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ABSTRACT. In this study, we show that the system of difference equations

Tn—2Yn—3
Tn = 3
Yn—1 (a + bmn—2yn—3)
—2Zn—
Yn = Yn=2%n—3 ,n € No,
Zn—1 (C + dyn72zn73)
Zn—2Tn—3
Zn =

Tn—1 (6 + fzn72$n73) ’

where the initial values z_;,y_;,2z_;, 4 = 1,3 and the parameters a, b, c, d, e,
f are non-zero real numbers, can be solved in closed form. Moreover, we obtain
the solutions of above system in explicit form according to the parameters a,
c and e are equal 1 or not equal 1. In addition, we get periodic solutions
of aforementioned system. Finally, we define the forbidden set of the initial
conditions by using the acquired formulas.

1. INTRODUCTION

In recent years, many authors have been interested in non-linear difference equa-
tions and non-linear systems of difference equations [1H3}/5,|6l/8H10,12H14]20H23]
25H41]. One of the important topics in this field is the solvability of non-linear
difference equations or non-linear difference equations systems. There are different
methods for obtaining solutions of non-linear difference equations and non-linear
systems of difference equations (two-dimensional or three-dimensional). One of the
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methods for solving non-linear difference equations and non-linear difference equa-
tions systems is to use the change of variables. Then, aforementioned difference
equations or their systems can be reduced to a linear difference equation with con-
stant or variable coefficients. The other method is to use induction method. For
instance, El-Metwally et al. solved the following non-linear difference equations

Tn—1Tn—2
Ty (£l £ 2p_125_2)

Tpy1 = , n € N, (1)
by using induction method in [7]. In addition, they investigated the behavior of the
solutions of difference equations in .

In addition, Ibrahim et al. in [15] obtained the solutions of the following differ-
ence equation
Tn—1Tn—2
Tn (an + bnmn71$n72)

Tn+1 = , nE NOa (2)
where initial conditions z_s, x_1, ¢ are non-zero real numbers and (a”)n€N07 (bn)nENo
are real two-periodic sequences. They used induction method to acquire the solu-
tions of equation .

Ahmed et al. in |4], investigated the periodic character and the form of the
solutions of the following two-dimensional difference equations systems

Tn—-1Yn—2 y o Yn—1Tp—2
) 1 —
Yn (_1 + xnflynf2) mt Tn (il + ynflxn72)

, n S N07 (3)

Tp+1 =

by induction with z_;, y_; ,j = 0,2 are nonzero real numbers.

A few years ago, in |16], Kara and Yazlik showed that the following two-dimensional
difference equations system

Tn—2Yn—3 Yn—2Tn—3
Ty =

- y Yn = , n € Np, 4
Yn—1 (an + bnmn72yn73) Tp—1 (an + Bnyn72xn73) 0 ( )

where the initial conditions z_;,y—;,j € {1,2,3} and the sequences (an),cy,>
(bn)nengs (@n)penys (Bn)nen, are non-zero real numbers can be solved in closed-
form. In addition, they acquired the forbidden set of the initial values z_;,y_;,
j = 1,3 for system and gave a study of the long-term behavior of its solutions
when for every n € Ny, all the sequences (ay,) , (byn), (an), (8,) are constant. They
used the change of variables to acquire the solutions of system .

Recently, the authors of [11], obtained exact formulas for the solutions of the
two-dimensional system of difference equations
Tn—k+1Yn—k y L= Tn—kYn—k+1
Yn (an + bnmnfkqtlynfk) » It Tn (Cn + dnynfkynle»l)

Tpt1 = , n e No, (5)
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where (an), e, s (0n)neny » (€n)nen, and (dn),, e, are non-zero real sequences. Note
that, system can be obtained by taking k = 2 in system .

In addition, Kara and Yazlik showed that the following two-dimensional system
of non-linear difference equations
o Tn—kYn—k—1 _ Yn—kTn—k—1
- Yn—1 (an + bnzn—kyn—k—l), Yn = Tn—1 (an + Bnyn—kxn—k—l)
where k,l € N, (an)neN0 ,
Yy—i, © = 1,k 41, are real numbers can be solved in |17]. Also, by using these ob-
tained formulas, they investigated the asymptotic behavior of well-defined solutions
of system @ for the case k = 2, | = k. They used the change of variables to obtain
the solutions of system @

Tn

s nENo, (6)

(b”)neNo s () ey (Bn)neNU and the initial values x_;,

Quite recently, authors of [18] showed that three-dimensional system of difference
equations

o Tpn—22n—3
" Zp—1 (an + bnmn72zn73) ’
Yn—2Tn—3
Yn = n € No (7)
" Tn—1 (an + Bnyn—2xn—3) ’ ’
Zn—2Yn—3
Zn

_ynfl (An + Bn2n72yn73)’
where the initial values x_;, y—;, 2—;, j € {1,2,3} and the sequences (an), ey,

(bn)neNo’ (O‘")neNo’ (6n)neN0, (An)neNo’ (Bn)neNo are non-zero real numbers, can
be solved in closed form. They used the change of variables to acquire the solutions

of system .

