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Abstract

Zipper fractal interpolation function (ZFIF) is a generalization of fractal interpolation function through an
improved version of iterated function system by using a binary parameter called a signature. The signature
allows the horizontal scalings to be negative. ZFIFs have a complex geometric structure, and they can
be non-differentiable on a dense subset of an interval /. In this paper, we construct k-times continuously
differentiable ZFIFs with variable scaling functions on I. Some properties like the positivity, monotonicity,
and convexity of a zipper fractal function and the one-sided approximation for a continuous function by a
zipper fractal function are studied. The existence of Schauder basis of zipper fractal functions for the space
of k-times continuously differentiable functions and the space of p-integrable functions for p € [1,00) are
studied. We introduce the zipper versions of full Miintz theorem for continuous function and p-integrable
functions on I for p € [1,00).
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1. Introduction

To describe irregular and sophisticated objects in nature and various scientific experiments, Mandelbrot
[15] coined the word fractals due to presence of self-similar patterns in these objects. The fractal geometry
tools are supplement to all existing tools in Euclidean geometry. Fractals have been used to describe most
of natural objects mountains, clouds, trees, lightening, etc, apart from their applications in bio-enginnering,
financial series, image compression, pattern recognition, computer graphics, physics, chemistry, antennas,
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and architecture. A common way to construct fractals by using the theory of iterated function system (IFS)
was introduced by Hutchinson [I3]. Then, Barnsley [3] introduced the concept of recursive interpolants
or fractal interpolation functions (FIFs) using construction of suiatble IFS from a given interpolation data
set. Fractal interpolation addresses roughness on different scales or some degree of self-similarity of a data
generating function, whereas traditional interpolants are generally smooth or peicewise smooth in nature.
Since fractal function are not differentiable in general, Barnsley and Harrington [4] introduced the concept of
fractal splines by studying the calculus of fractal functions. They showed the fact that the indefinite integral
of a continuous FIF is also a FIF with different IFS. Using this, they constructed C* FIFs with the property
that the k-th derivative of the fractal interpolation function can be nowhere differentiable. Therefore, fractal
interpolation techniques can produce smooth and non-smooth interpolants. The theoritical developement of
FIFs with constant scaling can be seen in the references [§, [I7H21]. The constant scaling in fractal functions
gives a strict self-referentail structures to its graph. In [34], Wang and Yu proposed fractal interpolation
functions with variable scaling that are suitable to approximate data egenrating function with lesser self-
similarity. In [22], Navascués et al. constructed a k-times continuously differentiable fractal interpolation
function with variable scaling and showed the existence of a fractal basis for the space of k-times continuously
differentiable functions on the domain of interpolation.

In [2], Aseev et al. constructed various types of fractals using the concept of zipper in graph theoritical
setting. In [30H32], Tetenov and his group examined many attractive topological and structural properties of
zippers related to dendrites and self-similar continua. Recently, Chand et al. in [9], developed a univariate
interpolation theory using the zipper. They constructed affine zipper fractal interpolation functions using
a suitable affine zipper. They also approximated the solution of the Volterra integral equation using the
affine ZFIFs. In the construction of fractal functions, a zipper IFS presented more flexibility than an IFS.
This article will extend the concept of the fractal functions using zipper IFS, which relates its theory to
functional analysis, approximation theory, operator theory, etc.

This paper is organized as follows: We define zipper IFS and construct zipper fractal interpolation
functions with variable scaling functions in Section 2] In Section [3] we construct k-times continuously
differentiable ZFIF with variable scaling functions for a given data and for a prescribed k-times continuously
differentiable function f. In Section 4] we find sufficient conditions on the scaling functions and base
function so that the zipper a-fractal functions become copositive, comonotone, or coconvex corresponding
to continuous function f. Similarly, we find sufficient conditions on the scaling functions and base function
so that the zipper a-fractal function corresponding to f lies above or below f. We provide some numerical
examples of zipper a-fractal functions to feature these properties. We also approximate a continuous function
with zipper fractal polynomial on I. In Section [5, we define the zipper fractal operator from C*(I) to itself,
where C*(I), k € N U {0}, is the Banach space of real-valued functions having k continuous derivatives
defined on a real compact interval I. That operator forms an isomorphism for some prescribed conditions
on scaling functions. Then, we demonstrate that the space C*(I) has Schauder basis of k-times continuously
differentiable zipper fractal functions on I. In Section @, using the density of C*(I) in LP(I) for p € [1,00),
where LP(I) is the Banach space of all measurable functions ¥ : I — R such that [, |[¥|Pdz < oo, we extend
the zipper fractal operator from LP(I) to itself and using some conditions on scaling functions, this extension
forms an isomorphism. Then, we demonstrate that the space LP(I) for p € [1,00) has Schauder basis of
zipper fractal functions. In Section [7] we define the zipper fractal Miintz space and prove zipper fractal
versions of the full Miintz theorem for C([0,1]) and LP([0,1]) (1 <p < o).

2. Zipper Fractal Interpolation Function (ZFIF)

In this section, first we define zipper IFS, then we construct a zipper IFS for a given interpolation
data, which has a unique attractor. That attractor is a graph of a continuous function, and we call that
continuous function a zipper fractal interpolation function. In the end, we find a recurrence relation for the
zipper fractal interpolation function.
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Definition 2.1. For a binary vector € := (e1, €2,...,ex_1) € {0,1}¥ 7! called signature, let W;, i € Ny_; :=
{1,2,...,N — 1}, be non-surjective maps on a complete metric space {X,d}. Then the system Y :=
{X;W,;,i € Ny_1} is called a zipper IFS with vertices {vi,va,...,on}, if W; satisfies W;(v1) = viq,, and
Wi(un) = Vig1—¢,, foralli =1,2,..., N —1. Any compact set A C X satisfying the self-referential equation

N-—1
A= '91 Wl(A),

is called the attractor, self-referential set, or fractal corresponding to the zipper IFS T.

The definition of a zipper IFS meets with the definition of an IFS with vertices {vi,ve,...,vn}, if we
choose signature vector € such that ¢, = 0 for all ¢ € Ny_;. Now, we review the construction of zipper
fractal interpolation functions based on the zipper as a suitable IFS. The details can be seen in [ 3, 9.

Let a set of interpolation points {(z;,y;) € I x R: i € Ny(N > 2)} be given, where 21 < 23 < -+ < zn

is a partition of closed interval I := [x1,2n], y; € [¢,d] C R,Vi € Ny. Set I; := [z;, z;+1] and K := I X [¢, d].
Let L; : I —I;,i=1,2,...,N — 1 be Contractlve homeomorphisms such that
Li(1) = Tive;s Li(Tn) = Tit1—¢;- (1)

If Lij(x) = a;xz +b; and ¢; = 1, then the horizontal scaling a; can be negative. Furthermore, let for i € Ny_q,
F; : K — R is a function of the form

where «;’s and ¢;’s are continuous functions on I such that ||a;|lec := {|ai(z)| : € I} < 1 and following
holds:
Fi(z1,51) = Yites Fi(@n,yn) = Yir1-¢;, # € Nyo1. (2)

These F;’s for i € Ny_1, contracted either the graph of a function or its flipped version from I to I;.
Now define mappings W; : K - I, xR, i=1,2,...,N — 1 by

Wi(xay) - (Li<x)vFi($7y))a V(l‘,y) € K.

