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The undetermined coefficients method is presented for nonhomogeneous sequential fractional
differential equations involving Caputo fractional derivative of order na where n —1 <na <n

and n € N. By employing the proposed method, a particular solution of the considered equation is

obtained. Some details about estimating the particular solution required to apply this method are
explained. This method is shown to be particularly effective for nonhomogeneous fractional

differential equations when the fractional differential equations involve some specific right-hand
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1. Introduction

Fractional calculus has attracted the attention of
researchers in recent decades, as modeling using fractional
differential equations is convenient for estimating the
evolutionary tendency of the systems affected by past
memories.

This paper deals with the following nonhomogeneous
sequential fractional differential equation

o biD™ ™ u(t) = f (1), )
where n—1<na<n, bR, neN , and f(t)€

€C>(0,t). D™ is called sequential fractional derivative
operator and it is defined as follows

Dnau(t) — D(n—l)a(cDau(t))’
where €D? is the Caputo derivatives.

The sequential fractional derivative equation is first
investigated in the monograph [1]. Its generalized version
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is then studied in [2]. Recently, many studies have been
considered on the solutions of sequential fractional
differential equations. These studies include different types
of fractional derivatives, initial values, and boundary
values. The uniqueness and existence of the solution of the
periodic boundary value and the initial value problem for
Riemann-Liouville (R-L) sequential fractional differential
equations are considered in [3,4]. Similarly, solutions of
impulsive R-L sequential fractional differential equations
are studied in [5] and some specific solutions of sequential
fractional differential equations with R-L derivatives are
investigated in [6]. In [7] and [8], the uniqueness and
existence of the solution are proved for sequential
fractional differential equations involving the Hadamard
derivative and Caputo—Hadamard derivative, respectively.
Some existing results are obtained for Caputo-type
sequential fractional differential equations with three-point,
semi-periodic non-local, and mixed-type boundary
conditions [9-11]. The uniqueness and Ulam-stability of
solutions for specific sequential fractional differential
equations involving Caputo derivative are studied in [12].
Additionally, in [13], the solution of Equation (1) is
considered for n = 2 and f(t) = 0. We refer the reader to
the papers [14-20] for some recent work on this subject.
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The purpose of this article is to examine the method
of uncertain coefficients to obtain particular solutions to
Equation (1) with some specific functions f(t). The
method is a generalization of the well-known method of
nonhomogeneous linear ordinary differential equations for
sequential fractional differential equations with Caputo
derivative. A similar method has been used for
nonhomogeneous  differential  equations  involving
conformable fractional derivatives in [21], whereas there is
no study in the literature for the Caputo derivative.

The layout of this article is as follows. In Section 2,
some definitions and applications of fractional calculus are
presented. The method for the solution to the related
problem is proposed in Section 3, and an illustrative
example is given to present the application of the method
in Section 4. Finally, some conclusions are described in the
last section.

2. Preliminaries

Definition 1: The Caputo fractional derivative of
order a is defined as [22]:

D*u(t)
IO
I'(n— a)f (=9 ( dsm )ds,
d™u(s) R
dsm '’ -

For 0 < @ <1, the Caputo fractional derivative is
formed as:

! ft W) ds, 0<a<l,

cpu(t) = {m )70 (t-5)@
u'(t),

a=1.

Definition 2: The sequential Caputo fractional
derivative operator of order n — 1 < na < n is defined as
[13]:

D™ u(t) = DMV D%y(t)).

Definition 3: The Mittag-Leffler function is defined
as:

Ea(z) Zk 0

F(ak+1)
where Re(a) > 0 [23].

Definition 4: The Mittag-Leffler function with 2-
parameters is defined as:

k
Ea,ﬁ (Z) Zk 0 F(dk+ﬂ)

where a, 8 € C and Re(a) > 0 [23].

Definition 5: The Mittag-Leffler function with 3-
parameters is defined as:

F(y+k)z
kT (ak+pB)

EZ_B(Z) — k=0

F(y)
where &, 8 andy € C and Re(a) > 0 [23].
T'(y+k)

Since  (Y)x:=—T ==y +1)-
y € N, Mittag-Leffler with 3-parameters is rewritten as

(y+k—-1) for

_ Yo (Y)kzk
= Xk=o KIT(ak+B)

E} 5(2)
and holds the following property
Elp(@) = (ELL @) + 1= B+ anEL (@),

which yields to reduce in the third parameter [24]. By
repeatedly applying the property, the third parameter can

n—1<a<mn, be reduced to one. That is, a relation can be established

between the Mittag-Leffler function with 3-parameters and
the Mittag-Leffler function with 2-parameters when y € N.
We refer the reader to the paper [25] for more detail on the
Mittag-Leffler function with 3-parameters.

