−1
1 . . . ∆µr−1

r

× (1−∆1)
ν1−µ1−1 . . . (1−∆r)

νr−µr−1

× α
pM

β
q

(
−ρ

∆1(1−∆1)

)
. . . α

pM
β
q

(
−ρ

∆r(1−∆r)

)
× F

(r)
A (κ, µ1, . . . , µr;µ1, . . . , µr; ∆1x1, . . . ,∆rxr)d∆1 . . . d∆r. □
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Theorem 2. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(νi) > ℜ(µi) > 0 for i = 1, . . . , r. Then,

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=
1

Γ(κ)

∫ ∞

0

∆κ−1 exp(−∆)

× MΦ(α,β)
p,q (µ1; ν1; ∆x1; ρ) . . .

MΦ(α,β)
p,q (µr; νr; ∆xr; ρ)d∆. (14)

Proof. Using Eq. (7) in the definition of M-Lauricella hypergeometric function

F
(r)
A , we have

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=

∞∑
n1,...,nr=0

(κ)n1+...+nr

MB
(α,β)
p,q (µ1 + n1, ν1 − µ1; ρ)

B(µ1, ν1 − µ1)
. . .

×
MB

(α,β)
p,q (µr + nr, νr − µr; ρ)

B(µr, νr − µr)

xn1
1

n1!
. . .

xnr
r

nr!

=

∞∑
n1,...,nr=0

Γ(κ+ n1 + . . .+ nr)

Γ(κ)

MB
(α,β)
p,q (µ1 + n1, ν1 − µ1; ρ)

B(µ1, ν1 − µ1)
. . .

×
MB

(α,β)
p,q (µr + nr, νr − µr; ρ)

B(µr, νr − µr)

xn1
1

n1!
. . .

xnr
r

nr!
.

Using the integral representation of gamma function and considering Eq. (5), we
get

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=
1

Γ(κ)

∫ ∞

0

∆κ−1 exp(−∆)

× MΦ(α,β)
p,q (µ1; ν1; ∆x1; ρ) . . .

MΦ(α,β)
p,q (µr; νr; ∆xr; ρ)d∆. □

Theorem 3. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(νi) > ℜ(µi) > 0 for i = 1, . . . , r. Then,

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=
1

Γ(κ)

∫ ∞

0

∆κ−1 exp
(
−∆(1− x1 − . . .− xr)

)
× MΦ(α,β)

p,q (ν1 − µ1; ν1;−∆x1; ρ) . . .
MΦ(α,β)

p,q (νr − µr; νr;−∆xr; ρ)d∆.

Proof. Using Eq. (6) in Eq. (14), proof is complete. □

Theorem 4. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(νi) > ℜ(µi) > 0 for i = 1, . . . , r. Then,

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=
2r

B(µ1, ν1 − µ1) . . . B(µr, νr − µr)

∫ π
2

0

. . .

∫ π
2

0
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× (sinϕ1)
2µ1−1 . . . (sinϕr)

2µr−1(cosϕ1)
2ν1−2µ1−1 . . . (cosϕr)

2νr−2µr−1

× α
pM

β
q

(
−ρ(secϕ1)

2(cscϕ1)
2
)
. . . α

pM
β
q

(
−ρ(secϕr)

2(cscϕr)
2
)

× F
(r)
A

(
κ, µ1, . . . , µr;µ1, . . . , µr;x1(sinϕ1)

2, . . . , xr(sinϕr)
2
)
dϕ1 . . . dϕr.

Proof. Using the integral representation (2) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
A and making similar calculations in the

proof of Theorem 1, proof is complete. □

Theorem 5. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(νi) > ℜ(µi) > 0 for i = 1, . . . , r. Then,

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=
1

B(µ1, ν1 − µ1) . . . B(µr, νr − µr)

∫ ∞

0

. . .