Then the system ¥ = {K;W;,i = 1,2,..., N — 1} is a zipper IFS with vertices {(z;,v;) : i« € Ny}, and
signature € = {e1, €9,...,eny_1}. The existence of ZFIF has been proved recently in [I] :

Theorem 2.2. For zipper IFS Y = {K;W;,i = 1,2,...,N — 1}, where W;’s are as defined above, the
following holds.

(i) There ezists a unique compact set G C K such that G = U W (G).

(ii) G is the graph of a continuous function f& : I — R which mterpolates the data {(x;,y;) 11 =1,2,...,N},
i, G={(z, fz):x €I} and fori=1,2,...,N, f&(z;) = y.

Since the existence and uniqueness of zipper fractal interpolation function f& are given by Theorem
now we obtain a recursive formula for f&.
Let e € {0,131 be fixed. Suppose C(I) := {g € C(I) | g(z1) = y1, g(xn) = yn}. Then C(I) is closed
subspace of C(I) and C(I) is complete with respect to uniform norm. Now define the Read-Bajraktarevié
operator T : C(I) — C(I) as

(Tg™)(z) = ai(L7 ' (2))g" (Li () + (L7 (2), @ € L.

Note that T is contraction on (C(I),|.lse). By Banach fixed point theorem, T' has a unique fixed point f@
that satisfies

¢ (Li(2)) = ai(z) f&(x) + qi(x), i€ Ny
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We call this interpolating function f& as a zipper fractal interpolation function (ZFIF) corresponding to
the given data {(z;,y;) 11 =1,2,..., N}, a:= (a1,0a9,...,an—_1) and the signature € = (€1,€2,...,ex-1) €
{0,1}¥~1. For a prescribed function f € C(I), if we choose g;(x) := f(L;(z)) — a;(2)b(z) for i € Ny_; and
yi = f(zi) for i € Ny, where b is called a base function which satisfies f(x1) = b(x1) and f(zn) = b(zN),
then the corresponding ZFIF f¢ is called a zipper a-fractal function. It satisfies

fE(Li(x)) = f(Li(z)) + ai(@)(f& (x) — b(x)), i€ Ny

3. Smooth and Shape Preserving ZFIF's

In this section, we will try to find a k-times continuously differentiable ZFIF with variable scaling
functions for a given data. After that, we can easily find a k-times continuously differentiable zipper a-
fractal function with variable scaling functions corresponding to a given function f € C*(I), where the norm
on C*(I) is defined as || f||x := max {|| flloos | /P llocs- -+ [ f® oo} Then, we will give some conditions
on scaling functions or base function so that the proposed zipper a-fractal function satisfies positivity,
monotonicity, or convexity, whenever the original has the same characteristic, and also we will give a one-
sided approximation of a given function by a zipper a-fractal function or zipper fractal polynomial.

Theorem 3.1. For x1 < x9 < --- < xp, let {(zi,y;) : i € Ny} be a given set of interpolation data. Apart

from y10 = y1 and yno = yn, Suppose Y1, and Yy p, p € Ng :={0,1,2,...,k}, are arbitrarily chosen real
numbers. For i € Ny_1, let Li(z) = a;x + b; and Fi(z,y) = a;(x)y + qi(z) satisfy and (9) respectively.
Let € = {e1,e2,...,en_1} € {0,1}¥=! and for i € Ny_1, assume that there ewist k-times continuously

differentiable functions a; and q; on I such that [|og || < |% i1k and for p € Ny,

;

(p) ) (p)
Bi+q¢;” (xn) _ Aiprtgy (@)
ap == alerl Zf € = 0, €i+1 = 0,
® 2 (an)
B7,+q P ( ) B'+1+q- TN .
ap == Z+1 Zf € = 0, €i+1 = 1,
A+ (P)( ) A1+ Z(-Zt)l( ) (3)
itq; (1 i+1719; 1 (1 .
o = ;1 if e =1,€41=0,
(p)
Aitq" (21 Biti+qY (zn) . .
: (;p ): a?J:;l lfﬁi:1,€i+1:1, 7’:1727---;]\[_1,

P @)+30_ (D)yr, 0t (1)

3 if €1 =0,
YLP = o @n)+h, g};)yN o) ifer =1,
g @)+ - 1( Dyw.jofi 4 @n) if ev—1 =0, :
Ynp = ¢ | (z1)+38 = ]Z )lylﬂaN P @) if en—1 =1,
N-1
where A; := 378 0( )yl,ga(P j)(x1) and B; == 30 0( Jun.joy o ])<xN) Jori € N1 Then (L), Fi(o)):

i € Ny_1} clinch a k‘ times continuously diﬁerentzable ZFIF f& and, for p € Ng, it satisfies
P
feL; [Z()JMU Yo (@ )+Q§p)($)}, zel, ieNy_;.
Jj=

Proof. Let DF(I) := {g € OF(I) : ¢ (z1) = y1,, 9P (2n) = ynp, p € N} Since D¥(I) is a closed subset of
the complete metric space (Ck(I) |]l%), the space (D¥(I), ||.||lx) is also a complete metric space. Now define
T : DF(I) — D*(I) by

(Tg)(x) = ai(L; *(x))g(Li(2)) + ai(L (), = € L;, i € Ny_q. (5)
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Now T'g is k-times continuously differentiable on each open subinterval (z;, z;1+1), ¢ € Ny_1, as the functions
g,a; and ¢; are in C*(I). Since L; : I — [z, x;41] for i € Ny_; satisfying L;(z1) = Tive, and Li(xy) =
Tit1—e,, therefore
) o Li(SL‘N), if €; :0,
Titl = Li(xl), if € = 1.

Similarly,
oo = Lini(an), i e =0,
" Lita(zy), if €1 =1

This implies,

(Tg)?) (27, ,)a? { >0 )9 (zn)a (pfj)(ﬂﬁN)Jqu(p)(xN), if ¢, =0,
z+1 a;

é’o()gw NP (@) +¢P (1), it =1,

(Tg)®) (z )b, = i=0 (?)g(j)(a;l)agﬁ?)(xl) + qz(%(xl)v if €41 =0,
9) \Tip) iy = P (D), () (p—3) () e =1

j=0 (j)g (zn)aiy” (en) + ¢35 (), if € = 1.
Utilising the conditions prescribed in and , we can easily obtain that

(Tg)(p)(xii—l) = (Tg)(p)(x;—l)? = 1727 < '7N - 2a pe N(k):v

(Tg) P (1) = p1p, (T9) P (2n) = ynyp, pEN.

