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Abstract

Phase-space transforms describe spatial and angular information about light sources where one
example is the Wigner functions in wave optics. Stokes parameters, on the other hand, supply
information about the polarization of light beams. The generalized phase space Stokes
parameters of 2D stochastic electromagnetic beams are already developed. In this article, the
application of anisotropic light sources in generalized phase space Stokes parameters is
theoretically investigated and numerically analyzed. There are several different ways of
studying electromagnetic light beams depending on the spatial domain. But, most measure of
the polarization of random light fields is carried out within the Stokes parameters context. In
this account we study the electromagnetism, Stokes parameters, phase space, and the anisotropy
properties of random light beams at once. We find here that when an anisotropy introduced in
phase space then the cross terms of the Wigner matrix depart from the diagonal terms, which is
not the same in configuration space. As a result, anisotropy has a different effect in Phase space,
i.e. an anisotropic source introduces a phase and a variance change only in the cross terms of
Wigner matrix. This is due to the use of anisotropy in the shifted kernel of Wigner transform.

Keywords: Optical coherence, phase space, Stokes parameters, Wigner function, physical
optics

1. INTRODUCTION Wigner function has a number of noteworthy
benefits for optical studies. One of them is its

A quasi-probability distribution is the Wigner  yse in imaging where one can obtain a

distribution function (WDF) which was
introduced in 1932 [1, 2] to attach quantum
perspectives to classical statistical mechanics.
Since then it is applied to many areas
including optics. WDF has been extensively
employed in both the classical and quantum
regimes to characterize the spatial and
temporal statistics of optical fields. The
concept of the Wigner distribution function is
not restricted to deterministic fields, it can be
applied to stochastic fields as well [2]. The

simplified WDF of image wave field in a
partially coherent microscope [3]. Another
one is its utilization in signal processing
where one can obtain amplitude and phase
retrieval, signal recognition and such easily
via Wigner distribution function [4, 5].
Additional insight into the Wigner
distribution can be one can achive wave field
propagation through graded index media by
means of Wigner distribution function [6]. In
an experimental viewpoint, the Wigner
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distribution ~ function  helps in  the
measurements of optical field correlations [7].
Thus, the Wigner function is studied in optics
in detail especially in connection with
radiometry and partial coherence [8].

On the other hand, the use of random light
beams can be favourable in graded index
media where periodicity of the statistical
properties of beams takes place [9]. As
another option, it is known that the use of

random light beams can improve the
performance  of free  space laser
communications across atmospheric

turbulence [10, 11]. Main reason for these
applications is the reduction in coherent
interference, which is found to lower the
intensity fluctuation (scintillation) at the
receiver.

This paper focuses on anisotropic random
light beams of spatially partially coherent,
and we analyze its phase space through
Wigner distribution function. The derivations
pertain to the source plane. Following
sections represent the organization of this
paper’s material. First we supply necessary
information on the beam field and its
propagation in the phase space context and
then derive the Wigner transform of
anisotropic Schell-model Gaussian beam. We
obtain the generalized phase space Stokes
parameters of anisotropic Gaussian Schell-
model beam and finally compare it with
configuration space generalized Stokes
parameters.

2. MATERIAL AND METHOD

To develop the approach of anisotropic beams
in phase space, we start with the two-point
electric correlation matrix of the beam which
is given in the form [12]

Ery _ WXX (1'1, Iy, ('0) ny(r1, I, 03)
W(rl’ f U)) B (Wyx (rlt I, (1)) Wyy(rl’ Iy, (l)))’ (1)

whose elements are  Wj(ry,rp, w) =

<Ei"(r1' (D)E] (rZJ (1))), (1)] =X, y) EX(rt (1))
and E,(r,w) are the elements of suitably
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constructed stationary, at least in the wide
sense, statistical ensembles. r represents the
two dimensional position vector on rq, ry
plane, w is the temporal frequency and
asterisk indicates the complex conjugate. We
assume that the component of the electric
field along z axis is neglected and only the
two transverse field components E, , (r, w)

are necessary (and propagating on z axis).

The Wigner distribution function depends in
conjunction on the canonical conjugate phase
space variables, which for light beams are the
transverse position vector r and the angular
(spatial frequency) vector k, and for optical
pulses are the time variable t and temporal
frequency w. The Wigner function which
depends on both (r,k,t,w) can also be
constructed [5]. We shall describe the Wigner
phase space matrix by the integral of the
shifted electric correlation matrix [2]

Fy(r ko) = [ Wy(r + r;, r— r;, w)e ' kar', (2)

which can be easily written in the matrix
notation as

(3)

F(r’ k, w) _ <Fxx (r; k, (J.)) ny (r, k’ (A)))

Fyx(r, kK, o) Fyy (r, K, w)

Equation [2] integrates the shifted electric
correlation matrix Equation [1]. i throughout

the paper represents the imaginary unit v—1.
But in the subscripts i,j = x,y.