∫ ∞

0

u
µ1−1
1

(1 + u1)ν1
. . .

u
µr−1
r

(1 + ur)νr

× α
pM

β
q

(
−2ρ− ρ

(
u1 +

1

u1

))
. . . α

pM
β
q

(
−2ρ− ρ

(
ur +

1

ur

))
× F

(r)
A

(
κ, µ1, . . . , µr;µ1, . . . , µr;

x1u1

1 + u1
, . . . ,

xrur

1 + ur

)
du1 . . . dur.

Proof. Using the integral representation (3) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
A and making similar calculations in the

proof of Theorem 1, proof is complete. □

Theorem 6. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(νi) > ℜ(µi) > 0 for i = 1, . . . , r. Then,

MF
(α,β;r)
A,p,q (κ, µ1, . . . , µr; ν1, . . . , νr;x1, . . . , xr; ρ)

=
(b− a)r−(ν1+...+νr)

B(µ1, ν1 − µ1) . . . B(µr, νr − µr)

∫ b

a

. . .

∫ b

a

(u1 − a)µ1−1 . . . (ur − a)µr−1

× (b− u1)
ν1−µ1−1 . . . (b− ur)

νr−µr−1

× α
pM

β
q

(
−ρ(b− a)2

(u1 − a)(b− u1)

)
. . . α

pM
β
q

(
−ρ(b− a)2

(ur − a)(b− ur)

)
× F

(r)
A

(
κ, µ1, . . . , µr;µ1, . . . , µr;

x1(u1 − a)

b− a
, . . . ,

xr(ur − a)

b− a

)
du1 . . . dur.

Proof. Using the integral representation (4) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
A and making similar calculations in the

proof of Theorem 1, proof is complete. □

4. Integral Representations for M-Lauricella Hypergeometric
Function F

(r)
B

Theorem 7. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(λ) > ℜ(µ1) > 0. Then,

MF
(α,β;r)
B,p,q (κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr; ρ;λ)
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=
1

B(µ1, λ− µ1)

∫ 1

0

∆µ1−1(1−∆)λ−µ1−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
× F

(r)
B (κ1, . . . , κr, λ, µ2, . . . , µr; ν; ∆x1, x2, . . . , xr)d∆.

Proof. Using the integral representation (1) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
B , we have

MF
(α,β;r)
B,p,q (κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr; ρ;λ)

=

∞∑
n1,...,nr=0

(κ1)n1
. . . (κr)nr

(λ)n1
(µ2)n2

. . . (µr)nr

(ν)n1+...+nr

×
MB

(α,β)
p,q (µ1 + n1, λ− µ1; ρ)

B(µ1, λ− µ1)

xn1
1

n1!
. . .

xnr
r

nr!

=
1

B(µ1, λ− µ1)

∞∑
n1,...,nr=0

(κ1)n1
. . . (κr)nr

(λ)n1
(µ2)n2

. . . (µr)nr

(ν)n1+...+nr

×
∫ 1

0

∆µ1+n1−1(1−∆)λ−µ1−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
xn1
1

n1!
. . .

xnr
r

nr!
d∆

=
1

B(µ1, λ− µ1)

∫ 1

0

∆µ1−1(1−∆)λ−µ1−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
×

∞∑
n1,...,nr=0

(κ1)n1
. . . (κr)nr

(λ)n1
(µ2)n2

. . . (µr)nr

(ν)n1+...+nr

(∆x1)
n1

n1!

xn2
2

n2!
. . .

xnr
r

nr!
d∆.

Considering Eq. (11), we get

MF
(α,β;r)
B,p,q (κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr; ρ;λ)

=
1

B(µ1, λ− µ1)

∫ 1

0

∆µ1−1(1−∆)λ−µ1−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
× F

(r)
B (κ1, . . . , κr, λ, µ2, . . . , µr; ν; ∆x1, x2, . . . , xr)d∆. □

Theorem 8. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(λ) > ℜ(µ1) > 0. Then,

MF
(α,β;r)
B,p,q (κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr; ρ;λ)

=
2

B(µ1, λ− µ1)

∫ π
2

0

(sinϕ)2µ1−1(cosϕ)2λ−2µ1−1 α
pM

β
q

(
−ρ(secϕ)2(cscϕ)2

)
× F

(r)
B (κ1, . . . , κr, λ, µ2, . . . , µr; ν;x1(sinϕ)

2, x2, . . . , xr)dϕ.