Thus, T is well defined and T'g € D*(I). For g,g* in D*(I), p € Ng and for all x € I;, we have

]

() (@) = (1) @) = lal 7| 3 (7)ol 2 @)g - )08 )

J=0
therefore,

(Tg)? () = (Tg") P ()] < lail Pllevllpllg — g HpZ@.)- (6)

7=0

For p € N?, easily we can get, |a;|™?||cill, < |ai Rl ||, for all i € Ny_;. So produces
p

I(T9)® —(Tg") P oo < max{(2/lail)* |y : i € Nn-1}lg = g" [l < sllg = "Il
where s := max{(2/]a;|)*||c||s : i € Ny_1} < 1.
= 1 Tg=Tg |k <slg =g llx-

i.e., T is a contraction map on D*(I). Hence by Banach fixed point theorem, T has a unique fixed point,
say f& € DF(I) ¢ C*¥(I). Further, for p € Ny, by successive differentiating equation p-times, our ZFIF
f& satisfies

p
oW (Li(z)) = a;p[z (5) ff‘(j)(x)agp_j)(x) + ql(p)(x)}, zel,ieNy_.
=0

This completes our proof. O

Remark 3.1.1. (i) Theorem 3.2 in [22] is a particular case of Theorem- (take all e, =0 ).
(i4) For all i € Ny_1, if we choose a;(x) = ; for all x € T with |oy| < af and ¢; = 0, then Theorem.
includes the Barnsley-Harrington theorem in [{|] as a special case.

By choosing ¢;(z) = f(Li(z)) — a;(x)b(x) in Theorem we can easily get the following result:
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Corollary 3.2. For a given function f € C¥(I) and a signature ¢ € {0,1}¥~1  if k-times continuously
differentiable scaling functions a; (i € Ny_1) and b are chosen such that ||a;|| < |%|* and

b (21) = fP(x1), 0P (ay) = fP(an), peN],

then the corresponding zipper a-fractal function f& belongs to C*(I). Also, for p € N} and i € Ny, (f&)®)
satisfies (f&)®)(2;) = f®)(2;) and

(i) = 10 (L) + a7 [ Y (Pl g2 - 00 )] )

=0

Remark 3.2.1. (i) Theorem 3.2 in [33] is a particular case of Corollary[3.9 (take all €; =0).

(7i) If we firx the non-zero variable scaling functions o, for i € Ny_1 and base function b satisfy conditions
given in Corollary then we have 2V~ k-times continuously differentiable zipper a-fractal functions based
on the signature e for a prescribed function f € C*(I) such that o) (z;) = f®)(z;), forp € N? and i € N.

From Corollary we can observe that zipper a-fractal function f& corresponding to f € C*(I) depends
on the choice of variable scaling functions and the base function b. In this next theorem for f € C'(I) such that
f(x) > 0on I, we give constraints on scaling functions such that the corresponding zipper a-fractal function
f& is non-negative for any choice of base function b except b € C(I), b(z1) = f(z1) and b(zn) = f(zN).

Theorem 3.3. Let f € C(I) such that f(z) > 0 for all x € I, A := {x1,29,...,xn} be a partition
of I and € = {e1,e0,...,en_1} € {0,131 Let Li(z) = a;x + b; and Fy(z,y) = a;(2)y + ¢;(z) are
satisfying and (9) respectively, where q;(x) = f(Li(x)) — ci(z)b(z), b(z1) = f(z1), blzn) = f(zn), and
|tilloo = max{|ai(z)| : x € I} < 1. So if Vi € Ny_1 and Vx € I, variable scaling functions a; € C(I) are
chosen such that 0 < oy(x) < 7=, where m; = min{ f(x) : x € I;} and M* = max{b(z) : x € I}, then zipper
a-fractal function f&(x) corresponding to f satisfies f&*(x) > 0 for all x € I.

Proof. For k = 0, implies that zipper a-fractal function f® corresponding to f satisfies the functional
equation

f&(Li(x)) = f(Li(@)) + ai(z)(f&(x) —b(x)) €1, i€ Ny (8)
and f&(x;) = f(x;) , le., f&(x;) >0foralli =1,2,...,N. Now [ is the attractor of the zipper {I; L;,i =
1,2,...,N — 1} and f¢ is constructed using an iterative scheme, so it is easy to see that proving f&(z) > 0

for all x € I enough to prove that f&* > 0 holds on I obtained at n + 1-th iteration whenever f& > 0 is
satisfied for the points on I at n-th iteration, i.e., enough to prove f*(L;(x)) > 0 for all i € Ny_; whenever
f&(x) > 0. Now let f*(x) > 0. Then the equation (8) can be rewritten as,

fE(Li(@)) = f(Li(x)) + ai(@) [ (x) — ai(@)b(x).
Now for all x € I and i € Ny_1, if a;(x) > 0, then «a;(x) f&(x) > 0. Therefore,
fé(Li(z)) = f(Li(z)) — ai(z)b(x),

and f(L;(x)) — ai(x)b(x) > 0, when o;(x) < 7. This completes the proof. O

Remark 3.3.1. Similarly we can also prove that if f(x) < 0 for all x € I, then corresponding zipper o-

*

fractal function f& is also non-positive on I, by choosing variable scaling functions such that 0 < a;(x) < 1\”}[—1,
lilloo < 1 for alli € Ny_1, where m} = max{f(x):x € I;} and M, = min{b(z) : x € I}.

Now we will show that for the non-negative variable scaling functions if base function b satisfies some
prescribed constraints, then zipper a-fractal function f® corresponding to f satisfies f*(z) > f(x) for all
x € 1. Consequently, if f(z) > 0 on I, then f& also satisfies f&(z) > 0,Vr €I .
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Theorem 3.4. Let f be a continuous function on I, A = {x1,x2,...,xN} be a partition of I and € =
{er1,€0,.. . en_1} € {0, 1}3V=1 Let Li(z) = az + b; and Fy(x,y) = ai(x)y + f(Li(z)) — ai(x)b(z) be
satisfying and @) respectively, where the base function b is any continuous function on I satisfying
b(x1) = f(x1) and b(zn) = f(zn). So, if scaling functions a; € C(I), i € Ny_1 are chosen such that
ai(z) > 0 and ||a;||eo = max{|ai(z)| : € I} < 1 and the base function is elected as b(x) < f(x) for all
x € I, then zipper a-fractal function f& corresponding to f satisfies f&(x) > f(x), Vo € 1.

Proof. Using the same argument as in Theorem for proving f*(x) > f(z) for all x € I, enough to prove
(f& — f)(Li(x)) > 0 for all i € Ny_; whenever (f* — f)(xz) > 0. We can reshape as

(f& = N)(Li(x)) = i) (fE = b)(x) ©)
= ai(x)(f& = f)(@) + () (f = ) ().
So, if a;(z) > 0 and f(z) > b(x) for all x € I, then (f& — f)(x) > 0 implies (f* — f)(Li(x)) > 0, which

€

completes the proof. O

Remark 3.4.1. (i) Similarly one can also prove that for variable scaling functions satisfying a;(z) > 0
and ||i||co = max{|a;(x)| : @ € I} < 1 and for base function satisfying b(x) > f(x) for all x € I, zipper
a-fractal function f& corresponding to f satisfies f&(x) < f(x) for all x € I.

