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ABSTRACT

In this paper, we study on the characterizations of loxodromes on the rotational surfaces satisfying
some special geometric properties such as having constant Gaussian curvature and a constant
ratio of principal curvatures (CRPC rotational surfaces). First, we give the parametrizations of
loxodromes parametrized by arc-length parameter on any rotational surfaces in E* and then, we
calculate the curvature and the torsion of such loxodromes. Then, we give the parametrizations
of loxodromes on rotational surfaces with constant Gaussian curvature. Also, we investigate
the loxodromes on the CRPC rotational surfaces. Moreover, we give the parametrizations of
loxodromes on the minimal rotational surface which is a special case of CRPC rotational surfaces.
Finally, we give some visual examples to strengthen our main results via Wolfram Mathematica
10.4.
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1. Introduction

The geometry of curves and surfaces is not only useful for mathematics but it also encompasses the
techniques and ideas relevant to the studies in the engineering and the other fields of sciences.

The curves such as loxodrome, logaritmic spiral, helix, geodesic curve and asymptotic curve in geometry
are very popular in the engineering and the sciences. In 1537, a thumb line (also called as a loxodrome) which
makes a constant angle with all meridians of Earth’s surface was introduced by the Royal Cosmographer Pedro
Nunes in the first time. Nunes made a clear distinction between the sailing along the shortest path (along a
great-circle (geodesic)) and the sailing with a constant course along a rhumb line [9]. A great-circle course
requires that changes continuously the bearing and it was an impossible task at first of ocean navigation. A
navigator would usually approximate a great-circle by a series of rhumb lines [1]. The history of loxodromes
goes back to the times when the voyagers first noticed that the Earth’s surface is not flat and they had to take
the curvature into account. In 1569, a major development about loxodromes was that Mercator projection of a
loxodrome is a straight line [1].

In 1905, Noble [10] found the equations of loxodromes on rotational surface, spheroid and sphere in
Euclidean 3-space. Also, he showed that the stereographic projection of a loxodrome on sphere is a logarithmic
spiral. The curvatures of loxodromes on rotational surfaces generated by the profile curve z = f(z) in zz—plane
in Euclidean 3-space were computed by Kendall [5] in 1921. The arc-length of a loxodrome on a spheroid was
computed by Petrovic [12] in 2007. Also, the arc-length of loxodrome on a sphere was given by Kos et al. [7] in
2009.

A curve whose tangent lines make a constant angle with a fixed direction is called as general helix. The
helices on helicoid which is only ruled minimal surface are also geodesic curves. Similar as loxodromes, helices
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are important in navigation, too. For some interesting and magical applications of helices, we refer to [2, 3] and
references therein.

A curve always tangents to an asymptotic direction of the surface is called as an asymptotic curve. These
curves have been the subject of many studies in astronomy and in astrophysics (see [6]).

The theory of surfaces is another useful and interesting field in the geometry. A minimal surface is a surface
whose mean curvature is zero. The first explicit examples of minimal surfaces are the plane, the catenoid
(Euler, 1741) and the helicoid (Meusnier, 1776) (see [13]). Minimal surfaces are used in many areas such as
architecture, material science, aviation, ship manufacture, biology and so on (see [15]). A Weingarten surface
is a surface satisfying a relation between the principal curvatures. Also, CRPC surfaces as a special case of
Weingarten surfaces are a natural generalization of minimal surfaces, too (see [16]).

In this paper, we study on the characterizations of loxodromes on the rotational surfaces satisfying
some special geometric properties such as constant Gaussian curvature, flatness, constant ratio of principal
curvatures and minimality in Euclidean 3-space. First, we give the parametrizations of unit speed loxodromes
on any rotational surfaces in E? and then, we calculate the curvature and the torsion of such loxodromes.
Later, we give the parametrizations of loxodromes on rotational surfaces with constant Gaussian curvature. In
particular, we prove that a loxodrome on a flat rotational surface is a general helix. Also, we investigate the
loxodromes on CRPC rotational surfaces and we show that a loxodrome o on a CRPC rotational surface in
E3 such that k1 = — tan® ¥x2, where ¥ is the angle between loxodrome and meridian curve, is an asymptotic
curve. As a consequence, it is seen that a loxodrome on a minimal rotational surface which intersects the
meridian curves at the angle 1) = /4 for every points is also an asymptotic curve in E3. Moreover, we obtain
the parametrizations of loxodromes on the minimal rotational surface. Finally, we give some visual examples
to strengthen our main results via Wolfram Mathematica 10.4.

