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Abstract

The local convergence analysis of a seventh order algorithm for solving nonlinear equations is presented in
the current discussion by assuming that the first-order Fréchet derivative belongs to the Lipschitz class. This
approach yields radii of convergence ball, error bound and uniqueness of the solution. Further, generalization
of the study extended by considering Hoélder continuity condition. At last, we estimated the radii of the
convergence balls using a variety of numerical examples, including a nonlinear Hammerstein equation.
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1. Introduction

One of the most crucial problems of numerical analysis concerns with finding efficiently and precisely the
approximate locally unique solution z* of the nonlinear equation having the form of

T(x) =0, (1)

where T': D C X — Y such as T is defined on a convex open subset D of a Banach space X with values in a
Banach space Y. Many problems in various fields of computational science, engineering and other disciplines
involves optimization, differential equations, integral equations, radiative transfer theory, can be brought in
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a form like using mathematical modeling. Analytical methods of solving such type of problems are very
scarce or almost non existent. Therefore, many researchers only rely on iterative methods and they have
proposed a plethora of iterative methods.

The practice of numerical functional analysis for finding such solutions are widely and substantially
connected to Newton-like methods which is defined as follows:

Tnp1 = 2 — [T (20)] ' T(20), 1 >0, (2)

is frequently used by various researchers as it has quadratic convergence (can be seen in the ref. [I]). The other
properties of Newton’s method are established in the article [2]. Moreover, in some applications involving
stiff systems, high-order methods are useful. Therefore, it is important to study high-order methods.

The local convergence analysis of iterative procedures is based on the information around a solution, to
find estimates of the radii of the convergence balls. There exists many studies which deals with the local
and the semilocal convergence analysis of Newton-like methods. In the last decades, many iterative methods
of increasing order of convergence have been developed and have shown their efficiency, in numerical terms,
like third-order [[3], [4]], fourth-order [5] and fifth-order [[6], [7]] etc.

Another issue of equal importance is obtaining the radius of convergence ball as well as developing a
theory to extend the convergence domain. Numerous authors have studied the local convergence analysis
using Taylor’s series but have not obtained the radii of convergence ball for the solution, as shown in the
references [[8],[9]]. In terms of computing cost, it has a number of drawbacks. Many authors, for example
discussed these techniques as evidenced by the reference [[1], [10]]. Using the considered approach, it is possible

to compute the convergence radii and the error estimate.

However, lower-order classical methods have been usually re-examined for only trying to increase its order
of convergence. In particular, Sharma and Gupta [I1] constructed three steps method of order five, defined
as follows:

Yn = Tp — %FnT(-rn)7
Zn = Tp — [T/(yn)]_lT(xn)a
In+l = Zn— [Q[Tl(yn)]_l — )T (2n), (3)

where, T', = [T"(z,,)]~!. The local convergence of above multi-step Homeier’s-like method has been studied
by Panday and Jaiswal [12] with the help of Lipschitz and Hélder continuity conditions. In the extension of
three-step Homeier’s method, Xiao and Yin [I3] developed a fourth-step seventh order convergent method,
which is given as:

1
Yn = Tn — §FnT(xn)7
Zr(Ll) = In— [T/(yn)]_lT(scn),
2P = 2 =R (ya)] T =TT (D),
Tnpr = 2P = R[T(ya)) Tt = TRIT(2). (4)

This method requires the evaluation of three functions, two first order derivatives and two matrix inversions
per iteration. In this article, we will provide the answers with the range of initial guess x*, which shows us
how near the initial guess should be necessary for the method to be guaranteed to be convergent. The
semillocal convergence of the aforesaid algorithm has been also discussed under various continuity conditions
[[14]-[16]]

In finding out the existence of the solution, we require the computation of the first-order Fréchet deriva-
tive. However, the analysis of convergence is established by applying the Taylor series approach based on
higher-order derivatives. These techniques, which need the higher-order derivatives,1 li5mit the applicability

of the algorithm. As an motivational illustration[18|, define a function f on D =[5, 5] by

fz) =

23log(x?) +2° —2*, if £#0
{ (a?) )

0, if z=0.
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It is clearly notable that f” is unbounded on D. Hence, the theory based on higher-order derivatives [17]
fail to solve the above problem. Also, one get no idea about the domain of convergence [I8]. The local
convergence study gives valuable information regarding the radius of convergence ball.