(13) If we fix the non-zero variable scaling functions a; fori € Ny_1 and base function b satisfying conditions
given in Theorem|3.4}, then we have 2N~ different zipper a-fractal functions corresponding to f € C(I) based
on the signature € such that f&(xz) > f(x) for all x € I.

In the next theorem, we will show a one-sided approximation of a continuous function by a zipper fractal
polynomial on I.

Theorem 3.5. For a continuous function g on I and arbitrary § > 0, there exists a zipper fractal polynomial
P% satisfying P*(x) > g(x) for allx € I and ||P* — g|loo < 9.

Proof. 1t is known from Weierstrass theorem that for a continuous function g on I, there exists a polynomial
P such that ||g — Pl < . Therefore, we have

4] ~ 4]
P(x)—zgg(x) SP($)+Z, Vo el

Now let P(z) = P(x) + 2. So the last inequality changes into

) )
P(z)—igg(x)gP(x)gP(m)—i—? Vo el
Therefore, for g € C(I), we have a polynomial P such that P(x) > g(x) for all x € I and ||g — Pl|eo < %.
Now, for A = {21, 22,..., 25} C T and € = (€1, €a,...,en_1) € {0,1}V~1, choose a base function b such that

b(x1) = P(z1), b(zny) = P(xzn), and b(x) < P(zx), Vo € I. Then select non-negative variable scaling functions
such that for all i € Ny_1, a5 € C(I) and ||afe < m, where ||af/c := max{||a;||co : 7 € Ny_1}.
Utilizing Theorem zipper fractal polynomial P® corresponding to P satisfies P*(z) > P(x) > g(z) for
all x € I. Now consider for : € Ny_1 and z € I,

(P& = P)(Li(x)) = ai(x) (P = b)(z) = () (P — P+ P —b)(x).
Taking modulus and using a triangle inequality, we obtain

lev]]oo

0
[P = Plloc < [P = blloo < 3-
L= [lorfloo 2

Then, it is concluded that

§ o
1P = gllse < IIPE = Plloc + |1P = glloc < 5 + 5 = .
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Now, we will find conditions on variable scahng functions so that the first derivative of zipper a-fractal
function f& corresponding to f satisfies r < ( fa) < R whenever r < f() < R. Then, it helps to construct
monotonicity preserving zipper a-fractal function f& whenever germ function f is monotone (take r = 0).
For this, let us define some notation first:
2p = minger{b®(z) : i € Ny_1}; Zp = maxeer{b®(z) : i € Ny_1}; == minger, fV(2), R :=
maxger, fV(x); m = minges f&(x); M := maxer f&(z).

By putting £ = 1 in Corollary our zipper a-fractal function f& corresponding to f satisfies
/

o) ) oy (a), (10)
a; a;

(P (L) = fD (Li(z)) + (f& =b)(z) +

Let 7 < f1) < R. To prove r < (f*)1) < R, it is enough to verify r < (f*))(L;(x)) < R for all i € Ny_;
and z € I. For this, we will choose monotonic scaling functions a; € C(I) satisfying ||a;||1 < @, where
leilli = max{||a;]|oc, [|}]|oc }- Then, we need to verify

a;(x)
a;

r< ) + 2 (g2 )+ D (o @) < R (1)
Case 1: Let 0 < (—1)%a;(z) < (—1)9% and (—1)%aj(x) > 0 for all € I. Hence @ >0 and & (x) > 0.

Therefore, is true whenever

’r(l a;(r )) <f1)( i(z ))_’_a;a(f)(fg_b)(x)_wb(l)(m) SR(I—W>_ (12)

a; a; a;

It is easy to observe that

e = b)) — SO0 gy 5y G gy gy i) (13)

a; a; a;

In view of , for the validity of the first inequality of , we need a condition for which

riJFOm(m—Zo)—ai(x)lero_%(fc))’

a; a; a;
/ .
e, 1+ O‘f) (m — Zo) + af) (r—21) 27,
7 (2
/ .
ie., M(Zo —m)+ ai(z) (Zy—r) < (ri—7),
a; Qg

(_l)eia;(w) (_1)eiai(x)
W(zo_m)JrW(%—r)é( —r).

We know ||a;]]1 = max{||i||oc, ||} |loc }- The above inequality is true if

ie.,

leilli(Zo —m + Z1 —r) < (=1)%ai(ri — 7).

Therefore, we choose
(=1)%ai(r; —7)
Zo—m-+21—1r’

levilln <

for validity of the left inequality of . Similarly, if we choose

o (ED%ai(R — Ri)
M—-—z+R—2z’

il <
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then the right inequality of is true.
Case 2: Let (—1)%=% < (=1)%q; < 0 and (—1)“cj(x) > 0 for all z € I. Then we have a;—(f) < 0 and
%f) >0 for all x € I as (—1)% = £1. Then, the first inequality of satisfies when

/ .
- RO < g (a)) + A (o)) - HDy )
/ .
ie., r< fO(Li(z) + O‘f")(fg —b)(z) + 0‘1;@(3 — oM () Vz e I.
The sufficient condition for validity of the above inequality is
/
r<rn+ 2D 70+ 9 p )
073 a;
/ .
e, r—r; < achx)(m — Z()) + ala(x)(R — 21),
/ .
ie, ri—r> M(Zg—m)—M(R—zl),
a; a;
—1)% o/ —1)¢& i
ie, ri—r> ((_)1)32(:@(20 —m) — ( (—)l)ia(ix) (R—21),
: [levil[1 [levil|1
€ i — 1 2> (40 — e Ut —21),
ie, ri—r Do (Zo —m) + Do (R—21)

ie, (=D)%a;(r —r) > ||ai|1(Zo —m+ R — 21).
Therefore, if we choose
(=D%ai(ri —r)
Zo—m+R—2z’
then the left inequality of is true in this case. Similarly, other inequality of is true when
o (ED%ai(R — Ri)
M — zo + Zl —r

leillx <

levilly <
In a similarly analysis, for Case 3: 0 < (—1)%a;(z) < (=1)%% and (—1)“a;(z) <0, (11)) is true when

(=D%a;(ri —r) (=1)%ai(R — R;)
M—-—z20+Z1—17"Zyg—m+R—2 ]’

HOQ‘Hl S min {

and for case 4: (—1)%= < (—1)%q;(x) < 0 and (—1)%a}(z) <0, (11)) is true when

(=D%ai(ri —r) (=1)“ai(R - R;)
M—Z0+R—Zl Zo—m+21—r '

ol < min {

Now we will summarize these above discussions in the following theorem.