2. Preliminaries
In this section, we give some basic definitions and formulas related to curves and surfaces in Euclidean

3-space E3. For more details, we refer to [11] and [8].
The Euclidean inner product (-, -) in E® allows us to define the length of vectors by the norm:

%] = v/ {x,%) (2.1)
as well as introducing the angle ¢ € [0, 7] between two nonzero vectors x, y by
cosp = M (2.2)
1= Iy

Throughout the article, we denote the derivatives with respect to sand t by "’ "and """, respectively.

A regular parametrized curve is a continuously differentiable immersion « : I — E3, that is &(t) # 0 holds
everywhere, where I C R is an open interval.

The arc-length parameter of « is introduced by

(0= [ lato) (23)

Also, « is a unit speed curve if ||o/(s)|| =1 forall s € J C R.
Then, Frenet-Serret vectors of « are given by

_ a(t)
T® =  men
N({) = B(t)xT(b),
_ alxa()
B(t) = pam=amr

and the curvature and torsion of « is given by

_ emxal|
K(t) = @l
(2.4)
_ deb(a(0),a(0), & (1))
M) = Tamxaor
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A unit speed curve « is called a general helix if the unit tangent vector makes a constant angle with a fixed
unit vector u, that is, (T'(s), u) = cos~ for some fixed angle v. A curve « is a general helix if and only if the ratio
of k and 7 is a constant. When both « and 7 are constants, « is called a circular helix (see [3]).

A parametrized surface element (parametrization) is an immersion ® : U — E3, where U C R? is an open
subset.

If p is a point of orientable surface M, then for each tangent vector v to M at p, the shape operator of M at p
is defined by

S,(v) = —DyN (2.5)

where D is covariant derivative and N is a unit normal vector field on neighborhood of p in M.
The first and second fundamental forms of M are defined

I(v,w) = (v,w), II(v,w) = (S(v),w) (2.6)

for all pairs of tangent vectors to M.

Let v be a tangent vector to M at p. Then k,(v) = II(v,v) is called as the normal curvature of M in
the direction v. If the normal curvature of v is zero, then v is called as an asymptotic direction. A regular
curve o : I — M is an asymptotic curve provided its velocity vectors ¢ are asymptotic directions, that is,
kn (&) = II(&, &) = 0. Also, the maximum and minimum values of the normal curvature of M are called as the
principal curvatures of M and the corresponding directions are called principal directions. They are denoted
by k1 and k.

For principal curvatures 1, ko of M, the Gaussian curvature K and mean curvature H of M are defined by
K= det(S) = K1 * R2 (27)

and
1

1
H = 5“(5) = 5(“1 + K2), (2.8)

respectively. It is well known that if K = 0, then the surface is flat and if H = 0, then the surface is minimal.
Let R be a rotational surface in E? given by

D(s,0) = (f(s)cosb, f(s)sinb, g(s)) (2.9

whose the profile curve B(s) = (f(s),0,9(s)) has an arc-length parametrization, that is, f%(s)+ ¢*(s) =1,
where f(s) > 0 for all s € J C R. The unit normal vector N of the rotational surface R is

N(s,0) = (—g'(s)cos8,—g'(s)sinb, f'(s)). (2.10)

Without loss of generality, we can take ¢/(s) > 0 for all s € J C R. Using the equation f’*(s) + ¢g'*(s) = 1, the
principal curvatures of R are calculated as

PR S 2.11)

N
RV Sl (2.12)

f
Thus, the Gaussian and mean curvatures of R in E? are given by
"
K = —f7, (2.13)
_ "o 12
g It (2.14)

2f/1— f2

Theorem 2.1. [14] Any minimal rotational surface is either a part of a plane or a part of a catenoid. If the rotational
surface given by (2.9) is minimal, then the components of profile curve are obtained by

f(s) = %\/1 +n2 (s +m)? (2.15)
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and )
g(s) = - arcsinh (n (s +m)) +r (2.16)

1
where m,n > 0 and r are constants. Thus, we have f = — cosh (n (g — r)).
n

For the rotational surface R with a constant Gaussian curvature K, the equation (2.13) gives the differential
equation f”(s) = —Ky f(s). The solution of this differential equation according the choice of Kj is given in [8]
as follows:

Theorem 2.2. [8] Let R be a rotational surface in E3 with constant Gaussian curvature K, given by (2.9). Then, the
function f(s) is one of the followings:

(i.) for Ky >0,

f(s) = Acos (\/Kos) + Bsin (v/ Kos), (2.17)

(ii.) for Ko =0,
f(s)=As+ B, |A|l<1, (2.18)

(iii.) for Ko <0,
f(s) = Acosh (v/—Kys) + Bsinh (\/—Kps) (2.19)

where A and B are constants.