In this presented paper, motivated by the foregoing observations and ongoing work in this area, we
discuss the local convergence for the method , by following the approach based on f’ to stay away from
the evaluation of higher-order Fréchet derivatives. Thereby, we enlarge the utility of the method by using
hypotheses only on the first-order derivative of the function 7" and Lipschitz and Hélder continuity conditions
for which earlier studies can not be used due to the computation of higher-order Fréchet derivatives.

The arrangement of the whole text is as follows: the Local convergence analysis of the method under
Lipschitz condition" section deals with the local convergence results of the method (). Similarly, the "Local
convergence analysis of the method under Hoélder condition" section deals with the local convergence
results of the method under weaker assumptions followed by the "Applications with Numerical FExamples"
section. The "Conclusions" section is placed in the last section.

2. Local convergence analysis of the method under Lipschitz condition

In this section, we describe the local convergence analysis of the method which is centered on some
parameters and scalar functions. Considering g > 0 and 1 > 0 be two parameters with ¢y < ¢, we define
the functions ny, 12, n3, N4, p, H1, Ha, H3 and H4 on interval [0, %) by

_ | Yml@ae
ma) = {2(1—1/10773(@“)

+Ww[m (a) +n3(a)] x (1 _L(a) [1 + 2773(a)a} a)

# (o e Ty o a) ) o) ©)
where
B 1 Ya 1+ (Yo/2)a
B L [Ya Y[l +m(a)][to/2a+ 1]a
) = T [2 N 1—p(a) ] ®)
_ Yna(a)a
w0 = |5
1 1 o
+W¢[W1 (a) +m2(a)] % (1 — (0 [1 + 2772((1)@} a)
# (o e T o aa) ) o) )
and
p(a) = Yoni(a)a. (10)
Let
Hi(a) =m(a) =1, Ha(a)=mn2(a) -1, (11)
Hs(a) =mn3(a) — 1, Hy(a) =na(a) -1, (12)
and
2 1

L= 20+ 500 o
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We observe that 71(p1) = 1 and can attain
0<m(a) <1 foracl0,p), 0<p1<1/to. (14)

Now, we have that H1(0) = H2(0) = H3(0) = H4(0) < 0 and H;(a) — +o00 or a positive constant as
a— (ﬁ)_ (here a — (%)_ means that a — (%) with all values of a satisfying a < %).The intermediate
value theorem confirms the existence of the zeros of the function Hz(a) in the interval (0, %) We denote

the smallest zero of Ha(a) as pa. Also, ha(p1) > 0 and p; < %, which follows from that
0<p2<pi, 0<mla)<l,foracl0ps). (15)

Following this procedure, there comes the existence of zeros of functions H;, ¢ = 1,2,3,4 in the interval
(0, po). Denote by p;, respectively, the smallest solution of functions H]s. Define the radius of convergence
p and for each a € [0, p) by

p=min{p;}, i=1,2,3,4; 0<m(a)<1. (16)

Let B(z*,p), B(x*, p) stand, respectively for the open and closed ball in X such that z* € X and of radius
p > 0. Next, we present the local convergence analysis of method using the preceding notations and
Lipschitz conditions.

Theorem 2.1. Suppose that T : D C X — Y be a continuously first order Fréchet differentiable operator.
Let 1o > 0 and ¥ > 0 be two given parameters. Assume that there exists x* € D for all x,y € D and fulfill
the below conditions:

T(z*) =0, [T'(z*)]* e L(Y, X), (17)

where, L(X,Y") is the set of bounded linear operators from X to Y,

T (@) HT"(2) = T ()| < wolle — 27, (18)
T (@) (T (2) = T' )l < wllz—yll, (19)
B(z*,p) C D, (20)

where p is defined by equation , Then, the sequence {x,} generated by the method for xo €
B(x*, p)\{z*} is well defined in B(x*,p) remains in B(x*,p) for each n = 0,1,2,--- and converges to
x*. Consequently, the following relations holds forn =0,1,2,---:

lyn — 2% < m(lzn — 2 |Dl|2n — 2| < lon — 27| < p, (21)

1280 — 2*|| < m(llzn — 2*[)lzn — %] < Jzn — 2™ < p, (22)

1282 — &*|| < m3(lzn — 2*[)lzn — %] < |20 — 2*|| < p, (23)
and

Jonss — 2| < mlllzn — 2 lon — 2| < an — 2] < p, (24)

where the functions n;,i = 1,2,3,4 are defined by the expressions @ —@D. Moreover, if there exists o €
[P,%) such that B(z*,0) € D. Then the limit point x* is the only solution of equation T'(x) = 0 in