Theorem 3.6. Let f € C'(I) satisfying r < f(z) < R for all x € I. For a partition A = {x1,x3,..., 2N}
of I with increasing abscissae, let € € {0,1}N~1 and the base function b € C*(I) satisfying the conditions
b®)(21) = f@)(z1) and b®P) (zx) = fP)(zy) fori € Ny_1, p=0,1. Then the corresponding zipper a-fractal
function f& obeysr < (f*) N (x) < R for all x € I, if the variable scaling functions a; € CY(I) are monotone
and satisfy ||o;ll1 < %, and

ill1 < R e 14
o ||1_m1n{U "0 Uiz’ Uig” Ui’ Ui Uiz’ Ui4} (14)
where e; = (—1)%a;(r; — 1), B; = (=1)%a;(R — R;),

Uilzzo_m+Z1—T‘, GiQZZO—m—f—R—Zl,

Os=M-—20+21—7,0y4=M—2+R— 2.
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Remark 3.6.1. (i) Theorem includes the Theorem 5 of [T])] as a special case by taking all €; = 0 for
1€ Ny_q.

(ii) If r = 0, then we can construct a class of 2N~ monotonically increasing zipper a-fractal functions
corresponding to monotonically increasing function f.

Similarly, for a given convex function f, we can restrict the variable scaling functions so that the proposed
class of zipper a-fractal functions corresponding to f becomes convex. Substituting ||c;||2 in place of ||| o2
for any € € {0,1}¥=1 the restrictions on variable scaling functions are the same as given in Theorem 7 of
[14]. But our advantage is that we can find 2V~! different convex zipper a-fractal functions including the
convex a-fractal function given in [14], based on € for a fixed set of scaling functions.

4. Examples of Shape Preserving ZFIFs

In this section, we present some numerical examples to support the theory in Section |3} If we do not
restrict the scaling functions or the base function as prescribed in the last section, then the proposed zipper
a-fractal functions may not preserve the desired property. The sufficient conditions are verified through
suitable examples. We also plot graphs with different signatures to show that for the same set of scaling
functions, we get the different zipper a-fractal functions.

Example 4.1. In this example, we want to check the positivity preserving property and one-sided ap-
proximation property of the proposed zipper a-fractal function. Consider a non-negative germ function
f(z) = sin(2rx)+ 1.1 on I = [—1,1] with partition A ={—1,—-1/2,0,1/2,1}. The following parameters are
used to plot the graphs for Figs. [1|(a)-(f):

Fig. b(x) o €
(a) 1.1 (’”22)‘}’1, (x?% ,2.2) | (0,1,1,0)
(b) 1.1 (”?f,%,%,%) (0,1,1,0)
(c) 1.1 ((?g,%f,g,%) (1,1,1,0)
(d) |522—-3.9 ((’“"22)?,("”22)?, (’”?T,%) (0,1,1,0)
(e) |6.1— 522 ((’“"22)?,(122)?, (I?T,%) (1,1,0,1)
(f) | 6.1 —5a2| (22 G2 )T 1y 1(0,0,0,0)

In Fig. (a}, we do not restrict scaling functions or a base function as given in Theorem or Theorem

and we can see that the corresponding zipper a-fractal function is neither positive nor lying completely
above or below f. But when we restrict the scaling functions as prescribed in Theorem|[3.5, the corresponding
zipper a-fractal functions become positive see Figs. [1|(b)-(c). We have used €1 = 1 for Fig. [{(b) and e = 0
for Fig. (c), whereas all other parameters are the same for both the figures. Notice between Figs. (b) and
(c) over I as they are almost the flipped versions of each other. In this way, for the fized non-zero scalings,
we can get 2V 71 different zipper a-fractal functions based on different signatures.
In Fig. (d}, we have used the base function b(z) = 5x* — 3.9 which satisfies b(z) < f(x) for all z € 1. All
the scaling functions are non-negative, so by Theorem[3.]], the corresponding zipper a-fractal function lies
completely above f on I. Similarly, for Figs. (e)—(f), we have used non-negative scaling functions and the
base function b(x) = 6.1 — 522 that satisfies b(x) > f(x) for all x € I to get the zipper fractal approxvimants
from below for f. For Fig. (f), we have chosen €; = 0 for each i € Ny, so the proposed zipper a-fractal
function reduces to classical a-fractal function approrimant from below.

Example 4.2. In this example, we want to check the range restriction by the first derivative of the pro-

posed zipper a-fractal functions. Let us consider f(x) ig + sin(rx) on I = [_71,%] with partition
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(d) f& with (e) f& with (f) f& with
1 1 1 1 1 1 1 1 1
o = ((9922)57 (514“22)37 (I?i%) and o= ((9322)5’ (3322)37 (I?i%) and o= ((IZ)5’ (9022)37 (wzﬁjé) and
¢ =(0,1,1,0) e=(1,1,0,1) — (0,0,0,0).

Figure 1: Verification of positivity and one-sided approximation by zipper a-fractal functions.
A= {_71, _71,0, %, %} For the fized base function

z =1

b(x) = 4 10 1 ifr € [5,0],
3 2 1

—31z° +242° 4+ 0.1x — 1 ifz €10, 5],

T z+l k —x
scaling function cmd szgnature vectors {(25, %5 %) (1,0,1,0)}, {(Z5= 300 , 75, S0 4380) (1,

0,1,0)}, and {(F5~ 300 , 75, egom, 100), (1,1,0,0)} are used for plotting Figs. @(a) (c) respectively. Figs @(d) (f)
are the graphs of the derivative of zzpper a -fractal functions plotted in Figs @(a) (c) respectively. Note that
the given function f satisﬁes r=0< fd ( ) < R=4 for all x € 1. If we restrict the scaling functions as
prescribed in Theorem then zipper a-fractal function f& corresponding to f satisfies 0 < (fa) < 4,
and consequently, we get monotomcally icreasing zipper a-fractal function corresponding to monotonically
increasing function f. For Fig. @(a) we do not restrict the scaling functions as prescribed in Theorem
and we can see in Fig. @( d) that corresponding zipper a-fractal function f& does not satisfy the condition
0 < (f*)D(x) < 4 on I and hence f* is not a monotone function on I. When the scaling functions are
elected as per the prescription of the corresponding zipper a-fractal functions in Figs. @(e)—(f) satisfy
0< (ff‘)(l)(x) <4 for oll x € I. We have used different signatures, but all other parameters are the same
for Figs. [4(b)-(c) to show the effect of signature. We may not have seen the differences in Figs. [4(b) and
@(c) as the magnitude of scaling functions are nearly close to zero, but the difference in shape can be seen
from their derwatives in Figs. [4(e)-(f).

5. Schauder basis consists of zipper fractal functions for C*(I)

First let us recall the definition of Schauder basis:
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Figure 2: Verification of monotonicity by zipper a-fractal functions.