Finally, in [19], Kara et al. obtained explicit formulas for the well defined solu-
tions of the following system of difference equations

k
Hj:o Zn—3j
xn_;’_l = . . ,
H]‘:l Tp—(3j—1) (an + b, Hj:() an?)j)
k
H i—0 Tn—3j
Ynt1 =— J - , n € Np, (8)
Hj:l Yn—(35-1) (Cn +d, Hj:O xnf?)j)
k
Hj:o Yn—3j
Zn+1 =

k k ’
Hj:l Zn—(3j—1) (en + fn Hj:O ynf?)j)

where k£ € Ny, the initial conditions z_;, y—;, 2—;, ¢ = 0,3k and the sequences
(an)neN07 (bn)neN07 (cn)neN()? (dn)neN07 (en)nGN()’ (f’ﬂ)nGNo are real numbers. They
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used change of variables to obtain the solutions of system (g).

In this paper, we study the following three-dimensional system of difference
equations

e — Tn—2Yn—3
" Yn—1 (a + bxn—2yn—3> ’
Yn—22n—3
Yn = ,n € Ny, 9
" Zn—1 (C + dyn72zn73) ( )
Zn—2Tn—-3
Zn

_xn—l (6 + on—2-rn—3) ’

where the initial values x_;,y_;,2_;, i = 1,3 and the parameters a, b, ¢, d, e, f
are non-zero real numbers. We solve system @ in closed form by using convenient
transformation. We obtain the solutions of system @ in explicit form according to
the parameters a, ¢ and e are equal 1 or not equal 1. In addition, we get periodic
solutions of system @D Finally, we define the forbidden set of the initial conditions
by using the obtained formulas. Note that system @ is three-dimensional form of

equation and system .

Definition 1. (Periodicity) Let (2, ¥n, 2n),~_5 be solution to difference equa-
tions system @ The solution (Z, Yn, 2n),>_3 is said to be eventually periodic p if
Tntp = Tny Yntp = Yn, Zntp = 2n for all n 2 ng where ng € Z, p € Z*. If ng = —3
is said that the solution is periodic with period p.

Lemma 1. [24] Let (o), oy, and (B,,),cn, Pe two sequences of real numbers and
the sequences a4, @ € {0, 1}, be solutions of the equations

Tomti = Q2m+iT2(m—1)+i T Bamei>» M € No. (10)
Then, for each fixed ¢ € {0,1} and m > —1, equation has the general solution
m m m
Tom4i = Ti—2 H Qoj4i + Zﬂzzﬂ' H Q54
§=0 1=0 j=l+1
Further, if (ay),, ey, and (8,,),cn, are constant and i € {0,1}, then

oty o+ ﬁl_la_":la ifa#1,
Toam+i =
mt Ti—o+ B (m+1), if a=1.

2. THE SOLUTIONS OF SYSTEM ([9) IN CLOSED FORM

Let {(Zn,Yn, 2n)},>_3 be a solution of system @) If at least one of the initial

conditions z_;, y_;, 2—5, j = 1,3, is equal to zero, then the solution of system
@[) is not defined. For example, if z_3 = 0, then 25 = 0 and so y; is not defined.
Similarly, if y_3 = 0 (or z_g = 0), then zyp = 0 (or yo = 0) and so z; (or x1)
is not defined. For j = 1,2, the other cases are similar. On the other hand, if
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ZTny =0 (ng € Ng), z,, #0, for =3 <n < mng — 1, and =z, y and zj are defined for
—3 < k < ng—1, then according to the first equation in @D we get that y,,_3 = 0.
If ng — 3 < —1, then y_j, =0, for jo € {1,2,3}. If 3 < ng <5 then from this and
the second equation in @ we have that y,,—5 = 0 or 2,,_¢ = 0. If ng —5 <0,
then z_;, = 0, for jo € {1,2,3} and y_;, = 0, for j; € {1,2}. If ng > 5 from
this and first equation in (9) we have that y,,,—5 = 0 or z,,—6 = 0. If ng > 5
and zp,—¢ = 0 from this and third, second, first equations in @ we have that
ZTny—2 = 0, which is a contradiction. The other cases (y,, = 0 and z,, = 0) can
be similarly proved. Thus, for every well-defined solution of system @ we have
that x,ynzn # 0, n > =3, if and only if x_;y_;z_; # 0, for ¢ = 1,3. Note that the
system @D can be written in the form

1 _a+bry_2Yn—3

TnYn—1 B Tp—2Yn—3
L etz | o (11)