Proof. Using the integral representation (2) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
B and making similar calculations in the

proof of Theorem 7, proof is complete. □
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Theorem 9. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(λ) > ℜ(µ1) > 0. Then,

MF
(α,β;r)
B,p,q (κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr; ρ;λ)

=
1

B(µ1, λ− µ1)

∫ ∞

0

uµ1−1

(1 + u)λ
α
pM

β
q

(
−2ρ− ρ

(
u+

1

u

))
× F

(r)
B

(
κ1, . . . , κr, λ, µ2, . . . , µr; ν;

x1u

1 + u
, x2, . . . , xr

)
du.

Proof. Using the integral representation (3) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
B and making similar calculations in the

proof of Theorem 7, proof is complete. □

Theorem 10. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(λ) > ℜ(µ1) > 0. Then,

MF
(α,β;r)
B,p,q (κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr; ρ;λ)

=
(b− a)1−λ

B(µ1, λ− µ1)

∫ b

a

(u− a)µ1−1(b− u)λ−µ1−1 α
pM

β
q

(
−ρ(b− a)2

(u− a)(b− u)

)
× F

(r)
B

(
κ1, . . . , κr, λ, µ2, . . . , µr; ν;

x1(u− a)

b− a
, x2, . . . , xr

)
du.

Proof. Using the integral representation (4) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
B and making similar calculations in the

proof of Theorem 7, proof is complete. □

5. Integral Representations for M-Lauricella Hypergeometric
Function F

(r)
C

Theorem 11. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(ν1) > ℜ(λ) > 0. Then,

MF
(α,β;r)
C,p,q (κ, µ; ν1, . . . , νr;x1, . . . , xr; ρ;λ)

=
1

B(λ, ν1 − λ)

∫ 1

0

∆λ−1(1−∆)ν1−λ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
× F

(r)
C (κ, µ;λ, ν2, . . . , νr; ∆x1, x2, . . . , xr)d∆.

Proof. Using the integral representation (1) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
C , we have

MF
(α,β;r)
C,p,q (κ, µ; ν1, . . . , νr;x1, . . . , xr; ρ;λ)

=

∞∑
n1,...,nr=0

(κ)n1+...+nr
(µ)n1+...+nr

(λ)n1(ν2)n2 . . . (νr)nr

MB
(α,β)
p,q (λ+ n1, ν1 − λ; ρ)

B(λ, ν1 − λ)

xn1
1

n1!
. . .

xnr
r

nr!

=
1

B(λ, ν1 − λ)

∞∑
n1,...,nr=0

(κ)n1+...+nr (µ)n1+...+nr

(λ)n1
(ν2)n2

. . . (νr)nr
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×
∫ 1

0

∆λ+n1−1(1−∆)ν1−λ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
xn1
1

n1!
. . .

xnr
r

nr!
d∆

=
1

B(λ, ν1 − λ)

∫ 1

0

∆λ−1(1−∆)ν1−λ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
×

∞∑
n1,...,nr=0

(κ)n1+...+nr
(µ)n1+...+nr

(λ)n1(ν2)n2 . . . (νr)nr

(∆x1)
n1

n1!

xn2
2

n2!
. . .

xnr
r

nr!
d∆.