Definition 5.1. A sequence {u,} in an infinite dimensional Banach space X is said be a Schauder basis of
X if for every ¢ € X, there exists a unique sequence {3,(¢)} of scalars such that

¢= Z Bn(g)um
n=1

where f3,, is a linear functional on X, n € N. 3, is called the n*" coefficient functional corresponding to the
Schauder basis {u,us,... }.

Our aim in this section is to show that space C*(I) has a Schauder basis consisting of zipper fractal
functions. Corollary stated that for a given function f € C¥(I), we can choose scaling functions and
base function in such a way that the corresponding zipper fractal function is also a member of the space
C*(I) and satisfies . From here, we assume that b = Lf, where L is a bounded linear operator on C*(I)
such that for p € N0, Lf®)(z1) = f®)(z;) and Lf®) (xy) = f®)(zx). Therefore, changes into

(i) = (L) + o | 3 ()l P () - L) ). (15)
j=o \J

So the corresponding zipper fractal function f&* now depends on the partition of I, scaling functions, signa-
ture, and L. So for the fixed parameters A, «, €, and L, let us define an operator

QXY CE(I) = CR(I), KO (f) = fe,

where A = {z1,22,...,2n} C I, a(x) = (a(x), x2(x),...,an_1(x)), € = (€1,€2,...,en_1), and the linear
operator L are satisfying the conditions prescribed in Corollary For f € Ck(I), Qgi(f) € C*() ie.,
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the operator Qif is well defined and QZ?( f) is a zipper fractal function corresponding to f. We call this

operator ng as a zipper fractal operator. For fixed L and A, we denote Qii = Q¢. The operator norm

for a bounded linear operator S : (X1, ||.||x,) — (X2, ||| x,) is defined as
HSH = Sup{HSUH)Q tve Xy, ”UHXl < 1}‘
If up = vnlp,1), then {ug, u1,ug, ...} is a Schauder basis for C([0, 1]), where

’U()(t) =1, ’Ul(t) =1—-1t, teR,

2t, ifo<t<1/2
v(t) =4 2-2t if1/2<t<1
0, otherwise,
and vong () = v2(2"t —j+1) forn =1,2,... and j = 1,2,...,2". Each u, is a non-negative piecewise

linear continuous function, known as a saw-tooth function.

Cheney in [10] provided Schauder basis of polygonal functions for the space C'(I) endowed with supremum
norm. Schonefeld in [25] constructed Schauder basis for C*(I) corresponding to any Schauder basis of C(I).
Therefore, Schauder basis for C*(I) exists. If we prove that the operator Q¢ is an isomorphism from C* ()
to C’k(I ), then our aim for this section is completed. Thus, we will show that for some prescribed conditions,
the zipper fractal operator is an isomorphism from C*(I) to C*(I). For the main theorem of this section,
we will prove some related results first.

Proposition 5.1. Zipper fractal operator Q% : C*(I) — C*(I) is linear and bounded .

Proof. Let f,g € C*(I) and a,b € R. Then linearty of L implies

(af +bg)?(Lilx)) = (af +bg) (Li(x)) + as(w) ((af +bg)¢ (x) — (aLf + bLg)(x)).

for all i € Ny_;. From the above equation we find that af® + bg® is the fixed point of Read-Bajraktarevi¢
operator T : C*(I) — C*(I), where

(T20)(Li(w) = (af +bg)(Li(x)) + aa(w) (h(x) — (aLf +bLg)(x) ).

The uniqueness of the fixed point shows that (af + bg)® = af® + bg®. That is, for any a,b € R and any
f.g € C*(I),
Q2 (af + bg) = aQg (f) + b (9)-

Thus Q¢ is linear. From , we obtain

1FE = fllk < max{(2/lai)* [l : i € Ny1}IF& = L e

16
< I = Lflle 1o

where s = max{(2/|a;|)*||illx : i € Ny_1}. Hence,
s
el = 1Al = 5= IHa = L1 £l

and we have

I;—L
92l = Il < (1 + S Elyy gy (17)

Clearly, Q2] < (1 + =Ly and Q2 is bounded. O
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Proposition 5.2. Zipper fractal operator Q% is injective and bounded below, when |a;|r < ('Cg‘)kHLH*l
for alli € Ny_1. In particular, the range of QY denoted by R(QY) is a closed subspace of C*(I).

Proof. For any f € C*(I), let Q(f) = f& = 0. Then from we get,

11l < sILA ks (18)

where s = max{(2/|a;|)*|lci|lx : i € Ny_1} < ||L||~!. Since s||L|| < 1, this gives f = 0, hence Q¢ is injective.
Also from we get

[l = WfENe < M1 = FEllk < sllfE = Lflle < sCFE Nk + ILILAAlR),

and this implies
1+s

I flle <
1-s||L]

17E ks (19)

ie.,

S e < jaz s s € ot (20

Hence, the operator 2 is bounded below.
Now let g € R(Q2), where R(Q%) := {q € C¥(I) : ¢ = Q%(h) for some h € C*¥(I)}. Then, there exist a

sequence {f&,} in R(Q¥) C C*(I) such that f&, AU, — g as n — oo. Since for each n € N, f&, € R(Q2),
there exist f,, € C¥(I) such that Q%(f,) = fm, n € N. From we get,

1+s

(63
I = il < T = Femle

Since {f¢,} is a Cauchy sequence, the sequence {f,} is also a Cauchy sequence in the Banach space Ck(I)

RIS

and hence convergent, say, fn M f in C*(I). Boundedness of the map % implies that Q(f,) — Q(f)

and hence g = Q%(f). Thus, g € R(Q2%), i.e., R(22) is closed in C*(I). This completes our proof. O
Remark 5.1.1. Using and (@, we get

1 —s[|L] a sl|la — L]

S < IR < (L TN I s VS € . (21)

Now let us recall a result on bounded linear operators, which help us to proceed further.

Lemma 5.2. ([35]) If S is a bounded linear operator from a Banach space into itself such that ||S|| < 1,
then I — S has a bounded inverse and the Neumann series Z;'io S7 converges in operator norm to (I —S)~1

Now we will prove the main theorem of this section.

Theorem 5.3. Let ||a;||x < (la”) (1+ ||Ig — L||)~! for all i € Ny_1, where 1 is the identity operator on
Ck(I). Then, Q% is an isomorphism (linear, bijective and bicontinuous map). In particular, the space Cck
admits a Schauder basis, consisting of C*-continuous zipper fractal functions.

Proof. Consider,
LIl = g = LI < | a = L+ L] = |Lall = 1,

ie.,
1L <1+ [[a — L.