YnZn—1 Yn—2Zn—3
1 e+ fan2Tp—s

InTp_1  Zn_2Tp_3

Using the following variables
1 1 1

y Un = , Wy = , 2> =2, (12)
TnYn—1 YnZn—1 ZnTn—1

then system transforms to the following linear difference equations

Up =

Up = AQUp_9 + b, v, = cVp_o +d, w, = ew,_s+ f, n € Ny, (13)
From Lemma (1} the solutions of equations in are

a™ ;o + 1,1a_mé+1 b, ifa#1,
u i =
amete Ui—g + (m+1)b ifa=1,
m+1,,. 17cm+1d if 1
Vom+i = ¢ vi-z ¥ L—e ’ 1 ¢ 7& "me N, (14)
Vi—g + (m+1)d, ifc=1,
et lw;_o + 1_15,”;“ [, ife#1,
Wom+i = .
mt wi_g—i-(m—&-l)f, ife=1,

for i € {0,1}. From equations in (12]) we get
V2m+4i—1 U2m+i—3 W2m+i—5

Tom+i = L2(m—3)+i»
U2m+i W2m+i—2 V2m+i—4

Wom+i—1 V2m+i—3 U2m+i—5
Yom+i = Y2(m—3)+i> M EN,
V2m+i  U2m+i—2 W2m+i—4

U2m+i—1 W2m+i—3 V2m+i—5

22m+i 22(m—3)+i>

W2m+i  V2m+i—2 U2m+4i—4
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where i € {1,2}, and consequently
Vem-+1—1 Uem~+1—3 Wem+1—5
Tem+1 = Te(m—1)+1, T € No,
Uem+1 Wem4-1—2 Vem+1—4
Wem4+-1—1 V6m+1—3 Uem+1—5
Yom+i = Ye(m—1)+1> M € Ny, (15)
Vem+l  Ubm+1—2 Wem+1—4

Uem+1—1 Wem+1—3 V6m+1—5

Z6m+1 Zﬁ(m—l)-‘rla m e N07

Wem+1 Véem+1—2 Uem+1—4
where [ = 3,8, as far as 6m + [ > 3. From (15]), we have that

m
V6s+1—1 Ubs+1—3 W6s41—5
Tem+1 = Ti1—6 H ’
5—0 Ups+1] Wes+1—2 Ves+1—4

m

Wes41—1 V6s+1—3 U6s+1—5

Yem+1 = Yi—6 H ; (16)
5—0 Ves+1 Ubs+1—2 Wes41—4

m
_ Us4+1—1 WEs+1—3 V6s+1—5
Z6m—+l = 21—6 H B
=0 Wes+1  Ves+1—2 Ubs+1—4

where m > —1 and [ = 3,8. From (16, we get

V6s+2t+k—1 Ubs+2t+k—3 W6s+2t+k—5

m
Tem+2t+k — L2t+k—6 H )
Ues+2t+k W6s+2t+k—2 V6s4+2t+k—4

s=0
vy ) U
65+2t+k—1 V6s+2t+k—3 U6s+2t+k—5
Yem+2t+k = Y2t+k—6 H ) (17)
0 Ubs+2t+k  U6s+2t+k—2 Wes+2t+k—a
m

H U6s+2t+k—1 W6s42t+k—3 V6s+2t+k—5

Z6m+2t+k = 22t+k—6 )
0 West+2t+k Ubs+2t+k—2 UBs+2t+k—4

for t € {1,2,3} and k € {1,2}. Employing in , we get solutions of system

3. PARTICULAR CASES OF SYSTEM ()

Now, we will examine the solutions in 8 different cases depending on whether
the parameters a, ¢ and e are equal 1 or not equal 1.
31. Casea#1,c#1,e#1
In this case, the solutions of system @D can be written in the following form
Toqy_12_1 BTN (1 —¢) —y_oz_3d) +y_22_3d
T_3y_3z_3 a3t (1 —a) —x_1y_2b) + z_1y_2b

m
Tem4-2t+1 = T2t—5 H
s=0

a®* Tt ((1 —a) —2_oy_3b) +x_oy_3b
e3stt((1—e)—ax_oz_1f)+x_0z1f
e (1 —e) —x_32_of) + x_32_aof
351 (1 —¢) —y_12_2d) +y_12_2d’
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- . ﬁ T_gy_sz_3 ST ((1—¢) —y_12_0d) + y_12_2d
Gm2t+2 = 24 T_1Y—12—1 a3T+2 (1 —a) — x_oy_3b) + x_oy_3b

s=0
a® T (1 —a) — x_1y—2b) + x_1y_2b

edstttl (1 —e) —x 32 of ) +x_32_of
3Tl (1—e) —z_gz 1 f)+a 021 f
3T ((1—¢) —y—22_3d) +y—22_3d