Definition 6: The parametrized form of f(t) €
C>(0,t) is defined as follows:

dkg(t) tk
dtk li—g T(ak+1)

fO=3 @)
k=0

where a > 0.

Definition 7: The 2-parametrized form of f(t) €
C>(0,t) is defined as follows:

akr() tk
dtk li—g T(ak+B)

fap®= 3 6

where a, B > 0.

Remark 1: Parametrized and 2-parametrized forms
of function f(t) = e' are Mittag-Leffler function E,(t)
and Mittag-Leffler  function with two parameters
Eq g (t),respectively. Moreover; the following notations are

used for parametrized and 2-parametrized forms of
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Sfunctions f(t) = sin(t) and f(t) = cos(t)

. © k £2k+1
sing () = kgo D r(@k+Da+1)’

. © X £2k+1
sing p(t) = kzzo (-1 HGkiDars)’

9]
t2k

cosq(t) = kZO (—D*

rka+1)’
2k
r(2ka+p) "

0Sqp(t) = éo (—1)*

Theorem 1: Let f(t) € C*(0,x), g =me€N and

reciriro|

f(t)| forall k €N, then

tmk

faﬁ(rta) - m fpﬁ(s t )
where s; are roots of s™ =r.

Proof. By definition of the 2-parametrized form of
f(t), we have

s kepk

Zzlfpﬁ(St)_Zle Ck i By “)
akr
where ¢, = T On the other hand, the roots s; of

the equation s™ = r satisfy following sum:

m j —

i=1 (s1)) =
{mrk if there exist k € N such that j = km,
0 otherwise.

()

By plugging equation (5) into equation (4), we have

s; kepk x

_ch

I'(pk+p) =

ktak

r(pk+p)

3 I G Mg (1)

Theorem 1 shows that the first parameter of a 2-
parametrized form of f(t) can be changed under
appropriate conditions. Moreover, the following equations
are the direct result of theorem 1 for some specific
functions f(t).

Eqp(rt®) = — 3 E, 5(sit?), (©)
sing g (rt%) =
—Y, singp(sit?)  ifm=4k+1,ke€N,
(7

—izggl sin, g(s;t?) ifm =4k +3,k € N,

sing p(rt®) =

%Zﬁl cos,p(sit?) ifm=2k+ 1,k €N, (®)

where% =me€N.

3. Undetermined Coefficient Method

In this section, we introduce undetermined coefficient
method to find a particular solution to the following
nonhomogeneous sequential fractional differential equation
for specific classes of right-hand side function

o bDu(t) = £(0), ©)
wheren —1 <na <n,b; € R, and f(t) € C*(0,¢t).

For f(t) = 0, the solutions of homogeneous equation
(9) are in the form of E,(rt%) where r is the root of the
corresponding characteristic equation

P(r) =3, bir'. (10)

If the characteristic equation (10) has k distinct roots

1;, a solution of equation (9) with f(t) = 0 is as follows:

uhl = Z?:l CiEa(rita)x

where ¢; € R. Moreover, in [26], the following solutions of
the equation (9) with f(t) =0 are obtained if the
characteristic equation (10) has k coincident roots 7,

ia .
Up, = CoEq(rot® )+Zk 1 C‘i Efia(rot®).

Theorem 2: Let f(t) = in equation

m ¢

i=0 Ciriaa
(9) where c; € R If the corresponding characteristic
equation has no root at v = 0, then there are real constants

ay, Ay, , Ay, Such that

tia

= 2% (11)

a; F(la+1)
is a particular solution of equation (9).

Proof. By plugging equation (11) into equation (9),
we have the following linear algebraic system

[bo bl b2 tee bm -| ao Co‘l
0 by by - bpa||@]| |G|
[0 0 by - bm 2|\a2‘=|52 ‘ (12)
[o 0 0 bo Jam Cm

Here by # 0 since the characteristic equation has no
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root at v = 0. Thus, the linear algebraic system has a
unique solution.

Remark 2: If the characteristic equation has k
coincident root at v = 0, the particular solution (11) is
formed as follows

tia

m+k
u, =ymta;
p = Lizk i T(ia+1)’

and the linear algebraic system (12) is reobtained as
follows

[bx br+r bz o b O 0 - 0

0 by bxs1 -+ bp-y by 0 0

H § . H ay Co
[0 - 0 bx by bysz by 0 ||@ks1 €1
|O 0 0 b bis1 bp-1 bm A2 | =|C2 |
0 —~ 0 0 0 b byy byl i
[~ P e | P B P
l[o o o o o T S |

lO 0 0 0 0 0 < 0 by, J

Remark 3: Let qy < q; < -+ < q, be positive real
numbers and GCD(a,qq,q1,"**,qm) = L. In Theorem 2,
the right-hand side function is taken as f(t) = P(t%),
where P(t) is a polynomial. However, more generally, if
the right-hand side function is of the form f(x) =

Mo citdi, the particular solution of the equation is
considered as follows

W=k g tf
p =0 "1 rg+1)’

where q,, = kB, k € N. In this case, the characteristic
equation is established by using Eg (rth)

Theorem 3: Let f(t) = E,(ct?) in equation (9) and
GCD(a,q) = p.
using Eg (rtP) has no root at r = s; where s; are roots of

If the characteristic equation formed

s™=c for %=m € N, then there are real constants
ay, Ay, ", Ay Such that
up = Z‘{il aiEﬁ(sl-tB), (13)

is a particular solution of equation (9).