Considering Eq. (12), we get

MF
(α,β;r)
C,p,q (κ, µ; ν1, . . . , νr;x1, . . . , xr; ρ;λ)

=
1

B(λ, ν1 − λ)

∫ 1

0

∆λ−1(1−∆)ν1−λ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
× F

(r)
C (κ, µ;λ, ν2, . . . , νr; ∆x1, x2, . . . , xr)d∆. □

Theorem 12. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(ν1) > ℜ(λ) > 0. Then,

MF
(α,β;r)
C,p,q (κ, µ; ν1, . . . , νr;x1, . . . , xr; ρ;λ)

=
2

B(λ, ν1 − λ)

∫ π
2

0

(sinϕ)2λ−1(cosϕ)2ν1−2λ−1 α
pM

β
q

(
−ρ(secϕ)2(cscϕ)2

)
× F

(r)
C (κ, µ;λ, ν2, . . . , νr;x1(sinϕ)

2, x2, . . . , xr)dϕ.

Proof. Using the integral representation (2) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
C and making similar calculations in the

proof of Theorem 11, proof is complete. □

Theorem 13. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(ν1) > ℜ(λ) > 0. Then,

MF
(α,β;r)
C,p,q (κ, µ; ν1, . . . , νr;x1, . . . , xr; ρ;λ)

=
1

B(λ, ν1 − λ)

∫ ∞

0

uλ−1

(1 + u)ν1

α
pM

β
q

(
−2ρ− ρ

(
u+

1

u

))
× F

(r)
C

(
κ, µ;λ, ν2, . . . , νr;

x1u

1 + u
, x2, . . . , xr

)
du.

Proof. Using the integral representation (3) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
C and making similar calculations in the

proof of Theorem 11, proof is complete. □

Theorem 14. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(ν1) > ℜ(λ) > 0. Then,

MF
(α,β;r)
C,p,q (κ, µ; ν1, . . . , νr;x1, . . . , xr; ρ;λ)

=
(b− a)1−ν1

B(λ, ν1 − λ)

∫ b

a

(u− a)λ−1(b− u)ν1−λ−1 α
pM

β
q

(
−ρ(b− a)2

(u− a)(b− u)

)
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× F
(r)
C

(
κ, µ;λ, ν2, . . . , νr;

x1(u− a)

b− a
, x2, . . . , xr

)
du.

Proof. Using the integral representation (4) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
C and making similar calculations in the

proof of Theorem 11, proof is complete. □

6. Integral Representations for M-Lauricella Hypergeometric
Function F

(r)
D

Theorem 15. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(ν) > ℜ(κ) > 0. Then,

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

=
1

B(κ, ν − κ)

∫ 1

0

∆κ−1(1−∆)ν−κ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
× F

(r)
D (κ, µ1, . . . , µr;κ; ∆x1, . . . ,∆xr)d∆.

Proof. Using the integral representation (1) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
D , we have

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

=

∞∑
n1,...,nr=0

(µ1)n1 . . . (µr)nr

MB
(α,β)
p,q (κ+ n1 + . . .+ nr, ν − κ; ρ)

B(κ, ν − κ)

xn1
1

n1!
. . .

xnr
r

nr!

=
1

B(κ, ν − κ)

∞∑
n1,...,nr=0

(µ1)n1
. . . (µr)nr

×
∫ 1

0

∆κ+n1+...+nr−1(1−∆)ν−κ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
xn1
1

n1!
. . .

xnr
r

nr!
d∆

=
1

B(κ, ν − κ)

∫ 1

0

∆κ−1(1−∆)ν−κ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
×

∞∑
n1,...,nr=0

(µ1)n1 . . . (µr)nr

(∆x1)
n1

n1!
. . .

(∆xr)
nr

nr!
d∆.

Multiplied by
(κ)n1+...+nr

(κ)n1+...+nr
and considering Eq. (13), we get

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

=
1

B(κ, ν − κ)

∫ 1

0

∆κ−1(1−∆)ν−κ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
×

∞∑
n1,...,nr=0

(κ)n1+...+nr (µ1)n1 . . . (µr)nr

(κ)n1+...+nr

(∆x1)
n1

n1!
. . .