Jai| \ " _ il \* o
umM<<; (2= L) < (50 ) 1L

Hence,
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From Proposition [5.1] and Proposition we know that Q% is a bounded, linear and injective operator.
Now from ,

s
1-—s

1& = fllk < 1f = LSk,

where s < (14| I;—L||)~! by given condition on the scaling functions. Now the inequality s < (14| Ig—L||)~*

= s(L+|[[la = L[)) <1,
= s+s||ly— L) <1,

1—s
— - L] < —2,

— - L| <1
1-—s

Thus,
S
12 — I|| < EHId - L <1

From Lemma Q2 has a bounded inverse, therefore Q¢ : C¥(I) — C¥(I) is an isomorphism. Thus, Q2
preserves the basis, equivalently if {g,} is Schauder basis for C’k(I ), then the set of zipper fractal functions
{92} is also Schauder basis for C*(I), where g2, = Q%(gn). O

Theorem 5.4. Let ||o;||x < (%)k(l + g — L)~ for alli € Ny_1. If {gn} be a Schauder basis for C*(I)
with associated coefficient functionals {Bn}, then {g,} is the corresponding Schauder basis of zipper fractal
Jfunctions with associated coefficient functionals {B, o (%)™}, where g%, = Q2 (gn).

Proof. From Theorem we know that given assumptions on variable scaling functions implies Q¢ is an
isomorphism on C*(I). So if {g,} is Schauder basis for C*(I), then, {g¢,} is the corresponding Schauder
basis of zipper fractal functions for C*(I).

For g € C*(I), we can write

9= Bu(9)gn.
n=1

Also, for g € C*(I), we know (Q22)~1(g) € C*(I). Thus,

(Q)7H9) =Y Bul(2)(9))9n-
n=1

By continuity of Q¢,
9=">_Bul() 7 (9))95 -
n=1

This completes our proof. O

6. Schauder basis consists of zipper fractal functions for LP(I)

It can happen that a space X with some norm may not be a Banach space, but it is a subspace of
a Banach space. We know that C*(I) with respect to norm ||.|[, (for g € LP(I), ||gll, == (/; |g[Pdx)'/P),
1 < p < o is not a Banach space, but it is a dense subspace of the Banach space LP(I). So for the extension
of a linear and bounded operator, we have the following result:

Lemma 6.1. If X5 is Banach and X1 is dense in X', then a linear and bounded operator S : X1 — X5 can
be extended to X' preserving the norm of S.
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From functional analysis we know that Schauder basis for LP(I) for p € [1,00) exists. It is known that
Haar system {u1,ug,us, ...} with

ul(t>:1
(1, ifo<t<1/2
”2<t>_{ —1, if1/2<t<1,
and forn=1,2,...,57=1,2,...,2",

n/P . if (25 —2)/2" ! <t < (25 —1)/2",
ugnyj(t) = —2MP if (25 —1)/2" <t < 25 /27
0, otherwise,

is a Schauder basis for LP([0,1]) for 1 < p < co. The set of Legendre polynomials forms an orthonormal
basis for L2(I). For p € (1,00), the sequence of trigonometric functions {1, cos(nx), sin(nz) : n € N} is a
basis for LP([0, 27]).

So in this section, we will extend the operator Q% : C¥(I) — LP(I) from C*(I) to LP(I) for p € [1,00) and
we will show that for some prescribed conditions, the extension of (¢ is an isomorphism from the space
LP(I) to itself. In particular, we will show that for p € [1,00), the space LP(I) admits a Schauder basis of
zipper fractal functions. Aiming to this task, first we will prove some auxiliary results.

By Lemma the density of C*(I) in LP(I) for p € [1,00) allows us to extend the operators Q% : C*¥(I) —
LP(I) and L : C*(I) — LP(I) from C*(I) to LP(I), preserving the operator norm. Due to density of C*([)
in LP(I), if g € LP(I), then there exist a sequence {gn} C CK(I) such that lim, .~ gn = g (With respect to
LP-norm). Therefore, the extensions Q% : LP(I) — LP(I) and L : LP(I) — LP(I) are defined as if g € LP(I),
then Q2(g) = lim, 00 Q¥ (gn) = limy 00 92, €., g& = Q%(g) is the limit of a sequence of zipper fractal
functions {g®,} C C*(I), and similarly L(g) = hmn_mO L(gy). The function g& will be the zipper a-fractal
function of g € LP(I). These extensions preserve the norm, so we have ||Q¢| = [|Q%]| and || L|| = || L]

Proposition 6.1. For f € C*(I), p € [1,00),

152 = Flp < 2l gy,

[lv]loo

Proof. Zipper a-fractal function Q%(f) = f satisfies

f(@) = f(2) + (L7 (@) (fE(L7 (2) = LF(Ly (=) @€ Liyi € Nyou.

So, we have
1= fln = Z / i L @) P — LM @)) P

By putting t = L; (z), we get

=

1f& = fIIp

[0t aaoris - L

I¥
—

7

=

< 2 (=D%allal[S I feE = LI

i

I
—

Since Zi]\gl(—l)ﬁiai = Zivz_ll(—l) % = 1, we have

N-1

IFE = flIp < Y- (=D %allallBllfe = LG = llalbllfe — LI,

i=1
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which implies
17& = Fllp < lledloollfe" = LS lp- (22)
Using || f& — Lfllp < |f& — fllp + I f — Lfllp, we have the desired result:

152~ flp < 2l gy, (23)

= lleloo

Remark 6.1.1. Using Proposition we get

o l[etllool[Za — Ll
1] = l192) <1+ == (24)
lerlloo
Proposition 6.2. For any f € LP(I), p € [1,00),
Qa(f loloo L(f 25
192 (f) = fllp < 7= o~ o] 1f = L) llp- (25)
o0

Proof. Let f € LP(I). Then Q2(f) = limp_oo Q(fp) and L(f) = limy, 00 L(fn), where {f,} € C¥(I)
is a sequence such that f = lim, o f, with respect to LP-norm. Since f,, € C*(I), we have Q2(f,) =
Q%(fn), L(fn) = L(fn). The continuity of the norm gives

”@(f) - pr - nlggo HQig(fn) - fn”p

Using ,
”@(f) - pr = hm HQ?(fn) - fn”pa
< HaHoo lim [[Q¢(fn) = L(fn)lp,
= llalloo lim [192(fn) = L(fn)llp,

= Hauooum( £) = L),
< llalloo Q2 (f) = f + £ = L()lp,
< llellooll2(f) = fllp + llllooll £ = L(A)lp-

From above we easily get the inequality . O

Proposition 6.3. If [[al/« < |L| =Y, then Q2 is injective and bounded below. In particular, the range of
02 is closed in LP(I).

Proof of the above proposition is similar to the proof of Proposition We know that ||L|| = ||L]|, so
similar to , we can easily obtain

1+ el

I£llp < = [QE (Pl F € TP(D). (26)
IL[flexflo
Now we will prove the main theorem of this section.