Proof. From equation (6), we have
1
f@) = Eq(ct?) = —¥iL, Ep(sith).
On the other hand, by plugging equation (13) into

equation (9), we obtain the following equality for i =
1’2’.'.lml

;(Tto bie(s)¥) Ty Bp(sith) = ~ 2, Ep(sith),

which gives

1

a4 =——
b omERobr(sDk

Since the characteristic equation has no root at r =
Si, Xi=o bi(s)* # 0.

Remark 4 Let s be a root of s™ = c in Theorem 3. If
the characteristic equation has k coincident root at v = s,
a particular solution (13) is formed as follows:

kB
u, = FE[I;"‘[; (sth).

Theorem 4 Let f(t) = sing(ct?) + cosq(ct?) in
equation (9), GCD(a,q) = B and% = m be odd number. If
the corresponding characteristic equation has no root at

r =s; where s; are roots of s™ = c, then there are real
constants g, ay,**+, Ay and dy, dq, -+, d,y, such that

U, = Xitq aisinﬁ(ctﬁ) + dicosﬁ(ctﬁ), (14)

is a particular solution of equation (9).

By the principle of superposition, if the right-hand
side function f(t) is a linear combination of the functions
in Theorem 1-4, a particular solution of equation (9) is a
linear combination of the particular solutions defined in the
related theorems. Additionally, the general solution is u; =
uy, + u, where u, is the solution of homogeneous equation
(9) with f(t) =0, and u, is the particular solution of
equation (9).

4. Illustrative Example

Example: Let us consider the general solution of the
following equation

Dau(t) + Dru(t) — 2u(t) = et +t. (15)

The characteristic equation 724+7r—2=0 of
3
equation (15) is formed using Es(rtz), so r =1 and r =
4

—2 are 1-fold roots. Hence, the homogeneous solution is
obtained as follows

3 3
up = 1 E3(t4) + c,E3(=2t4), (16)
4 4
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where ¢y, ¢c; € R.

. 3 1 - L
Since GCD(Z,I) =2 the characteristic equation is

formed using E % (At%) as follows

A+3-2=0, 17)
and the roots of the equation are
=125 =~ 4iC Ay = V2 Agq = 275(1 + iV3)

In order to determine the form of the particular
solution, we use the following equality from equation (6)

1 1 1 1
_1 [El(ti) + Ea(—t3) + Ea(its) + EE(—itZ)]
4 4 4 4 4
1 1 1 1
_1 [El(m) +Ea(—t3) + 2cosl(t4)].
4 4 4 4

Therefore, the particular solution is considered as
follows

1 1 3
t4 tz t4
up=a0+a1 5 +a2 3 +a3 7 +a4t
r@ r'e) '@

1

4 1 1
tasE11(t) + agE1(—t%)

1 72 7

4

1 1
+ a;cos1(t?) + agsini (t%).
4 4

1

Z 1
TE1(t%)
"
because the characteristic equation has a 1-fold root of 41 =

1. Substituting u,, in equation (15), we have

The particular solution contains the term

Hence, the general solution of the equation (15) is
obtained as follows

1 1
3 3 ts t t4
ug = cE3(69) + E3(-2t0) + ——— o+ 5 Eu(m)
4

4 4r@
1 1
— —E1(—ts
3 %( )
1 1 1
— —|3cos1(t%) + sin1(t%)]|.
5 r 2

It is clear from equation (6) that the homogeneous

solution (16) is equal to the homogeneous solution
obtained from the roots of the characteristic equation (17).

5. Conclusions

The particular solution to Equation (1) is constructed
when Equation (1) involves the right-hand side functions

f©) =T e - () =e’, f(©) =sin(D), and f(t) =
cos(t) or their parametrized forms or linear combinations
of them. To obtain the particular solution, the method of
uncertain coefficients is presented for Caputo sequential
fractional derivative equation of order na where n — 1 <
na<n and n €N. This method is based on the
appropriate particular solution estimation. The necessary
details for proper estimation have been obtained. It is
shown that Equation (1) is transformed into a linear
algebraic equation with the benefit of proper solution
estimation. Therefore, the method discussed is particularly
effective for nonhomegeneous fractional differential
equations.
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