3. The Curvatures of Loxodromes on Rotational Surfaces

In this section, we recall the definition and the parametrization of a loxodrome on a rotational surface in
Euclidean 3-space. Then, we compute the curvature and torsion of such loxodromes.

Definition 3.1. A loxodrome is a special curve on a rotational surface which meets the meridians at a constant
angle.

In [10], C. A. Noble found the explicit parametrization of any loxodrome on any rotational surface of E3.
On the other hand, we study the loxodrome on the rotational surface in E? in case that the loxodrome and the
profile curve of the rotational surface are parametrized by arc-length parameter. Thus, we give the following
statement about the parametrization of such loxodromes with its proof.

Theorem 3.1. Let R be a rotational surface in E? given by (2.9). Then, a parametrization of a loxodrome on R is given
b
’ a(t) = (f(s(t)) cos8(2), f(s(t)) sin(t), g(s(t))) G.1)
t df
1o F(5(8))
Proof. Assume that R is a rotational surface in E? given by (2.9). Any meridian of R, that is a curve § = 6, for a
constant 6y, is given by vy (s) = (f(s) cos 8, f(s)sinb, g(s)). Taking the derivative of v, with respect to s, we get

9(s) = (f'(s) cos O, f'(s)sin, ' (s))- 3.2)

Since the profile curve of R has arc-length parameter s, ||v4|| = 1. On the other side, we can express the general
form of a loxodrome o : I C R — R C E? as follows:

a(t) = (f(s(t)) cosO(t), f(s(t)) sin0(t), g(s(t)))- (3.3)

where s(t) = (cos )t + cand 6(t) = sine

for constants c,ty and ¢ € [0, 7].

By a direct calculation, we get

a(t) = (f'(s(t)scosO(t) — f(s(t))sinO()0(t), f'(s(t))ssinb(t) + f(s(t)) cosO(t)0(t),g'(s(t))s). (3.4)

Since « is parametrized by arc-length parameter ¢, that is ||&|| = 1, we get the following equation

$2(t) + f2(s(1))6%(t) = 1. (3.5)
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Using the equations (3.2) and (3.4) in (2.2), we get

costh = (d&(t),75(s)) = $(t) (3.6)
for a constant ¢ € [0, 7]. Thus, we find s(t) = (cos¢)t + ¢ for any constant c. Substituting 5(¢) in the equation
(3.5), we get the function 6(t) as given. O

Then, we calculate the curvature and torsion of the loxodrome « on R in E? parametrized by (3.1).

Proposition 3.1. Let R be a rotational surface in E3 and o be a loxodrome on R given by (2.9) and (3.1), respectively.
The curvature and the torsion of the loxodrome « are given by

4f/12 b4+ 262]0/2 2 2b2f//
o \/1a— Rt 67
b
= _W(_lﬁ(l _ f/2)2(b2 + a2f/2) + a2ff//<1 _ f/2>(3b2 + (a2 _ 2b2)f/2)
+ a2f2f//2(_2a2 + b2 + 3a2f/2) _ a4f3f//3 4 a2f2f/f///(1 _ fl2)) (38)

where f denotes a smooth function f(s(t)), a = cosv and b = sin ¢ for constant i € [0, 7.