To1y_12-1 €T (1 —e) — 232 of) + w32 of
T_3y_3z—3 3THL((1 —¢) —y_12_2d) + y_12_2d

Yem+2t+1 = Y2t—5 H
s=0

(1 —c¢) —y_oz_3d) +y_22_3d

a?stt ((1—a) —x_1y_2b) + z_1y_ob

" a® =1 (1—a) —x_y_3b) + x_2y_3b
e tt-1((1—e)—x oz 1f)+x 22 1f

B e gy 3z 3T (1—e) =2 oz 1 f) + o 0z 1 f
Yem+2t+2 = Y2t—4 51;[() Ty 121 3HF2((1 —¢) —y_oz_3d) +y_22z_3d
AT ((1—c¢)—y_12_9d) +y_12_2d
a3t (1 —a) — x_oy_3b) + T_2y_3sb
a® Tt (1 —a) —x_1y_2b) + _1y_2b
et ((1—e) —xz_32_of) +x_32_of ’

z =z H w_1y—12-1 a® (1 —a) —z_oy_sb) + x_sy_sb
Gm+2t+1 = <25 St Togy-3z3 3L ((1—e) —z1zof) + 212 of
33T (1 —e) — 2z 07 _3f) + 2z 0w 3f
3t ((1—¢) —y_12-2d) + y_12_2d
} A1 (1 —¢) —y_gz_3d) + y_oz_3d
a3stt=1((1 —a) — y_oz_1b) + y_sz_1b’

m 3s+t+1
T_3Y_32_3 @ 1—a)—y_—ox_1b)+y_ox_1b
Z6m+2t+2 = 22t—4 | | (( ) )

e To1Y-12-1 e3sttt2 (1 —e) — z 0w _3f) + 2020 3f
» S ((1—e) =2 1$_2f) +z 17 of

3T ((1 —¢) —y_2z_3d) + y_22_3d

AT (1 —¢) —y_12_0d) +y_12_2d

a3t (1 —a) —y_32_2b) +y_ 32 _2b "’
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for m > —1 and ¢ € {1, 2, 3}.
3.2. Casea=1,c#1,e#1
In this case, solutions of system @ are as follows

m 3s+t+1
T 1Y-12-1¢C 1—c)—y_oz_3d) +y_oz_3d
Tem+2t+1 = T2t—5 H (( ) )

g T-3Y—32-3 1+2_1y—23s+t+1)b

" 1+z_2y—3(3s+1)b
e3stt((l—e)—xz_oz_1f)+x_o0z_1f
3T (1 —e) —w_32_of) +x_32_2f
35t (1 —¢) —y_12_2d) + y_12_2d’

m 3s+t+1
T_3Y_32_3C 1—c¢)—y_12_9d)+y_12_2d
Lem+2t+2 = T2t—4 | I 393 « ) 17-24) =

T_1Y—-17-1 1+ 2 _2y_3(3s+t+2)b
" 1+z_1y_2(3s+1t)b
edstttl (1 —e) —xz_32z_9f) +x_32_of
e (1 —e) -z 9z.1f) +2 02 1f
35t ((1—¢) —y_o22_3d) + y_22_3d

s=0

T 1y 121 3T ((1—e) —x 32 of) + 7 32 of

m
Yem+2t4+1 = Y2t-5 H
s=0

X (1 —¢) —y-22-3d) + y_oz_3d
1+z_1y_2(3s+1t)b
l+z_oy3(3s+t—1)b

e3stt=1((1—e)—x_9z_1f)+ T2z 1f

T_3y_zz_3 3T (1 —¢) —y_12_2d) + y_12_2d

T 3y 323 (1 —e)—w 9z 1f)+2 02 1f

m
Yom+2t4+2 = Y2t—4 H
s=0

AT ((1—¢)—y_ 12 9d) +y_12_2d
1+x_9y_3(3s+t+1)b
“ 1+x_1y_—2B8s+t—1)b
e3stt (1 —e) —x_gz_of )+ x_32_of

X

T_1Y_12_1 1+x_2y-3(3s+t+1)b

LT 1y-12-1 352 (1 —¢) —y_92-3d) + y_22_3d

m
Z6mA4-2t+1 = 22t—5 H
s=0

3T ((1—e)—z_3z_of) +x_32_of

33T ((1—c¢) —y_12-2d) + y_12_2d

AT —¢) —y_oz_3d) + y_22_3d
14+ 2_1y—2B3s+t—1)b ’

X

T_3y_gz_z ettt (1 —e)—x oz 1f)+x_0z1f

469
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Zom+4-21+2 = 22t—4 ﬁ Zoabo57o3 3sti+2 Loy s e D
T_1Yy_12_1 €38 (1—e€)—ax_32_of) +x_32_2f
et (1—e)—x oz 1 f)+x 02.1f
3L (1 —¢) —y_oz_3d) + y_22_3d
AT ((1—¢) —y_12_9d) + y_12_od
1+ 2_0y_3(3s+1)b

s=0

7

for m > —1 and ¢ € {1, 2, 3}.
33. Casea#1l,c=1,e#1
In this case, the solutions of system @D can be written in the following form

. 0 ﬁ T_1Y—-12-1 1—|—y_22_3(38—|—t—|—1)d
6m42+1 = T24—5 sy e s a5 (1= a) — 2_1y—2b) + o_1y—ob

a® Tt (1 —a) —x_oy_3b) +x_2y_3b

e3stt((1—e)—x oz 1f)+x_0z1f

e (1 —e) —x 32 of) + 2 32 of
1+y_12-28s+t—1)d

X

)