Dy = Dn B(z*, o).
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Proof. We shall show by mathematical induction that sequence {z,} is well defined and converges to x*.
Using the hypotheses, o € B(z*, p)\{z*}, equation and inequality (18)), we have

T ("))~ H(T" (o) — T'(2*))I| < wollwo — 2| < wop < 1. (25)

It follows from the above and the Banach lemma on invertible operator [20] that [T”(z0)]~! € L(Y, X) or
T'(xp) is invertible and

1

T (x0)] 1T (%)) < . (26)
7o) T € g
Now, yo is well defined by the first sub-step of the scheme and for n =0,
wo-a" = wo-a" — [T @) T(wo)]
= %[T%wo)rlmo)] + [T (20)] M [T (z0) (z0 — &™) — T(wo) + T(z*)]. (27)
Expanding T'(xo) along x* and taking the norm, we get
o' < 51 Gl @ [ [H i @ i @ o - o latlleo - o]
T (@)1 (=™) | /01 T’ (@) M T (w0) — T (2™ + t(zo — 2™ )]dt]l[|wo — =™ .
(28)
Thus, we get
* 1 1o *
lyo == < m[5[7”9@0_1 I+1
+ %cho - »’C*II] lzo — 2" || < mi(llwo — 2™ [)llzo — 2" || < p. (29)
From the inequalities and , we have
T ()] T (yo) = T' (@) < wollyo —2°
< dom(llzo — =) [z — 7|
= p([lzo —27]) <1. (30)
Thus, by Banach lemma,
1
1T (yo)) T (&™)|| < T (31)
1—=p(f|zo —z*])
From the second sub-step of the method , we have
) —at = wg—a" = [T'(yo) (o)
= wo— " — [T"(20)] T (o) + [T"(x0)] "' [T"(y0) — T"(20)]T" (yo) " T (o)
(32)
On taking norm of the equation , we get
125 = 2%l < llwo — 2 — [T (o))~ T (wo) | + 1T (o)) 7" ().
T ()] T (o) — T (o) [T (yo)) T (@I ()] T (o)
< : lzo — *|
—— | =T — 7
= T—dollzo—a* 2"
* * |17 %o *
— x| +Y||lxo — 2¥|||| R ||xo — z*|| + 1
o Bllwo =l lleo — oo — 4 1)] )

1= p(llzo — z*|)
Thus, we get

1 * * * *
128" — 27| < ma(||lzo — 27|[) |20 — 2*|| < ||lzo — 27| < p. (34)
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From the next sub-step of the method , we have
) —at =z —a" = 2T (o))~ [T (@0)] T (=)
= (a8 — 2 — [T ()T () + [T () DT (@) T (@) 1T (o) — T/ (V)]
[T (yo)) VT (@) T ()] T (250) + [T (o)) VT (@) [T ()] ~HT (o) — T (o)
[T (yo)) VT () [T ()] T (=), (35)

On expanding T(z(()l)) along z* and taking norm of the equation , we get

. 1 " . e Wllvo —2* |+ w28 — )
12 ="l < ———g—— =5V ="l — "+ O
1—olz§) — =) 2 1—wollz§) — o=
x T @O TE)) Wllyo — & || + wllzo — ™|
0 1= gollwo —a= 0 ’
x T @M
1 " . e L [Wllvo — 2%l + #1128 — 2% ]
S ——m 1= == - et 4+ 5
R A 1—wollz§) — e
1 . . — ¥+ —a*
5 i (1+@|‘281) . H>HZ[(]1) 4 Wl =27l wuzo* a* ]
1—p(lleo — =) 2 1—wollwo — a* |

1 Lo (1) * (1) *
x e (1 2D ) 1 o (36)
1—p<umo—m*u>( 2 70 0

Thus, we have

1267 — 2| < m3(llzo — 2*|])l|zo — || < p. (37)
Now, from the last sub-step of the method , we have
oy - =2 — 2t — QT (yo)) 7t — [T (20)] )T (257)
= (287 — " = [N (D)) + [T (8 OIT (@) T () 7T (yo) — T'(257)]
[T (o)) DT (@) [T () T (=8) + [T (@0)] VT ()T (27)] M T (yo) — T (x0)]
[T (yo)) VT () [T ()] 7 T (25). (38)