Proof. Assume that «a(t) is a loxodrome on R in E? given by (3.1). For a simplicity, we define a = cosv and
b = sinv. Then, we calculate the first and second derivatives of a(t) as follows:

a(t) = (af' cos —bsinb,af sinf + beosh, ag'), (3.9)
2 ! 2 1
a(t) = ((—Z} + azf”) cosf — al;f sin 6, <—I} + a2f”> sin 6 + al}f cos 0, a29"> . (3.10)

From ¢'(s) = /1 — f"2(s), we have ¢"(s) = —% Using these equations in the first equation of (2.4), we

get x as the equation (3.7). Also, from the equation (3.10), we compute

& (t) = (%(b2 +a?f? —2ff")sinf + a®f" cos¥, —%(b2 +a?f? —2ff")cos O + a®f" sin 6, a3g"’). (3.11)
Since «(t) has arc-length parametrization, the curvature of « is also given by x = ||& x @||. Then, 7 = %

/S///sl_/25+//25 . . . .
_ L) ((1)7(f'2{s))(3); (), By a direct calculation, using the equations (3.9), (3.10)

and (3.11) in the second equation of (2.4), we find the torsion 7 as the equation (3.8). O

Moreover, we have ¢’ (s) =

Now, we examine some special values for the angle ¢ to make characterization for the loxodrome « on the
rotational surface R in E3.

Case 1. For ¢ = 0, that is, a = 1 and b = 0. In this case, the loxodrome coincides the meridian curve of the
rotational surface R in E? and the equations (3.7) and (3.8) also give r = + I”_ and 7 = 0 which are the

curvature and torsion of the meridian curve vy. It is well known that all meridian curves are geodesics on the
rotational surface in E?. Thus, the loxodrome becomes a geodesic of the rotational surface (see [11]).
Case 2. For ¢ = 7, that is, a = 0 and b = 1, the equations (3.7) and (3.8) implies x = ﬁ and 7 =0 for a
constant c. Then, the loxodrome becomes a parallel curve of the rotational surface R in E?, that is, it is a circle.
Case 3. For ¢ = Z, thatis, a® = b*. The equations (3.7) and (3.8) give the curvature and torsion of « as follows:

1 f//2 1 + f/2 2f//
k= 2\/1 —f2 + 12 o f (3.12)
r= g PP P = = B - )+ R 3
+ 2 =22 (1= ) (3.13)

where f = f(s(t)) is a smooth function for s(t) = %t +c.
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4. The Characterizations of Loxodromes on Rotational Surfaces

In this section, we investigate the loxodromes on rotational surfaces in E® putting some conditions for
rotational surface. First, we examine the loxodrome « on the rotational surface R in E? with constant Gaussian
curvature K.

Lemma 4.1. Let R be a rotational surface in E3 with a constant Gaussian curvature K and o be a loxodrome on R given
by (2.9) and (3.1), respectively. Then, the curvature and the torsion of « are given by

a4K2f2 b4 + a2b2f’2
K= \/2a2b2K0 + 1 _(}/2 + 72 , 4.1)

ab

TSR

<a4Kgf6 _ b2(1 _ f/2)2(b2 + a2f/2) + a2K§f4(—2a2 + b2 + 3a2f/2)
—a®’Kof?(1 — f?)(3b% + (1 + a® — 20*) f"?)) (4.2)
where K is an arbitrary constant.

Proof. Suppose that R is a rotational surface in E? with a constant Gaussian curvature K. From the equation
(2.13), we get f"’(s) = —Kof(s). Considering this in the equations (3.7) and (3.8), we get the curvature and
torsion of o on such a rotational surface R given by (4.1) and (4.2), respectively. O

From [4], we know that the loxodromes on the cones and cylinders, which are flat rotational surfaces in E3,
are general helices. On the other hand, we will prove that the loxodromes on the flat rotational surfaces are
general helices by using their curvatures given in (4.1) and (4.2). Thus, we give the following theorem.

Theorem 4.1. Let R be a rotational surface in B3 and « be a loxodrome on R given by (2.9) and (3.1), respectively. If R
is a flat rotational surface, then the loxodrome o on R becomes a general helix.

Proof. Assume that R is a flat rotational surface in E? and « is a loxodrome on R. For K, = 0, the equations
(4.1) and (4.2) give

w= 2 rarge, (4.3)

f

ab
T=—+1-f"2 (4.4)

f
On the other hand, the equation (2.18) implies f’(s) = A for a constant |A| < 1. Thus, it can be seen that the
ratio of x and 7 is a nonzero constant. Therefore, we get that the loxodrome « on R is a general helix. O

Then, we give the explicit parametrization of such loxodromes by the following theorem.