(∆xr)
nr

nr!
d∆
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=
1

B(κ, ν − κ)

∫ 1

0

∆κ−1(1−∆)ν−κ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
× F

(r)
D (κ, µ1, . . . , µr;κ; ∆x1, . . . ,∆xr)d∆. □

Theorem 16. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(ν) > ℜ(κ) > 0. Then,

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

=
1

B(κ, ν − κ)

∫ 1

0

∆κ−1(1−∆)ν−κ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
× (1−∆x1)

−µ1 . . . (1−∆xr)
−µrd∆.

Proof. Using the integral representation (1) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
D , we have

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

=

∞∑
n1,...,nr=0

(µ1)n1 . . . (µr)nr

MB
(α,β)
p,q (κ+ n1 + . . .+ nr, ν − κ; ρ)

B(κ, ν − κ)

xn1
1

n1!
. . .

xnr
r

nr!

=
1

B(κ, ν − κ)

∫ 1

0

∆κ−1(1−∆)ν−κ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
×

∞∑
n1=0

(µ1)n1

(∆x1)
n1

n1!
. . .

∞∑
nr=0

(µr)nr

(∆xr)
nr

nr!
d∆.

Considering Eq. (8), we get

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

=
1

B(κ, ν − κ)

∫ 1

0

∆κ−1(1−∆)ν−κ−1 α
pM

β
q

(
−ρ

∆(1−∆)

)
× (1−∆x1)

−µ1 . . . (1−∆xr)
−µrd∆. □

Theorem 17. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(ν) > ℜ(κ) > 0. Then,

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

=
2

B(κ, ν − κ)

∫ π
2

0

(sinϕ)2κ−1(cosϕ)2ν−2κ−1 α
pM

β
q

(
−ρ(secϕ)2(cscϕ)2

)
× F

(r)
D

(
κ, µ1, . . . , µr;κ;x1(sinϕ)

2, . . . , xr(sinϕ)
2
)
dϕ.

Proof. Using the integral representation (2) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
D and making similar calculations in the

proof of Theorem 15, proof is complete. □
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Theorem 18. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(ν) > ℜ(κ) > 0. Then,

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

=
1

B(κ, ν − κ)

∫ ∞

0

uκ−1

(1 + u)ν
α
pM

β
q

(
−2ρ− ρ

(
u+

1

u

))
× F

(r)
D

(
κ, µ1, . . . , µr;κ;

x1u

1 + u
, . . . ,

xru

1 + u

)
du.

Proof. Using the integral representation (3) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
D and making similar calculations in the

proof of Theorem 15, proof is complete. □

Theorem 19. Let ℜ(α) > 0, ℜ(ρ) > 0, ℜ(ν) > ℜ(κ) > 0. Then,

MF
(α,β;r)
D,p,q (κ, µ1, . . . , µr; ν;x1, . . . , xr; ρ)

=
(b− a)1−ν

B(κ, ν − κ)

∫ b

a

(u− a)κ−1(b− u)ν−κ−1 α
pM

β
q

(
−ρ(b− a)2

(u− a)(b− u)

)
× F

(r)
D

(
κ, µ1, . . . , µr;κ;

x1(u− a)

b− a
, . . . ,

xr(u− a)

b− a

)
du.

Proof. Using the integral representation (4) of M-beta function in the definition of

M-Lauricella hypergeometric function F
(r)
D and making similar calculations in the

proof of Theorem 15, proof is complete. □

7. Applications of M-Lauricella Hypergeometric Functions

In this section, we obtain the solution of fractional differential equations involving
the M-Lauricella hypergeometric functions.

Example 1. Let 1 < ℜ(ϵ) ≤ 2, ℜ(α) > 0, ℜ(λ) > ℜ(µ1) > 0. We consider the
fractional differential equation

cDϵ
ρ {f(ρ)}=MF

(α,β;r)
B,p,q (ξ1, . . . , ξp;η1, . . . , ηq;κ1, . . . , κr,µ1, . . . , µr; ν;x1, . . . , xr; ϵρ;λ),

with the initial conditions

f(0) = f ′(0) = 0.