On expanding T(z(()2)) along z* and taking norm of the equation , we get

~—

)T’ [
)T’ [

* 2 *
P S W R N | Rl R et
1—ollz{? — x| 2 1—oll={? — ||
x T @ T+ ———————Tllyo — 2™ | + llzo — <]
1 —ollwo — a* ||
x T @)
1 " . e ) [Wllvo — 2%+ 9ll28 — 21
S o 1= ==Y - et 4+ 52
1—wollzd? — x| 2 1—wollzs? — a* ||
1 . . — ¥+ —a*
y . (14‘@”282) . H)Hz[()Q)—z I+ [@llyo — =™l d’HTo* Gl
1— p(llwo — «* ) 2 1—wollwo — a* ||

1 Yo, (2) _ _« (2) _ _~*
X ————— 1+ — 257 — 2 H)Hz -z (39)
17p<uxofx*n>( 2 70 0

Thus, we have

1 — 2| < malllwo — 27|))lzo — ™[] < p, (40)
which shows that for n =0, z1 € B(z*, p). The function Hy(a) = n4(a) — 1 gives H4(0) < 0 and Hy(pz) > 0.
Hence, Hy(t) has at least one root in (0, p3). Let p be the smallest root of Hy(t) in (0, p3). Then, we have

0<p<ps<p2<pr<1/io, (41)
and

0 <na(a) <1, for a€l0,p). (42)

By simply replacing xo,yo,zél),z(()g),xl by xn,yn,zél),z,(f),xnﬂ in the preceding estimates, we arrive at

inequalities — . By the estimate,
[2n1 = 2" < ma(llzo — 2|z — 27| < p. (43)
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We conclude that lim,, o0 ,, = 2* and z,4+1 € B(z*, p). Finally, to prove the uniqueness, let y* € B(z*, p)
where y* # z* with T'(y*) = 0. Define F' = fol T'(z* +t(y* — 2*))dt. On expanding T'(y*) along z* and using
inequality , we obtain

1
II[T’(x*)]l/O [T (2" + t(y * —2*) — T"(a")]dt|

Yoy « 4y Yo
<yt -at| < Se< L (44)

2 2
So, by Banach lemma, fol [T ()] YT (z* + t(y* — 2*))]dt exists and invertible leading to the conclusion
x* = y*, which completes the uniqueness part of the proof. O

3. Local convergence analysis of the method @]) under Hélder condition

In this section, we move forward to present the local convergence analysis using Holder condition because
there are numerous nonlinear equations for which the assumptions based on Lipschitz condition fails to solve
without using higher-order derivatives. As an illustration, we review the following problem given in the
article[19].

1 s 2(8)2
T(x)(s) = x(s) _/0 G(s,t) <x(t)2 + (;) > dt, (45)

where T : C[0,1] — C]0,1] and the kernel G is the Green’s function defined on the interval [0, 1] x [0, 1] by

I6/@) - Gl <  (Ghe =l + 12— ). (46)

Clearly, it can be seen that G’ does not satisfy the Lipschitz continuity condition. However, G’ is Holder
continuous. For such kind of examples, we also derive the local convergence results. This analysis also
generalizes the local convergence analysis presented in the previous section. Supposing g € (0,1], kg > 0
and kK > 0 be two parameters with kg < x, we define the functions 1, po, us, 4, p, My, Mo, Ms and My on

1
interval [0, (é) q> by
rpg(a)?.al

(¢ + 1)1 — ropz(a)?.a?)

! K a/q aqaq ! o aqaq
1(@)" + 3 ()] X<1_p(a)[1+q+1u3()- D

@ = |

1 — ropg(ad)ad

(e [ o
where
1 kat 1+ gin-al
_ 48
) = g | 4 (45)
) 1 [rat &+ p(a)][gey-a? +1].a? (19)
Ha(a 11— Kopat _q+1+ 1—p(a) ’
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Hale) [<q ¥ 1>;1‘Li(zli:<qa>q.aq>
mn[;q(a)q + pa(a)9]ad x (1 fp(w [1 + q’lol,ug(a)q.aq})
+ <1 - Loaq it Jl”_‘;((“;))q]“q x [ q':?luz(a)q-an iz (@ (50)
and
p(a) = kopi(a)lal. (51)
Let
Mi(a) = pa(a) =1, Ms(a) = p2(a) — 1, (52)
My(a) = ps(a) = 1, Mi(a) = ua(a) — 1 (53)
and ) )
a a
e <2R+Z(I3l+ 2q)> - (;) | oY