Temi2t+2 = T2t—4 ﬁ st 3 Lt y12a(3s 414 1)d
T_1y_12-1 a3 Tt2 (1 —a) — x_oy_3b) + v_oy_3b
a® Tt (1 —a) —2_1y_ob) +x_1y_ob
edstttl (1 —e) —x_32_of) + x_32_of
e3P ((1—e)—x 9z 1f)+x 02 1f
14y 22 3(3s+t)d ’

s=0

X

Y6m+2t+1 = Y2i—5 ﬁ T_1y_12-1 5T (1 —e) — a3z of) + z_32_of
s=0 T-3Y-3%-3 I+y 12-23s+t+1)d
% 1+y 223(3s+1t)d
a? Tt (1 —a) —r_1y_ob) + 21y 2b
% a®* T (1 —a) —x 9y 3b) +x 9y 3b
e3stt=1((1—e) —x_oz_1f) +x_0z_1f’

Yem42t+2 = Y2t—4 ﬁ xogy-3z 3T ((1—e) =z 92 1 f) o 921 f
Rt = o T-1Y—17-1 1+y_22-3Bs+t+2)d
« 1+ y_12_2(38 + t)d
a3ttt (1 —a) — z_oy_3b) + z_2y_3b
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q3s+t—1 (1—a) —z_1y_2b) + T_1y_2b
et ((1—e) -z 32 of )+ 2 32 of

Zem+2t4+1 = Z2t—5 ﬁ L G;SHH W0 - rayah) 4 oay-a)
o T—3y—32—3 €T ((L—e) —x 921 f) + w221 f
et ((1—e)—z_3z_of) +x_32_2f
1+ y_12_2(38 + t)d
" 14y 22-3(3s+t—1)d
a’dstt=1((1 —a) —x_1y_2b) + 2_1y_2b’

X

Zom+4-2t4+2 = 22t—4 ﬁ T G;S:tt;l W) Zoayah) o iwab
o T-1y—12-1 €% (1—e)—x_32_2f) +x_32_of
et ((1—e)—x oz 1 f)+x 0z 1f
14y 22-3(3s+t+1)d
" 1+y_122B8s+t—1)d
a’stt ((1 —a) —x_oy_3b) + x_2y_3b’
form > -1 and t € {1,2,3}.

X

34. Casea#1,c#1,e=1
In this case, solutions of system @ are as follows

T_qy_12-1 TN (1 —¢) —y_oz_3d) + y_22_3d
T_3y-32-3 a* T ((1 —a) —x_1y_2b) + z_1y—2b

m
Tem+2t+1 = T2t—5 H
s=0

8 a®tt (1 —a) —2_oy_3b) +x_2y_3b
1+z_22.1(3s+t)f
y 1+z_32.238s+t—1)f
351 (1 —¢) —y_12_2d) +y_12_2d’

T3y 32_3 T ((1—¢) —y_12_9d) + y_12_2d
T_1Y—12—1 a3T+2 (1 —a) — x_oy_3b) + x_oy_3b

m
Tem+2t+2 = T2t—4 H
s=0

a®tt (1 —a) —2_1y_2b) + x_1y_2b
1+ 32_23s+t+1)f
y 1+x_92_1(8s+t—1)f
35T (1 —¢) —y_o2z_3d) +y_o2_3d’

X

Yom+2t+1 = Y2t—5 U T gy 32 33T (1 —¢) —y_12_0d) + y_12_2d

s=

T Y121 1+z_32.03s+t+1)f
0

471
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(1 —¢) —y-22-3d) +y-22-3d
a?stt (1 —a) —2-1y—2b) + _1y—2b
" a® =1 (1 —a) —x_oy_3b) + T _2y_3b
1+z_92.1(83s+t—1)f

)

o ﬁ r_3Y_-32-3 1+$_22_1(35+t+ 1)f
Yem—+2t+2 = Y2t—4 T 1y 17, oHIHR ((1 — c) — y_gz_gd) ¥y 27 ad

s=0

. At ((1—¢) —y_12_0d) +y_12_2d
a3t (1= a) — 2_gy_3b) + ©_oy_3b
a®* (1 —a) —x_yy_ob) + 21y _ob

)

X
1+x_32_93s+1t)f
2 =z ﬁ T_1Y-12-1 astitt (1 —a) —x_oy 3b) +x_2y_3b
6m+2t+1 = 22t—5 W s 1+z 92.1(3s+t+1)f

o 1+z_32_93s+1t)f
3T ((1—c¢) —y—12-2d) + y_12_2d

" L1 —¢) —y_oz_3d) + y_o2_3d
adstt=1((1 —a) —x_1y_2b) + x_1y_2b’

351 (1 — @) — 2_1y_ob) + T_1y_ob

5 — ﬁ T_3Y-32-30a
6m+2t+2 2t—4 | 142 32235 +1+2)f

" 1+z_22.1(3s+t)f
33t (1 —¢) —y_9z_3d) + y_22_3d
AT ((1—¢) —y_12_2d) +y_12_od
a3t (1 —a) —x_2y_3b) +x_oy 3b’

for m > —1 and ¢ € {1, 2, 3}.