Theorem 4.2. A loxodrome « on a flat rotational surface R in E® can be parametrized by

(aAt + By) cos6(t),
a(t)=| (aAt+ By)sinf(t), (4.5)
av/ 1 — AQt -+ AO
where the function 0(t) is given by one of the followings:

tan

(i) 0(t) =
(ii.) 0(t) = Bit + 0o for A=0and By # 0
0

In |a At + Ag| + 6o for A #0,

and a = cosp, b =siny, |A| <1, Ao, By and 6y are constants. Also, the loxodrome « is a circle on the plane which is
orthogonal to the axis of rotation for |A| = 1; it is a general helix on the circular cone for 0 < |A| < 1 and it is a circular
helix on the cylinder for A = 0.
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Proof. Assume that R is a flat rotational surface in E3, thatis K, = 0. Then, Theorem 2.2 implies that the function
f(s)is given by (2.18). Since f%(s) + g’*(s) = 1 and s(t) = at + ¢, we find g(s(t)) = av/'1 — A%t + A, for constants
Ay, A and a = cos 9. Taking into account the function f(s), we calculate §(¢) in Theorem 3.1 with respect to the
cases of constant A.

Moreover, we know that if A = 0, R is a cylinder of radius B; R is a plane which is orthogonal to the axis of
rotation if |A| = 1 and R is a circular cone if 0 < |A| < 1, (see [8]). Thus, we get the desired result. O

Now, we give an example of a loxodrome on a flat rotational surface in E?.
Example 4.1. Let take 1) = Z. Then, we find 6(t) = 2v/3In % for ¢ > 0. Thus, the parametrization of loxodrome

(general helix) is
1 t\ 1, . t\ V3
aft) = <4t cos (2\/§ln 4) ,Ztsm <2\/§ln 4) ,415) )

The graphs of flat rotational surface (circular cone) R, loxodrome (general helix) and meridian (¢ = 0) can be
drawn by using Wolfram Mathematica 10.4 as follows:

—

Figure 1. Flat rotational surface (circular cone), loxodrome (general helix) (green), meridian (blue).

Theorem 4.3. A loxodrome o on a rotational surface R in E? with a positive constant Gaussian curvature Ko can be
parametrized by

(A cos (ay/Kot + ag) + Bsin (av/Kot + ag)) cos 0(t),
(A cos (a/Kot + ag) + Bsin (av/Kot + ag)) sin 0(t),

= at+c
/O V1 = Ko(Asin (v/Fot) — B cos (v/Kof))2de

where the function 0(t) is given by one of the followings:

a(t) (4.6)

(i) 0(t) = ;?1/1% In |tan <;(a\/Kot + a0)> ‘ + 6y for A=0and B # 0,
.. 2 1 1
(ii.) 0(t) = Ko(iizl:/]—BQ) arctanh (\/m <Atan (2(a\/K0t + a0)> - B)) + 0y for A #0

and A, B, ag, 0y, a = cos are constants.

Proof. Assume that the rotational surface R in E3 hasa positive constant Gaussian curvature K. Then, Theorem
2.2 implies that the function f(s) is given by (2.17). Using ¢/(s) = v/1 — f'%(s) and s(t) = at + ¢, we find the
function g(s(t)). Calculating 6(t) in Theorem 3.1 for the function f with respect to the cases of constants A and
B, we get desired result. O
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Theorem 4.4. A loxodrome o on a rotational surface R in E3 with a negative constant Gaussian curvature Ko can be
parametrized by

(A cosh (a/—Kot + ag) + Bsinh (av/— Kot + ag)) cos 0(t),
(A cosh (a/— Kot + ag) + Bsinh (a/—Kot + ag)) sin 6(¢),

at+c
/ \/1+K0(Asinh(\/fK0§) + Bcosh (\/—Kp&))2d¢
0

where the function 0(t) is given by one of the followings:

alt) = (4.7)

t
(i) 0(t) = lei tanh( (ay/= K0t+ao>‘+t90forA:OandB7éO,
(ll) 9(15) = [%arctan <\/142]th <Atanh< an/ K0t+a0 > >> +90 fOT A # O and B2 <
A2,
(iii.) Q(t)—ﬂarctanh <1 (Atanh( ar/—Kot + agp) ) )>+9 for B0 and A% <
' Ko(A2 — B?) VB? — A% C ’
B2,
. _ tanw —((1 —Kot—‘rao) A—B
(iv.) 6(t) = 714\/—7}(06 v + 6 for A=B#0

and A, B, ag, 0y, a = cos ) are constants.