Applying the Laplace transform to the fractional differential equation and using Eq.
(9), we have

L
{
cDϵ

ρ {f(ρ)} ; s
}

= L
{
MF

(α,β;r)
B,p,q (ξ1, . . . , ξp; η1, . . . , ηq;κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr; ϵρ;λ); s

}
,

then
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sϵF (s)− sϵ−1f(0)− sϵ−2f ′(0)

=
MF

(α,β;r)
B,p+1,q

(
ξ1, . . . , ξp, 1; η1, . . . , ηq;κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr;

ϵ
s ;λ

)
s

.

Using the initial conditions, we get

F (s) =
MF

(α,β;r)
B,p+1,q

(
ξ1, . . . , ξp, 1; η1, . . . , ηq;κ1, . . . , κr, µ1, . . . , µr; ν;x1, . . . , xr;

ϵ
s ;λ

)
sϵ+1

.

Applying the inverse Laplace transform, we obtain

f(ρ)=
MF

(α,β;r)
B,p+1,q+1(ξ1, . . . ,ξp,1;η1, . . . ,ηq,1+ϵ;κ1, . . . , κr,µ1, . . . , µr;ν;x1, . . . , xr;ϵρ;λ)

Γ(1 + ϵ)ρ−ϵ
.

Example 2. Let 1 < ℜ(ϵ) ≤ 2, ℜ(α) > 0, ℜ(ν1) > ℜ(λ) > 0. We consider the
fractional differential equation

cDϵ
ρ {f(ρ)} = MF

(α,β;r)
C,p,q (ξ1, . . . , ξp; η1, . . . , ηq;κ, µ; ν1, . . . , νr;x1, . . . , xr; ϵρ;λ),

with the initial conditions

f(0) = f ′(0) = 0.

Applying the Laplace transform to the fractional differential equation and using Eq.
(9), we have

L
{
cDϵ

ρ {f(ρ)} ; s
}

= L
{
MF

(α,β;r)
C,p,q (ξ1, . . . , ξp; η1, . . . , ηq;κ, µ; ν1, . . . , νr;x1, . . . , xr; ϵρ;λ); s

}
,

then

sϵF (s)− sϵ−1f(0)− sϵ−2f ′(0)

=
MF

(α,β;r)
C,p+1,q

(
ξ1, . . . , ξp, 1; η1, . . . , ηq;κ, µ; ν1, . . . , νr;x1, . . . , xr;

ϵ
s ;λ

)
s

.

Using the initial conditions, we get

F (s) =
MF

(α,β;r)
C,p+1,q

(
ξ1, . . . , ξp, 1; η1, . . . , ηq;κ, µ; ν1, . . . , νr;x1, . . . , xr;

ϵ
s ;λ

)
sϵ+1

.

Applying the inverse Laplace transform, we obtain

f(ρ) =
MF

(α,β;r)
C,p+1,q+1(ξ1, . . . , ξp, 1; η1, . . . , ηq, 1+ϵ;κ, µ; ν1, . . . , νr;x1, . . . , xr; ϵρ;λ)

Γ(1 + ϵ)ρ−ϵ
.

Example 3. Let 1 < ℜ(ϵ) ≤ 2, ℜ(α) > 0, ℜ(ν) > ℜ(κ) > 0. We consider the
fractional differential equation

cDϵ
ρ {f(ρ)} = MF

(α,β;r)
D,p,q (ξ1, . . . , ξp; η1, . . . , ηq;κ, µ1, . . . , µr; ν;x1, . . . , xr; ϵρ),
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with the initial conditions

f(0) = f ′(0) = 0.