3.5. Casea=1,c=1,e#1
In this case, the solution of system @ can be written in the following form

Tom2t+1 = T2t—5 ﬁ Ty 12-11+y 22 3(3s+t+1)d
o T-sy-32-3 1+ 2 1y-2Bs+1+1)b
x 1+a_5y 3(3s+1)b
e3stt(1—e) —x oz 1f)+a 02 1 f
o 3T (1 —e) — a2 32 of) +x_32_of
T+y 12 9(3s+t—1)d

)
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T_3y_32_31+y_12_2(3s+t+1)d
T_qy—12-1 1+ x_2y_3(8s+t+2)b
" 1+z_1y_2(3s+1t)b
e3sttHl (1 —e) —z_sz_of )+ x_32_of
el (1 —e)—w 9z 1f)+2 02 1f
1+ y_22_3(38 + t)d

m
Tem+2t+2 = T2t—4 H
s=0

b

B Sy gz e3P (1 —e) — 2 32 of) + 32 of
Yem+2t+1 = Y2t—5 H
g T-3Y-37-3 1+y_12_20B8s+t+1)d
1+y_22-3(3s+t)d 1+z_9y_3(3s+t—1)b

X
14+ z_1y_2B8s+t)bedstt=1((1—e)—z_22_1f) +x_22_1f’

v 3y 32 33T (1 —e)—xz 92 1f)+2 02 1f
1+y_22_33s+t+2)d

m
Yem+2t4+2 = Y2t—4 H

s=0
" 1+y_12_2(3s+t)d 1+z_1y—2B8s+t—1)b
14z 9y 3(B3s+t+1)bedtt (1 —e) —x_sz_af) + x_32_of

T_1Y-12-1

l+z_oy-3(3s+t+1)b

. — ﬁ T_1Y-12-1
6m+2t+1 = 22t—5 | RTIP 3 (1 =€) — oz 1f) + 0021 f
et ((1—e)—2 32 of)+ 2 32 of 1 +y 22 30B8s+t—1)d
14+y_12_2(3s+t)d 14+ z_1y_2Bs+t—1)b’
; _, ﬁ T_3Y_37_3 1+2_1y—23s+t+1)b
6m+2t+2 = 22t—4 o LT 32 (1 —e) — 2_32_of) + T_32_of
. et (1 —e)—x oz 1 f) 42 0z 1fl4+y 12935+t —1)d
1+y 22.353s+t+1)d 1+z_oy_33s+t)b

for m > —1 and ¢ € {1, 2, 3}.

3.6. Casea=1,c#1,e=1
In this case, solutions of system @D are as follows

x =z ﬁ Ty 1z (1 —¢) —y 9z 3d) +y 22 3d
6m+2t+1 2t—5 o T-3Y-32-3 1+2_1y_2Bs+t+1)b
1+ z_9y-—3(3s+1)b l+x 32 93s+t—1)f

1+2 92 1(B3s+t)fe3sTt=1((1—¢) —y_12_2d) +y_12_2d’
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. . ﬁ T 3y 32 33T (1 —¢) —y_ 12 9d) +y_12_2d
6m+-2t+2 2t—4 1 T 1Y_12_1 1+ $,2y,3(38 i+ 2)b
1+z_1y_2(3s+t)b 142 92_1(3s+t—1)f
142 32 9(3s+t+1)f 35t ((1—¢) —y_22z_3d) +y_2z_3d’

B ﬁ T_1Y_172_1 1+x_32_2(3s+t+1)f
Yem—+2t+1 = Y2t—5 e gy a2 s c3s+i+1 ((1 _ c) _ y,lz,gd) +y_12_od
AT ((1—¢) —y_22_3d) +y—2z_3d 1 +x_2y_3(3s+t—1)b

1+ 2_1y_2(3s+1t)b 14z 22_1(3s+t—1)f"

X

N ﬁ r_3Y-3z-3 1+ x_22_1(38 +1t+ 1)f
Yem+2t+2 = Y2t—4 Ay e (Bs+t+2 (1 —¢) —y_oz_3d) +y_oz_3d
AT ((1—c¢)—y_12_0d) +y_12_2d 1 +2_1y 2(3s+t—1)b
1+z_2y_3(3s+t+1)b 14+ z_32.23s+t)f ’

X

Zem42t+1 = Z2t—5 1 Ty 121 1+ 2y 3(3s+t+1)b
o T-3y—32—3 1+ T 22 1(3s+1+1)f
y 1+x 32 9(3s+1t)f
st ((1—c¢) —y_12_9d) +y_12_2d
o 3T (1 —¢) —y_92_3d) +y_22_3d
1+2 1y 2(3s+t—1)b )

Zomt2u42 = Zat4 ﬁ T_3y-32-31+x 1y o(3s+t+1)b
s=0 T-1Y-12—1 1+ 1’—32_2(35 +t+ 2)f
« 14z 22z1(3s+1)f
35t (1 —¢) —y_ oz 3d) +y_o2_3d
ST (1 —¢) —y_12_9d) +y_12_2d
1+ 2_2y-3(3s +1)b ’

X

form > —1 and t € {1,2,3}.