Proof. Assume that a rotational surface R in E? has a negative constant Gaussian curvature K. Then, Theorem
2.2 implies that the function f(s) is given by (2.19). From ¢'(s) = y/1 — f"?(s) and s(t) = at + ¢, we find the
function g(s(t)). Calculating 6(¢) in Theorem 3.1 for the function f with respect to the cases of constants A and
B, we get desired result. O

Moreover, we know that the rotational surface R with a negative constant Gaussian curvature K| is so called
conic type for B? > A? and it is called hyperboloid type for B? < A?, (see [8]).
Now, we give some examples of loxodromes on rotational surfaces with constant Gaussian curvature.

Example 4.2. For K, > 0 and B = 0in (2.17), we have

f(s) = Acos ( Kos) and g (s / \/1 — A2Ksin® \/?05 (4.8)

Here, g(s) is the elliptic integral of second kind. Then if we take as A?K, =1 we get sphere, in case 0 <
A?K, < 1, we have an elongated sphere and while A2K, > 1 we obtain a oblate sphere. From Theorem 4.3,
the parametrization the loxodrome on sphere, elongated sphere or oblate sphere is found as:

A cos (a/Kot) cos 0(t),
Acos (av/Kot) sin6(t),

at+c
/ \/1 — A2 K sin?(y/Ko&)d¢
0

where 0(t) = mn¢ In|sec (av/ Kot + ap) + tan (av/ Kot + ao)|.
The curvature and torsion of the above curve can be easily computed by using (4.1) and (4.2) for f (s) =
Acos ( Kos) s(t) =at +c.

For A= Y2, Ky = 1 and ¢ = %, the graphs of elongated sphere R, loxodrome and meridian (# = 27) can be
drawn by usmg Wolfram Mathematica 10.4 as follows:

a(t) =
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Figure 2. Elongated sphere, loxodrome (green), meridian (blue).

Example 4.3. If we take as A = B and K, = —1in (2.19), for

f(s)=Ae’and g (s) = /05 V1 — A2e28d¢,

we get a rotational surface in E* which is called Beltrami surface. From Theorem 4.4, the parametrization of

the loxodrome on the Beltrami surface is given by
Ae® T cos (— tany (Ce—at 4 D)) ,
Ae®tCgin (—m’w (Cet + D)) ,

« (t) = at+c
V1 — A2e2d¢
0

The curvature and the torsion of « are calculated as

H:\/b4—bzf2+62f4 (49)
FVI-P '
e W~ 21 + 1
(4.10)

T VIS PO R a )

where f(s) = Ae® and s(t) = at + c.
For A = 1and ¢ = %, the graphs of Beltrami surface R, loxodrome and meridian (¢ = 37/2) can be drawn by

using Wolfram Mathematica 10.4 as follows:
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Figure 3. Beltrami surface, loxodrome (green), meridian (blue).

Now, we investigate the loxodromes on CRPC rotational surfaces, that is k1 = kxo with a nonzero constant
k. For k = 0, the rotational surface R becomes flat in which case was examined before.

Lemma 4.2. Let R be a CRPC rotational surface in E* such that r, = kro with a nonzero constant k and o be a
loxodrome on R. Then, the curvatures of o are as

Vb2 + d2a%(a2k? + 2kb2 — b2) f2k
K =
f

(4.11)

and
abd
T = W(b2 + a’k? — d*(a®V? + (a* — 2a%V? — a®)k + (2a% — 3a*)E? + a*K>) f2F) (4.12)
where f denotes the function f(s(t)) and d is a positive constant.
Proof. We assume that the principal curvatures of R hold x; = krs. Then by using (2.11) and (2.12), we get the
following differential equation

F(s)f"(s) = k(f(s) = 1). (4.13)

From (4.13), we also obtain the following equation

F(s) = £1/1 — 22 (s). (4.14)

By considering (4.13) and (4.14) with (3.7) and (3.8), we obtain the curvatures of loxodrome « given by (4.11)
and (4.12). O

Remark 4.1. In [8], we know that the rotational surface R in E? becomes some special surfaces according to the
choice of k given as follows.

(i.) For k =1, R is an umbilic rotational surface, that is, it is a unit sphere.

(ii.) For k = —1, R is a minimal rotational surface, that is, it is a catenoid.
(iii.) For k = —3, R is a Flamm'’s paraboloid which is known in general relativity.
(iv.) For k =2, R is a mylar balloon.