In the configuration (or parametric) space, the
stokes parameters can be constructed by
linear combinations of the electric correlation
matrix [12]. In the same manner we build the
phase space stokes parameters as given [13]

So(r, K, ) = Fiu (1, K, 0) + Fyy (r, K, w), 4)
S:(r, K, w) = Fyy (1, K, ) — Fy (K, ), 5)
S,(r, K, ®) = Fyy (1, K, @) + Fire (r, K, @), (6)

5 mko) =i[furke) -Fyrkw]  (7)
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Based on these equations, positional and
directional intensities of the electromagnetic
beams are the following (see [2] for scalar
beams)

= [ So(r, Kk, w)dkK, (8)

I,(rrw)

I;(k Kk w) = [ So(r, Kk w)dr, 9)
noting that they both depend on the first
stokes parameter Sy (r, K, w).

We will now consider the paraxial
propagation of the WDF. The paraxial [2]
propagation (see [14] for non-paraxial
propagation), from an incident flat surface to
a surface at z, corresponds to a linear
transformation of the wigner function’s initial
argument, i.e. paraxial propagation reads
Sirkzw) =5 (r-£Kkk00), (10)
for 1 ranges from 0 to 3. The constant involved
is the wavelength A. Another way of
propagation analysis can be seen by assuming
the medium is a first order optical system
(with its ray transfer matrix), under this
condition the WDF at plane z becomes [14]:

S,(r,k,z, ) = S;(Ar + BK, Cr + DK, 0, ), (12)
where the components of the ray transfer
matrix ABCD are A, B,C,and D,and A =1,

B__z_ C=0,D =1 in free space as an

example. WDF describes optical signals
concurrently in spatial frequency and space.
Geometrical optics’ concepts of position and
angle are analogous to this idea. This
characteristic allows us to use the ray transfer
matrix, often known as the ABCD matrix, to
propagate light in phase space [15].

For an application of the theory we consider
the general expression of the well known
electromagnetic anisotropic Gaussian Schell-
model beam (AGSMB) as given

Wi]-(rl,rz,z =0,w) =
2

(AiAj)%Bijexp [— %] exp [— 4"_;]2] [ (ry— r1) ] (12)
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In Equation [12] the parameters A;, Aj, Byj, o;,
oj, and §;; are independent of location but
they might depend on temporal frequency.
The magnitudes of the electric field-vector
components are A;, Aj. of , of are the
variances of the intensity dispersion through
the source coordinates and the variances of
the correlations between the elements of the
electric field vector are 812] Besides, the

parameters Bij must satisfy the realizability
conditions [16]: Bj = Bjj =1, By =B;j; =
Bexp[if]. The phase difference between two
orthogonal electric field componentsis 6, and
B is used for the modulus of correlation
parameter.

Use of Equation [12] as a model beam first in
Equation [2] then in Equations [4]-[7]
constructs the phase space stokes parameters
of anisotropic Gaussian Schell-model beams
(we dropped the w dependence for brevity):

So(r,k 0) = AyByy T exp [~ (1 + 1) | +

Zox 4Axx

r? Kk?
A B Ayy exp[ <E+ m)], (13)
2 2
S (r,k,0)=A BXXAlXXeXp [— (;Ti + %XX)] -
r? Kk?
A B Ayy exp[ <E+ m)], (14)

$,(r,k,0) = (AA,)"? By - ~exp [ (
2i 1
4hxy (E h 4°x) k+ Axy)] +
1/2 r? 2i 1 1
(A Ay) Byx exp[ <ﬂ_yx+4/\yx (E—r‘?’)r

4AYX)] (15)

2
$(00) =1 () B e (2 +

2i 1 1 k2
4hyx 4cx 4—O'y 4hyx

1/2 2 i
(AAy) Byy exp[ <ﬂr—xy+4z;y(c—é)r-k+

Qxy

k +

1/2

k2
4Axy :|:|, (16)
where A;; and Q5 are
1 1 1
Aii =m+m+xﬁ, (17)

i i
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1 :L L_ 1 1 _ 1 L

Q_i]- 4Gi2+4cr]-2 (4"i2)Z+(4ch)Z 8ofof | 4y’ (18)
We note that, for isotropic (o; = g; = 0)
Gaussian Schell-model beams our Equations
[13-18] simplify to Equations [14-18] of
refence [13].

This allows one to investigate the evolution of
the generalized phase space Stokes vector
S;(r,K,z, ) through out free space. We
believe such methodologies developed for
phase space in the optical coherence theory
can be adopted to investigate the change of
the statistical states of light beams in free
space and atmospheric scenarios.

The study of the phase space characteristics of
random electromagnetic beams is quite
widespread recently. The statistical condition
of an electromagnetic beam has long been
satisfactorily described using the standard
Stokes parameters. When used to characterize
both the coherence and the polarization
characteristics  of electromagnetic fields,
recently proposed generalized phase space
Stokes parameters, which are thought of as a
two-direction extension of the typical Stokes
parameters, can be written in terms of the
correlations  between electric  field
components at two directions. The acquired
results make it easier to handle the phase
space transformation's propagation behavior.