3.7.Case a#1,c=1,e=1
In this case, the solution of system @D can be written in the following form

" — ﬁ T_1Y-12-1 1+972Z,3(38+t+1)d
6m+2t+1 — L2t—5 a1 T_3y_37_3 aq3s+t+1 ((1 _ a) _ l'—ly—Qb) + x_1y_2b
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a® Tt (1 —a) — 2 oy 3b) + 2 2y 3bl+a_32 2(3s+t—1)f
1+z_92_1(3s+1t)f 14+y_12-23s+t—1)d’

T_3Y_32_3 1+y_12_2B8s+t+1)d

Tem+2t+2 = T2t—4 51;[() T_1Y_12_1 q3s+t+2 ((1 _ a) _ $72y73b) + $72y73b
a® Tt (1 —a) —2_1y_2b) + v 1y_obl+x 92 1(3s+t—1)f

1+z_32.038s+t+1)f 1+y_22_3(3s+t)d

e r_y_ 1z 14 w3z o(3s+t+1)f
Yom+2t+1 = Y25 UO T 3y_s323 14y 12235+ L+ 1)d
o 1+y_2z_33s+t)d
a®tt (1 —a) — x_1y—2b) + x_1y_2b
a3t (1 —a) —2_oy_3b) + _2y_3b
14z 9z 1(3s+t—1)f

)

Yom+2t+2 = Y2t—4 ﬁ Tooysig 1@z (B H1+ 1)/
o T-1y-12-1 1+ Yy_2z_3(3s+t+2)d
« 1 +y_1Z_2(3S+t)d
a3t (1 —a) — z_oy_3b) + T_2y_3b
a® Tt (1 —a) —x_1y_2b) + 2_1y_2b
1+xz_32_23s+1t)f

b

B . ﬁ r_qy_12-1 a1 —a) —x_2y_3b) + _oy_3b
6m2t+1 = 22t—5 1 147 221 (Bs L +1)]

% 1+y_22_3(3$+t* 1)d

14+y_12-2(3s +t)d a®>+=1 (1 —a) — v_1y_2b) + _1y_2b’

1 —+ $_3Z_2(35 —+ t)f

; _ . ﬁ T _3y-323a* T (1—a) —x 1y ob) + 2 1y b
6m+2t+2 2t—4 1 T 1Y_171 1+ $_3Z_2(3S Ti+ 2)f

" 1+y_12-238s+t—1)d

14 y_o0z_3Bs+t+1)da®>*t((1—a)—x_2y_3b) + z_oy_3b’

1+x_92_1(3s+1t)f

for m > —1 and t € {1,2,3}.

38. Casea=1,c=1,e=1
In this case, solutions of system @ are as follows
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3s+t+1)d
3s+t+1)b
3s+t—1)f
3s+t—1)d

—~

T_1y—12-1 1 +y_22_3
T_3y-32-31+x_1y_2

m
Tem+2t+1 = T2t—5 H
s=0

1+2_9y_3B8s+t)b1l+xz_32_9
1+x 92.1(8s+t)f 1+y_12_9

—~

)

P

. - ﬁ T_3y-32_31+y_12_2(3s+t+1)d
6m+2¢+2 2—4 e T ooy o35+ 1+ 2
1+z_1y—2Bs+t)b 1+z_221(8s+t—1)f
1+z_32_9B8s+t+1)f 14+y_22.33s+1t)d

)

y _y ﬁ T_1Yy-12-1 1+ x_32.93s+t+1)f
Omitl = gRes o T-3Y—37-3 L+ y_122(3s + 1+ 1)d
1+y02_33s+t)d1+x_oy_3(3s+t—1)b

1+2 9y 2Bs+t)bl+xz 92 1(83s+t—1)f’

B ﬁ T_3y-s3z_314+x 0z 1(3s+t+1)f
Yem+2t+2 = Y2t—4 ey T y_22_3(3s Fi+2)d

14+y_12-2Bs+t)d 14+z_1y_23s+t—1)
1 +.’E,2y,3(38+t+ l)b 1 +.’E,3Z,2(3S+t)f

. ; ﬁ T_1y-12-1 1 +x_oy_35(3s+t+1)b
6m+2t+1 = 22t—5
0 3s+t+1)f

( )
1+x_32.90(8s+t)f 14+y_22_303s+t—1)d
1+y 122B8s+t)d1+xz_1y 2o(3s+t—1)b’

T_3Y-32-31+x 221

. _. ﬁ T_3y_sz_3 1 +x_1y_2(3s+t+1)b
6m+2t+2 = 22t—4 S [T o 322035 +142)f
" 14+2_92_1(8s+t)f 14+y_12_23s+t—1)d
1 +y,2273(38+t+ 1)d 1 +5E,2y,3(38+t)b

form > —1and t € {1,2,3}.