Thus, we get the curvatures of the loxodromes on such rotational surfaces in E? by using the equations (4.11)
and (4.12) with respect to the values of k.

Now, we apply Euler’s Theorem for loxodrome on rotational surface R.

Proposition 4.1. Let « be a loxodrome on rotational surface R whose the principal curvatures are r1 and ko with the
principal directions ®5 = ~,(s) and ®g. Then, the normal curvature of o is obtained as

Kp = a’K1 + b2ko (4.15)

where a = cos ), b = sin and v is an angle between the loxodrome o and the meridian curve ~y(s).
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Proof. Assume that « is a loxodrome on the rotational surface R in E3 given by (3.1). Then, we know the tangent
vector T' of the loxodrome « given as (3.9). On the other hand, from (2.5) and (2.10), we have

S(T) = —% (4.16)
= (ag”(s) cosO(t) — bgf/ (s)sinf(t),ag” (s)sin6(t) + bi: (s) cosB(t), af”(s)) :
By using (2.11), (2.12), (3.9) and (4.16), we get
tin = II(T,T) = (S(T),T) = a*k1 + b’ks.
It completes the proof. O

Corollary 4.1. Let R be a CRPC rotational surface in E3 such that k1 = — tan® ¢ ko and « be a loxodrome on R which
cuts the meridian curves by the angle ). Then, the loxodrome « is an asymptotic curve of R.

Proof. It is obvious from Proposition 4.1. O

For ¢ = Z in Corollary 4.1, the surface R becomes a minimal rotational surface in E* which is part of a plane
and a catenoid. On the other hand, we know that a loxodrome on a catenoid which intersects the meridian
curves at the angle ¢ = 7 for every points is an asymptotic curve.

Using Theorem 2.1, we give the following statement.

Theorem 4.5. Let R be a minimal rotational surface in E3. Then, the curvatures of loxodrome o that cuts the meridian
curves of R by the angle 1) = % hold

B +p
p
where \ and i are constants.

Proof. Assume that R is a minimal surface and « is a loxodrome which cuts the meridian curves of R by the
angle ¢ = . Then by computing (3.12) and (3.13), we obtain the curvature and torsion of «, respectively as
follows:

L f'(s)

V2 (s

- T

in here s = %t + c. On the other hand by using (2.15), (4.17) and (4.18), we obtain that

K 4.17)

and

E:At—%u
.

(m+c

where A = % and p = ﬁ)” for constants m and n. O

Theorem 4.6. Let R be a minimal rotational surface in E* and « be a loxodrome on R. Then, the parametrization of « is

given by
%\/mcos (tan arcsinh (n (at + p)) + q) ,

1 4 n2 (at + p)® sin (tan ¢ arcsinh (n (at + p)) + q) ,
L arcsinh (n (at +p)) +r

n

a(t) = (4.19)

1
n
for constants p,q,r,n > 0 and a = cos 1.

Proof. Suppose that the rotational surface R in E? is minimal surface. Then, Theorem 2.1 implies that the
functions f(s) and g(s) are given by (2.15) and (2.16), respectively. Calculating #(¢) in Theorem 3.1 for the
functions f(s) and s(t) = at + ¢, we obtain given result. O

Now, we give an example for a loxodrome on a minimal rotational surface in E3.
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Example 4.4. If we take n = 1 and /) = 7 in (4.19). Then, the parametrization of loxodrome (asymptotic curve)

e (Ve (i (22)) T i i (22 i (22

The graphs of minimal rotational surface (catenoid) R, loxodrome (asymptotic curve) and meridian (¢ = 7 /4)
can be drawn by using Wolfram Mathematica 10.4 as follows:

Figure 4. Minimal rotational surface (catenoid), loxodrome (asymptotic curve) (green), meridian (blue).

5. Conclusion

In this paper, first we give the curvatures and torsions of loxodromes on rotational surfaces in Euclidean
3-space. Moreover, we obtain the parametrizations of loxodromes on some special rotational surfaces such as
flat, minimal, having constant Gaussian curvature and CRPC. Also, we give some important relations between
loxodrome, helix and asymptotic curve. Finally, we present some examples of loxodromes on special rotational
surfaces by using Wolfram Mathematica 10.4.