Applying the Laplace transform to the fractional differential equation and using Eq.
(9), we have

L
{
cDϵ

ρ {f(ρ)} ; s
}

= L
{
MF

(α,β;r)
D,p,q (ξ1, . . . , ξp; η1, . . . , ηq;κ, µ1, . . . , µr; ν;x1, . . . , xr; ϵρ); s

}
,

then

sϵF (s)− sϵ−1f(0)− sϵ−2f ′(0)

=
MF

(α,β;r)
D,p+1,q

(
ξ1, . . . , ξp, 1; η1, . . . , ηq;κ, µ1, . . . , µr; ν;x1, . . . , xr;

ϵ
s

)
s

.

Using the initial conditions, we get

F (s) =
MF

(α,β;r)
D,p+1,q

(
ξ1, . . . , ξp, 1; η1, . . . , ηq;κ, µ1, . . . , µr; ν;x1, . . . , xr;

ϵ
s

)
sϵ+1

.

Applying the inverse Laplace transform, we obtain

f(ρ) =
MF

(α,β;r)
D,p+1,q+1(ξ1, . . . , ξp, 1; η1, . . . , ηq, 1+ϵ;κ, µ1, . . . , µr; ν;x1, . . . , xr; ϵρ)

Γ(1 + ϵ)ρ−ϵ
.

8. Conclusion

In this paper, we introduced the M-Lauricella hypergeometric functions using
the modified beta function involving the generalized M-series in its kernel. Then
we presented various integral representations of M-Lauricella hypergeometric func-
tions. As examples, we obtained the solution of fractional differential equations
involving the M-Lauricella hypergeometric functions.

M-Lauricella hypergeometric functions can be used not only in various fractional
differential equations, but also in various ordinary and partial differential equations.
Therefore, we conclude this paper by believing that M-Lauricella hypergeometric
functions can be used in various research areas of interest to many fields of science
such as mathematics, statistics, physics, chemistry, biology, medicine, engineering,
astronomy and space sciences and will contribute to the scientific world.
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[22] Özergin, E., Özarslan, M. A., Altın, A., Extension of gamma, beta and
hypergeometric functions, J. Comput. Appl. Math., 235 (2011), 4601-4610.

https://doi.org/10.1016/j.cam.2010.04.019

[23] Padmanabham, P. A., Srivastava, H. M., Summation formulas associated with the Lauri-

cella function F
(r)
A , Appl. Math. Lett., 13(1) (2000), 65-70. https://doi.org/10.1016/S0893-

9659(99)00146-9

[24] Parmar, R. K., A new generalization of gamma, beta, hypergeometric and confluent hyper-
geometric functions, Le Matematiche, 68 (2013), 33-52. https://doi.org/10.4418/2013.68.2.3

[25] Podlubny, I., Fractional Differential Equations: An Introduction to Fractional Derivatives,
Fractional Differential Equations, to Methods of Their Solution and Some of Their Applica-

tions, Elsevier, 1998.

[26] Rahman, G., Mubeen, S., Nisar, K. S., A new generalization of extended beta and hyperge-
ometric functions, J. Frac. Calc. Appl., 11(2) (2020), 32-44.

[27] Shadab, M., Saime, J., Choi, J., An extended beta function and its applications, J. Math.

Sci., 103 (2018), 235-251. https://doi.org/10.17654/MS103010235
[28] Sharma, M., Jain, R., A note on a generalized M-series as a special function of fractional

calculus, Frac. Calc. Appl. Anal., 12(4) (2009), 449-452.

[29] Srivastava, H. M., Agarwal, P., Jain, S., Generating functions for the general-
ized Gauss hypergeometric functions, Appl. Math. Comput., 247 (2014), 348-352.

https://doi.org/10.1016/j.amc.2014.08.105

[30] Srivastava, H. M., Karlsson, P. W., Multiple Gaussian Hypergeometric Series, Ellis Horwood
Series: Mathematics and its Applications, Ellis Horwood Ltd., Chichester, Halsted Press

[John Wiley and Sons, Inc.], New York, 1985.
[31] Srivastava, H. M., Manocha, H. L., A Treatise On Generating Functions, Halsted Press Wiley,

New York, 1984.
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