3. THE RESEARCH FINDINGS AND
RESULTS

We first notice that Equations [15]-[16] are
different than Equations [13]-[14] in the sense
that there is an additional phase introduced.
And they are different from the parameters
obtained in [13] for isotropic Gaussian-Schell

Sakarya University Journal of Science 27(3), 680-686, 2023

model beams. A similar case is seen in the
complex Gaussian representation of partially
coherent sources on propagation [17].
Second, this is not the case in the
configuration space, i.e.

So(ry, 1y, @) = Wiy (1, 15, ©) + Wyy(l'p I, ), (20)

S1(r, 1z, @) = Wiy (1, 1, )

- Wyy (1'1, I, (‘))! (21)
S2(ry, 1, ) = ny(l'p r;, ®) + Wy, (ry, 1y, ), (22)
S3(r, 1y w) = i[wyx(rlr r;, ®) — ny(l‘l, I, (*))]1 (23)

are all having the same functional forms
(form of Equation [12] in this case) and same
scalings [12]. Thirdly, Equations [15]-[16]
have modified variances across the position
vector r only, which is to say the position
variance is rescaled. As a fourth notice, this
rescaled variance has the imprint of the
correlations dij. To compare Sy (r, K, 0)and
S,(r,k,0), we plot Equation [13] and
Equation [15] in Figure 1.

Since S; and S;have the similar results their
figuration is not presented for brevity. In the
passage from Figure 1 (a) to Figure 1 (b) we
see that the variance changes in r dimension.
This is not very well pronounced in S, and S;
which is because S, and S; are more
symmetric in variances comparing to S, and
S;. In the analysis of the parts of Figure 1 we
see that there is a rise in the variance with
respect to the increment of anisotropy ratio a.
In the numerical calculations it is worth
mentioning that the phase space Stokes
parameters might take negative values, since
the Wigner functions are purely real, but they
are not always positive [18]. The reason of the
asymmetry between
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0.04

(a) SO fOf a = 1.

0.04

(c) Sy for a = 4.

e
0.04

0.04

(d) S, for a = 4.

Figure 1 Changes in the generalized phase space Stokes parameters S, and S, calculated from
Equation 14 and Equation 16, of anisotropic electromagnetic Gaussian Schell-model beams. The
parameters are taken as: Ay = Ay = 1, Byy = By, = 1, Byy = By, = 0.8,6 =0, 0, = 1 mm,
Oy = a0y , Oxx = 8y, = 1 MM, 65y, = §,, = 1.5mm.

Equations [13]-[14] and Equations [15]-[16]
is; we now introduced an anisotropy in the
kernel (shifted electric correlation matrix) of
Wigner transform which causes a phase and a
rescaling in the cross terms Fy,, Fyy and so in
S,, Ss. Lastly, note that the coherence widths
along x and y directions are taken as equal in
this study, they can be taken differently as
well and would be a place of another study. In
such a case, we would expect an extra
variance scalings on the direction of seperate
fields.

4. DISCUSSION

With the help of derived analytics we have
studied the spectral changes of anisotropic
Gaussian Schell-model sources in generalized

Sakarya University Journal of Science 27(3), 680-686, 2023

phase space Stokes parameters. On
comparing Figure 1 (a) and Figure 1 (c) we
see that the effect of anisotropy ratio on S is
more noticeable, however the comparison of
Figure 1 (b) and 1 (d) shows us that the effect
of anisotropy ratio on S, is dim. The main
comparison, i.e., Figure 1 (a) vs Figure 1 (b),
shows a profound change because of the
phase and the variance in the obtained
generalized phase space Stokes parameters.
Therefore, the results demonstrate that the
changes in the statistical properties can be
influenced by the phase space transform.

Consideration of the complete statistics, i.e.
amplitude, phase and polarization, is
necessary for full field description of the light
field. This is because the first Stokes
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parameter, S,, iS a measure of the total
intensity of the light incident on the detectors.
The second and third Stokes parameters, S;
and S,, provide information about the linear
polarization state of the incident light. The
fourth Stokes parameter, S;, provides
information about the circular polarization
state of the incident light.

5. CONCLUSION

In this paper, generalized phase space Stokes
parameters of anisotropic Gaussian Schell-
model sources are derived. Effect of the
anisotropy ratio a is plotted and analyzed.
The Wigner transform results in different
ways in the four Stokes parameters because of
the shift in the transform. Based on the
formulas obtained we see that the anisotropy
of the source causes a modified variance in
the last two Stokes parameters. The
calculations show that the variance changes in
r dimension in the Stokes parameters S, and
S5. And also, we have found that the modified
variance has the imprint of correlations. Some
areas of interest where this theory can be
efficiently used are partially coherent imaging
systems [3], optical heterodyne imaging [19],
and tomography [20].
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