We observe that pi(p1) =1 and

0<p(a)<lforac(0,p), 0<p<(1/rg)s. (55)

—

We denote the smallest zero of Ms(a) as pa. Also, Ma(p1) > 0 and p; < (%) E, which follows from that

0<p2<p1, 0<upz(a)<l,foracl0,ps). (56)

Following this procedure, there comes the existence of zeros of functions M;, ¢ = 1,2,3,4 in the interval
(0, po). Denote by p;, respectively, the smallest solution of functions M/s. Define the radius of convergence
p and for each a € [0, p) by

p=min{p;}, i=1,2,3,4, 0< p(a)<1. (57)

Also, we assume that there exists z* € D for all x,y € D and fulfill the below conditions along with the

assumption :

[T ()] "1 (T () = T' (@) < ol — ™|, (58)
[T () HT" () = T' () < &llz -yl (59)
B(z*,p) € D (60)

Lemma 3.1. If T satisfies the assumptions and , consequently the inequalities given below hold for
x €D, q=(0,1 and t € [0,1]:

T @) T @) < 1+ molle — 2|, (61)

T @) (T + e =2 < 1+ rota — 2], (62)
/7 x\1— Ko *|q l’—fﬂ*.

T @) @) < <1+q+ﬂw—m!>¢| n (63)
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Proof. By considering the hypothesis , we get
T @) T (@) < 1+ [T 7T (2) = [T7(2)] 71T (27|
< 1+ kollz —2™||%. (64)
In the similar manner, we can derive
T ()] (T (2" + t(x — )| 1+ rolle™ + ¢z —2%) — ™|
1+ rot?||lz — 2|9, (65)

IAIA

Next,

1
T @)™ T@)] < /O [Rolle” + t(x — 2™) — 2" + 1] ||z — 27| dt

Ko
< 1+ x—x*||?) .|z — z¥. 66
< (14—l - 7] (66

Theorem 3.2. Suppose that there exists x* € D and the Fréchet differentiable operator T : D C X — Y
satisfies the assumptions and . Then, the sequence {x,} generated by the method for xo €
B(x*, p)\{z*} is well defined in B(x*,p) remains in B(z*,p) for each n = 0,1,2,--- and converges to x*.
Henceforward, the following measures holds for n =0,1,2,---:

[y — 27| < pa(llen — 2" [an — 2™ < llan — 27 <p, (67)

120 — 2% || < pa(llzn — @[ |20 — 2| < [l2n — 2™ < p, (68)

1252 = ¥l < pa(lln — @*|)lan — 27| < Jon — 27| < p, (69)
and

[2n1 = 2" < palllzn — 2" [Dlwn — 2™ < flan — 27 <p, (70)

where the functions p;,i = 1,2,3,4 are defined by the expressions - . Moreover, if there exists
1 _
o€ [p, (Hq) q} such that B(xz*,0) C D. Then the limit point x* is the only solution of equation T'(x) = 0

KO

in D1 = D N B(z*, o).

Proof. Assume that ||zg — 2*||7 < H—lo and using the hypotheses, o € B(z*, p)\{z*} and inequality , we
have that

T ("))~ (o) = T"(a"))I| < kollzo — 2*[|7 < 1. (71)
It follows from the above and the Banach lemma on invertible operator [20] that [T"(x¢)]™' € L(Y, X) or
T'(z) is invertible and
1
B -
1= rollzo — z*|

Now, yog is well defined by the first sub-step of the scheme and for n = 0 we get the approximation .
Expanding T'(zo) along z* and taking the norm, we get the inequality (28)). Finally, using the assumption

and the inequality (72)), we get

1 1 Ko
-z < - —2*?T 41
||y0 x H = 1_KOHxO_x*||q |:2 |:q+1||xo x || +

[T (20)] =T (2")

(72)

K
g+1
< mlllzo = 2% Dllwo — 2| < p. (73)

i ||xo—x*|ﬂ|xo—x*||
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From the inequalities and , we have
T (@) T (yo) = T' (")l < Kollyo — 2|
< kopa(llzo — 2[)lwo — 27|
= plllzo —2™]) <1. (74)
Again, from the second sub-step of the method , we find the approximation . On taking the norm,
we get