In the future, we will study on the curvatures of space-like and time-like loxodromes on rotational surfaces
in Minkowski 3—space.

Acknowledgements

The authors would like to express their sincere thanks to the editor and the anonymous reviewer for their
helpful comments and suggestions.

Funding
There is no funding for this work.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

dergipark.org.tr/en/pub/iejg 158


https://dergipark.org.tr/en/pub/iejg

F. Kahraman Aksoyak, B. Bektas Demirci & M. Babaarslan

Author’s contributions

All authors contributed equally to the writing of this paper. All authors read and approved the final
manuscript.

References

[1] Alexander, J.: Loxodromes: a rhumb way to go. Mathematics Magazine. 77 (5), 349-356 (2004).
[2] Babaarslan, M., Yayli, Y.: Differential equation of the loxodrome on a helicoidal surface. Journal of Navigation. 68 (5), 962-970 (2015).
[3] Deshmukha, S., Alghanemib, A., Farouki, R. T.: Space curves defined by curvature—torsion relations and associated helices. Filomat. 33 (15),
4951-4966 (2019).
Ferreol, R.: Mathcurve. Rhumb line. http://www.mathcurve.com/courbes3d.gb/loxodromie/loxodromie.shtml, [Access Date: 14
August 2022].
[5] Kendall, C. G.: A study of the loxodrome on a general surface of revolution with special application to the conical spiral. Master
dissertation. University of California (1920).
Khalifa, Saad M., Abdel-Baky, R. A., Alharbi, F., Aloufi, A.: On minimal surfaces with the same asymptotic curve in Euclidean space. Applied
Mathematical Sciences. 13 (21), 1021-1031 (2019).
[7] Kos, S., Filjar, R., Hess, M.: Differential equation of the loxodrome on a rotational surface. In: Proceedings of the 2009 International Technical
Meeting of The Institute of Navigation, Anaheim, CA (2009).
[8] Kiihnel, W.: Differential Geometry: curves—surfaces-manifolds (second ed.). American Mathematical Society. USA (2006).
[9] Leitao, H., Gaspar, J. A.: Globes, rhumb tables, and the pre-history of the Mercator projection. Imago Mundi. 66 (2), 180-195 (2014).
[10] Noble, C. A.: Note on loxodromes. Bulletin of the American Mathematical Society. 12 (3), 116-119 (1905).
[11] O’Neill, B.: Elementary differential geometry (second ed.). Academic Press. USA (1997).
[12] Petrovic, M.: Differential equation of a loxodrome on the spheroid. Nase More 54 (3-4), 87-89 (2007).
[13] Pérez, J.: A new golden age of minimal surfaces. Notices of the AMS. 64 (4), 347-358 (2017).
[14] Pressley, A.: Elementary differential geometry. Springer (2001).
[15] Xu, G., Wang, G. Z.: Quintic parametric polynomial minimal surfaces and their properties. Differential Geometry and its Applications. 28 (6),
697-704 (2010).
[16] Wang, H., Pottmann, H.: Characteristic parameterizations of surfaces with a constant ratio of principal curvatures. Computer Aided Geometric
Design 93 102074 (2022).

[4

—

[6

—_

Affiliations

FERDAG KAHRAMAN AKSOYAK

ADDRESS: Kirsehir Ahi Evran University, Division of Elementary Mathematics Education, 40100, Kirsehir,
Tiirkiye.

E-MAIL: ferdag.aksoyak@ahievran.edu.tr

ORCID ID:0000-0003-4633-034X

BURCU BEKTAS DEMIRCI

ADDRESS: Fatih Sultan Mehmet Vakif University, Department of Software Engineering, 34445, Istanbul,
Ttirkiye.

E-MAIL: bbektas@fsm.edu.tr

ORCID ID:0000-0002-5611-5478

MURAT BABAARSLAN

ADDRESS: Yozgat Bozok University, Department of Mathematics, 66900, Yozgat, Tiirkiye.
E-MAIL: murat.babaarslan@bozok.edu.tr

ORCID ID:0000-0002-2770-4126

159 dergipark.org.tr/en/pub/iejg


https://dergipark.org.tr/en/pub/iejg

	1 Introduction
	2 Preliminaries
	3 The Curvatures of Loxodromes on Rotational Surfaces 
	4 The Characterizations of Loxodromes on Rotational Surfaces
	5 Conclusion