Theorem 6.2. Let ||af|oo < (1+ |[Ig — L|)™t. For p € [1,00), if {gn} is a Schauder basis of LP(I), then
{Q%(gn)} is a Schauder basis of LP(I).
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Proof. Since L is extension of operator L, the extension of I; — L (here, I : C¥(I) — LP(I) such that
Ii(f) = f for all f € C’k(I)laglfes with Iy — L (here, Iy : LP(I) — LP(I) such that I;(f) = f for all
f € LP(I)) and ||I; — L|| = ||[I; — L||. Now the inequality ||a|ls < (14 |[Ig — L||)~! gives that

lerloo (1 + [[1g — L) < 1,

= |lafloo + l[aflollla = L < 1,
1 —[lof
= |Ia—L| < Ww,
o0
= M\Hd - L| <1,
1 — [laffoo
1 = [laffo

Using and previous inequality, we obtain the L, operator norm

[1a — Q2| < 1.
Therefore, Lemma implies that Q¢ : L, — L, is an isomorphism and hence preserves the basis. This
completes our proof. O
7. Zipper fractal versions of full Miintz theorems

In this section, we introduce zipper fractal Miintz space and some of its properties using the fixed interval
I =[0,1] and zipper fractal operator Q% : C(I) — C(I) C LP(I) for p € [1,00).

Let A := {A\t}32, be a sequence of distinct real numbers with 0 = A\; < Ay < .... Bernstein [5] conjectured
that

S

i Mk

it is a necessary and sufficient condition for the linear space II(A) := span{z* : k = 1,2,...} to become
dense in C([0,1]). This beautiful conjecture that connects the density of a particular subset of a functional
space to the divergence of a particular harmonic series was proved by Miintz in [16] and the linear space
II(A) over R is called the Miintz space associated with A. Since then, many generalizations of this theorem
have been presented.

Theorem 7.1. (Full Mintz Theorem for C(]0,1])) Let A be such that A\, > 0 for all k, except A\; = 0.
Then II(A) is dense in C([0,1]) if and only if

IPETRE
—— = o0.
ATl

The above theorem was proved by Siegel in [27] and also proved differently by Borwein and Erdélyi
[6, [7] using techniques given by Szasz [28]. Researchers then changed the space from C(I) to LP(I) and
provided the necessary and sufficient condition for the density of Miintz space associated with A in LP(T).
The following theorem was proved for p = 1 by Borwein and Erdélyi and for 1 < p < oo by Operstein [23].

Theorem 7.2. (Full Mintz Theorem for LP([0,1])) Let p € [1,00) and A be such that A\, > —1/p for
all k. Then TI(A) is dense in LP(]0,1)) if and only if
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With z; = 0 and 2y = 1, let A = {z1,x9,...,zx5} be a partition of I = [0,1] and L : C(I) — C(I)
is a linear and bounded operator satisfying Lf(x1) = f(x1) and Lf(xn) = f(xy). If % < Ak < 0, then
2™ € LP(I). Define

Q% (2™ if A >0

)‘k o 76 - )

(@)e = { Q2(a™) if =L < M\ <0, (27)
where a(z) = (a1(x),as(x),...,any—1(x)) is a continuous function such that ||a|ls = max{||a;||e : @ €
Ny_1} <1, and € = (e1,€9,...,eny—1) € [ := {0,1}Nf1. . .

For the sequence of continuous functions o (z) = (o (z), a(), . ..,a%_,(x)) (not zero on all I) such that

la]|oo — 0 as j — oo, let £ = {(x)‘k)?] : k,j € Nye € T'}, then the zipper fractal Miintz space associated
with A is defined as II%(A) := span(¢).

Theorem 7.3. Let A be a partition of I =1[0,1], L be a linear and bounded operator on C(I) with respect
to the uniform norm, and {a’} be a sequence of non-zero variable scaling functions such that ||a?]|ec — 0
as j — co. If the set span{gy : k € N} is dense in C(I) , then the set span{(gx)® : k,j € N,e € '} is also
dense in C(I).

Proof. Let g € C(I) and 6§ > 0 be given. Since the set span{gy : £ € N} is dense in C(I), there exists
f € span{gs : k € N} such that

J
17 gl < 2. (28)
Since ||a’ || — 0 as j — 0, we can find o/* (j, € N) such that
(L + [ILID o[l g
. —. 29

Now we have f* € span{(gx)® : k,j € N,e € '}, and it satisfies

£ (Li()) = f(Lix)) + od* () (£ (x) — Lf ().

Therefore, ‘ ‘
2 [ oo (L4 LIDIl e [0

1587 = Flloo < == IIf = Lflloo < - 1/ lloo- (30)

1= [[a?* o 1= a7 |ls

Then, using —, we have

ad* ad* 5 (5
176" = oo < 1F — glloo 4 15" — flloo < 5 + 5 <6 (31)
Hence, Span{(gk)g“j :k,j € Nye € '} is dense in C(I). O]

In the similar way we can easily proved the following theorem.

Theorem 7.4. Let A be a partition of I = [0,1], L be a linear and bounded operator with respect to the LP
norm, and {a} be a sequence of non-zero variable scaling functions such that ||o?]|cc — 0 as j — co. If the
set span{gy : k € N} is dense in LP(I) for p € [1,00) , then the set span{(gr)®’ : k,j € N,e € T'} is also
dense in LP(I).

Using Theorems [7.1] and we have following result.

Theorem 7.5. (Zipper Fractal version of Full Mintz Theorem for C([0,1])) Let A be such that
Ak > 0 for all k, except A\; = 0. Further let A be a partition of I =[0,1], L be a linear and bounded operator
on C(I) with respect to the uniform norm, and {a’} be a sequence of non-zero variable scaling functions
such that ||’ ||cc — 0 as j — co. Then the zipper fractal Miintz space TIS(A) = span(€) associated with A is

2 :




Vijay and A.K.B. Chand, Adv. Theory Nonlinear Anal. Appl. 6 (2022), 4814501 500

Similarly, using Theorems [7.2] and [7.4] we have following result:

Theorem 7.6. (Zipper Fractal version of Full Miintz Theorem for LP([0,1])) Let p € [1,00) and
A be such that A\, > —1/p for all k. Further, let A be a partition of I = [0,1], L be a linear and bounded
operator with respect to the LP norm, and {a’} be a sequence of non-zero variable scaling functions such
that ||a?||o — 0 as j — co. Then, the zipper fractal Miintz space TI*(A) = span(€) is dense in LP([0,1]), if

= Qe+ )7 +1

8. Conclusions

In the present work, we have developed the theory of zipper fractal interpolation functions with variable
scaling. We have constructed the differentiable zipper fractal interpolation functions and zipper a-fractal
functions with variable scaling. Using some constraints on scaling functions or a base function, we have
constructed positive or monotone zipper a-fractal functions for given positive or monotone function respec-
tively. We have found sufficient conditions on zipper IFS parameters for a one-sided approximation of a
given continuous function by zipper a-fractal functions. We have shown the existence of Schauder basis
consists of zipper fractal functions for the spaces C*(I) and LP(I), where p € [1,00). In the end, we have
introduced zipper fractal Miintz space and proved zipper fractal versions of the full Miintz theorem for
C([0,1]) and LP(]0,1]) where p € [1,00).
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