280 ="l < o — & — [T (o))" T(@o) |l + T’ (@0)] " 1" (&™)
T (@)™ T (wo) — T/ (2)IIINT (wo)] ™ T (&™) NIT (2 ™))~ T (o)
1

K *1q
—— | llwo— 27|l
1 —kollzo —z*[[9Lg+1

[kllyo — z* |9 + w(llzo — I*Hq)][%uzo — )9 41 )
1 —=p(llzo — z*qn) ]Hwo —z*|. -
Thus7 we get
1
167 271l < alllzn — " Dllzo — 1 < llzo — 2 < p. (76)

From the next sub-step of the method , we have the approximation . On expanding T (z(()l)) along z*
and taking norm, we get

* 1 *
[kllvo — 2* 117 + sllz5" — «*|19]

2 1 " 1 1
17 —a*ll < —————— = llz§” — 2" 1= — "+ o
1—roll={t —a*laa+1 1— rollz§" — 2*|a
1
*y7—1 1 * *
x T @EN T TE A+ [rllyo — 7|7 + sllzo — =[]
1 — kollzo — z*||¢
— 1
x T @O T E))
1 £ a 1 (kllvo — 219 + sz — 2™ [19]
S ——m = =Y i+ L
1—rollz{ —a*laat+1 1— rollz{t — a*|ja
1 R0 . 1 1 [kllvo — 2* 119 + sllzo — «*[17]
x 2 128 = 1) 12" = a1 + 0
1—p(lleo — =) a+1 1— rollwo — @]

1 ( KO (1) * (1) *
X — 1+ lzg/ —= Hq)\lz — . (77)
1= p(llzo — =*]|9) q+1 ° °

Thus, we have

2 * * *
1287 — 2%|| < pa(lzo — 2*[)) 2o — ¥ < p, (78)

Finally, from the last sub-step of the method we have the approximation . On expanding T(z(()Q))
along * and taking norm, we get

)  a (2) _ wyq
[ [ p— L P L UL L L L
1= rollz§? —z*|a a+1 1= rolle§?) — a4
_ 2 1
x  |IT (z*)] lT(zg))\|+m[nuyo—z*H"+nHzo—z*Hq]
e p—
*\]— 2
x T @ TES)I
2) *
1 A 2wy [Kllyo — 2% 119 + 6128 — =19
PR C Bipnmebmerd EO S L S S O
1—roll2) —a*aa+1 1— wollz§? — 2*|ja

[kllyo — ™19 + sllzo — =™ [|9]

128 = " 1) 1= = a1 +

1 ( 0
% & -
1 —p(llzo —z*|) qg+1 1 — kollzog — z*||4
RO

1
(2) _ a5 _ g
x llzp™" — =7l )Hz -z (79)
1*?(\\w071*|\)( q+1 ° 0

Thus, we have
lz1 = 2*|| < pallzo — ") llwo — 27| < p, (80)
which shows that for n = 0, x; € B(z*, p). The function My(a) = pa(a)—1 gives M4(0) < 0 and My(p3) > 0.
Hence, M,(t) has at least one root in (0, p3). Let p be the smallest root of My(t) in (0, p3). Then, we have
1
1\«
O<p<p3<p2<p1<<ﬁo) . (81)



A.Saxena, J.P.Jaiswal, K.R.Pardasani, Results in Nonlinear Anal. 5 (2022), 473486 483

and
0 < pg(a) <1, for a €l0,p). (82)
By simply replacing xg,yo,z(()l),z(()2),x1 by a:n,yn,zy(bl),z,?),xnﬂ in the preceding estimates, we arrive at
inequalities — . By the estimate
[2n1 — 2% < palllzo — 27| lzn — 2™ < p. (83)

We conclude that lim,, o0 z,, = 2* and z,4+1 € B(z*, p). Finally, to prove the uniqueness, let y* € B(z*, p)
where y* # z* with T'(y*) = 0. Define F' = fol T'(z* +t(y* — 2*))dt. On expanding T'(y*) along z* and using
inequality , we obtain

1
H[T’(fﬁ*)]l/o [T (2" + t(y * —2*) — T'(a")]dt|

KO vy}
< |7 < < 1. 84
_q+1lly | S L (84)
LTrpr g o \1=1 107 ( o * % . . . . .
So, by Banach lemma, [;[T"(z*)] 7 [T'(z* + t(y* — x*))]dt exists and invertible leading to the conclusion
x* = y*, which completes the uniqueness part of the proof. O

4. Applications with numerical examples

In this section, two numerical examples are worked out to demonstrate the efficiency of our local con-
vergence analysis by giving the radii of convergence for the scheme . We obtain better results using our
technique.