Lemma 2. Ifa# 1, c#1,e# 1, b#0,d # 0 and f # 0, then the system @
has 6—periodic solutions.
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Proof. Let

On = Tp-2Yn—3, Bp =Yn—22n-3 and 7, = 2Zp_2Tp-3, n € Np.
Then from @ we get
Ont2 = an ) B 2 = Bfn and Tnt+2 = T )
a+ba,” "2 ctdp, " et fr,
Ifb#0,d# 0and f # 0, then system has a unique equilibrium solution which
(G,ﬁ,ﬁ) is different from (0,0, 0), that is,

1—a - 1l-c _

n € No. (18)

1—e
f
Ifa=0or 3=0or7y=0, then system @D has not well-defined solutions. From

(18), we have

Ay = Q =

#0, TLEN().

_l—a (1-a)d ~ (1—=a)d(l—e)
Tn-2 = byn_s  b(1—c) noa = b(1—c)fwn_s’
_d(l—e) o l-e
= myn—es = o, s D > 9,
e (-9f (-0f(l-a)
n-2 = dzn_3  d(1— e)acﬂi4 —d(1—e)by,_s
_ f(1—a) _l—a
B Zn—6 = by Yn—8, N > 5,
s _l—e (1—e) _ (IT—e)b(l—c)
" fres fOA-a) T F0 - a)dzas
b(1 —c¢) 1-c¢c

(1—a)dx 6 dYn_7 Fn—g, 1

from which along with the assumptions in Lemma [2] the results can be easily
seen. O

The following theorem give the forbidden set of the initial conditions for system

Theorem 1. Assume thata #0,b#0,c#0,d#0,e#0, f #0. The forbidden
set of the initial values for system (@ s given by the set

1
1 ~ b 1 d
F B {7 B o <> 7 Yi2Zig o <) ’
U U Zi—2Yi—3 a Yi—22i—3 g c

meENp 1=0

1 o L
s D IUU{ oo o) €2 09
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where f—(3,1) = (v_3,2_2,2_1), Zf—(3,1) = (Y-3,¥-2,9-1), 3—(371) = (2-3,2-2,2-1)-

Proof. We have obtained that the set
3
U { (f_(371),g_(371),Z_(gjl)) € Rg LTy = 0 or Yy—; = 0 or Z—5 = 0},

j=1

where f—(3,1) = (v_3,7_2,2_1), 27—(3,1) = (Y-3,Y-2,9-1), 5—(3,1 = (2-3,2-2,2-1),
belongs to the forbidden set of the initial values for system @)D at the beginning
of Section Ifo_; #0,y_; #0and z_; # 0, j € {1,2,3}, then system @ is
undefined if and only if

a+brp2yn-3=0, c+dyn—22,-3=0, e+ fzn_22,-3=0, n € No.

By taking into account the change of variables , we can write the corresponding
conditions

b
Up_o9 = ——, Up_o = —— and w,_o = —=, n € Ng. (20)
a c e

Therefore, we can determine the forbidden set of the initial values for system @
by using system . We know that the statements

Ugmi = [ (wis), (21)
Vami = 9" (visa) (22)
Wami = W™ (wi—a), (23)

where m € No, i € {0,1}, F(2) = az +b, g(x) = co+d and h(z) = ez + f,
characterize the solutions of system @ By using the conditions (20) and the

statements —, we have
~ b
Uip = [ (—> . (24)

wea =gt (1)), (25)
wi—g =h"""! (i) : (26)

where m € Ny, ¢ € {0,1} and abedef # 0. This means that if one of the conditions
in (24)-(26)) holds, then m—th iteration or (m + 1) —th iteration in system (9 can
not be calculated. Consequently, we obtain the result in . ([l

4. CONCLUSION
In this paper, we have solved the following three-dimensional system of difference
equations
_ Tn—2Yn—3
Yn—1 (a + bxn72yn73) ’

Tn
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Yn—22n—3
Yn = NS N07
" Zn—1 (C + dyn—QZn—3)

Zn—2Tn—3
Tn—1 (6 + on72xn73)’

Zn =

where the initial values _;,y_;, 2—;, i = 1,3 and the parameters a, b, ¢, d, e, f are
non-zero real numbers. In addition, we have obtained the solutions of above system
in explicit form according to the parameters a, ¢ and e are equal 1 or not equal
1. Moreover, we have got periodic solutions of aforementioned system. Finally,
we have identified the forbidden set of the initial conditions by using the acquired
formulas.
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