Example 4.1. [12] Returning back to the illustration example given in the introduction of this study of
Lipschitz, The unique solution is * = 1. The consecutive derivatives of [ are

fl(x) = 3a22logx® + 5t — 423 + 222,
f(x) = 6xlogz® + 202® — 122° + 10z,
f"(x) = 6logz® 4 602* — 242 + 22.

It can be easily visible that f" is unbounded on D. Nevertheless, all the assumptions of the Theorem
for the iterative method are satisfied and hence applying the convergence results with x* = 1, we obtain
Yo = Y = 96.6628.

Here, we will use the iterative method and compare it with the scheme given by Cordero et. al [2]]
and we denote it by CHMT. From the above Table , we can see that the radius p of convergence computed
for the method seems to be finer than the method CHMT in the reference [25)]. As a result, the approach
being evaluated is more powerful. We use "n” functions to calculate value of p (Fz'g.. Also, with the help
of Mathematica 9 software for numerical computation, we have calculated the execution time taken by ny
to give final value of p is 0.171443 seconds.

Example 4.2. [26] In order to show the applicability of the results presented in this paper, we consider the
following Planck’s radiation law problem [27]:

8rcPA
o) = ——
exBT — |

which calculates the energy density within an isothermal blackbody, where

o )\ is the wavelength of the radiation
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Table 1: Comparison of convergence radius (Example 4.1)

Radius | Method CHMT(6 = —2)
p1 0.00295578 0.006689
P2 0.00246894 0.005750
p3 0.00217353 0.003001
P4 0.00208131 0.001943
p 0.00208131 0.001943
ni(a) Ir,;QIaI . . 3(a)
L6} Ve 8f
L4f Pa it ff' 3 ;.-'
12f - / . /
Lo} i " i y
0.8f _,.,_,.----"'/ ] 2l _,_f-—*""/ g 1 [ /
':'.':';:'- 0.001 0.002 0.003 C.004 0.005 :';’5 _I':).':I’:'I I\'.‘.\':I*:'J ; I'?.é:ﬁ I I':'.':::H-I I':'.':I*Ei -...".-L"!}!}D -I).-}DE’).;:IID 0.0015 00020 00025 0.0030
ndia)
0.4 /
03 I,-"l
0.2 !

0.1

0.0 —

-E).-:)".;L":) 0.0005 0.0010 00015  0.0D20

Figure 1: ”n” functions for Example 1

T is the absolute temperature of the blackbody

B is Boltzmann’s constant

P s the Planck’s constant

c is the speed of light.

Suppose, we would like to determine wavelength N\ which corresponds to mazimum energy density ¢(N).
Therefore, solving for maxima we define

fle)=e* =1+ g
We have x* = 4.965114 and F'(z*) = 0.193023. Then, on using assumptions — we have that, ¢ = 1,
ko = 0.0608658 < Kk = 0.094888. Table displays the radius p of convergence by the discussed method
along with the existing scheme given by Khan et al. [26]. We discovered thal when compared the provided
method enlarges the radius of the convergence ball. We get the value of p using "n” functions (Fig,Also,
with the help of Mathematica 9 software for numerical computation, we have calculated the execution time
taken by ny to give final value of p is 0.166638 seconds.

5. Conclusions

In the presented work, we have analyzed the local convergence analysis of the efficient seventh order
method for solving the nonlinear equation in Banach spaces. A convergence theorem for existence and
uniqueness of the solution has been established followed by its error bounds giving the benefit that the
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Table 2: Comparison of convergence radius (Example 4.2)
Radius | Method KFS
01 4.04772 9.23282
02 2.99797 2.40532
03 2.58569 1.11454
n 2.45972 -
p 2.45972 1.11454
732l
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Figure 2: ”n” functions for Example 2

iterative method always converges to the solution. This local convergence analysis is applicable in solving
such problems for which higher-order derivative based previous studies fail. Later, we relaxed these assump-
tions and derived convergence results under Hélder condition for solving different types of nonlinear integral
equations, which are not solvable by the previous approach.

Acknowledgments The authors would like to pay their sincere gratitude to the reviewers for their con-
structive suggestions.
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