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ABSTRACT. Let Dy be the dihedral group of order 8. In the present study, we
give generators of the algebra of D, invariants in the polynomial algebra with
four generators over a field of characteristic zero.

1. INTRODUCTION

Let K[X,] be the polynomial algebra of rank n over a field K of characteristic
zero, and let GL,,(K) be the general linear group. Hilbert’s fourteen problem (see
1,2, 3, 4]) asks whether algebra K[X,,]¢ of constants of any subgroup G of GL,,(K)
is finitely generated. Although it was negated by Nagata [5] in general, Noether
[6] showed that K[X,]¢ is finitely generated for finite groups G. Our work was
motivated by the approach above: What are the finite generators of K[X,]¢ for
some concrete groups G, in particular when G is a subgroup of the symmetric group
Sp. The dihedral group

4

Dy=(r,s|r? =5 rsr =53 ={1,r s,rs 5% rs? s3 rs’}

of order 8 can be realized as a subgroup of the symmertic group Sy by defining
r = (12)(34), s = (1234). In this case we have that
Dy ={(1),(12)(34), (1234), (24), (13)(24), (14)(23), (1432), (13)}.

Let K[X4] = K[z1, %2, T3, z4] be the commmutative unitary polynomial algebra of
rank 4 over K. We define the invariant subalgebra

K[X4)% = {f € K[X4] | f(Zr(1)s Tr(2)s Tu(3)s Tu(a)) = f(T1, T2, 25,24),Y7 € Si}

induced by the group S;. The algebra K[X,]* is called the algebra of symmetric
polynomials, and each polynomial in K[X,]% is called a symmetric polynomial. It
is well known that K[X4]°* is generated by elementary symmetric polynomials (see

e.g. [7))
Q1 =T+ X2+ T3 +2Ty, Qo =2x1T2+ X1T3 + X1T4 + T2T3 + ToTyg + T324 ,
3 = T1T2X3 + T1T2Tg + T1X3%4 + T2T3Ty , U4 = T1T2T3T4.
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Elementary symmetric polynomials are algebraically independent. There exists
another set {31, B2, B3, B4} of generators for K[X4]%*, where
Bi=a1+ T2+ 23 +a4, Bo=a]+5+23+a],
Bs = af + a3 + a3 + i, Ba=ai +ah+ a5+ ai,
that is not algebraically independent. We extend this notation to
fn =2l + x5 + a5 + 2}
for all 1 < n. Similar to K[X,]*, we have that
K[X4]P* = {f € K[X4] | f(®r(1): Tn(2): Tn(3) Tr(a)) = [(@1, T2, T3, 24), V7T € Dy}
Clearly, K[X,]% € K[X4]P4, since p(x1, 2,73, 74) = 7123 + T214 € K[X4]P2,
while p ¢ K[X4]%. In this paper, we aim to show that K[X,]P* is generated by
polynomials a1, as, as, ag, p.
2. PRELIMINARIES
We give some preliminary results, in this section. Let us define
Dab = x‘fxg + xl{acg + 2828 + 252, 0<a,b.

One may easily check that p,; € K[X4]P4, and that p = %pn. We give the next
list of equations without proof which is straightforward.

(2'1) Pa,b = Pb,a 5 0<a,b
1

(2.2) Pab = 5P11Pa-1b-1 ~ W4Pa—2,b-2 ; 2<a,b
L,

(2.3) P22 = 5P — day

1 1 1 1 1
(24) prpiz= S01PLb+2 ~ SP2b+2 §a36b+1 + 5014517 + 1p1,15b+2 , 0<0b
(2.5) _ 1 L — SaBi + 204 + Sp1B
. P13 = 20411?1,2 2172,2 2a3 1 Oy 4101,1 2

1

(2.6) P12 = 501p11 — 03

The next lemma is necessary in the proof of the main result.
Lemma 2.1. K[ala Qg, 3, X4, Pa.b | 0 S a, b} = K[Oéla Qg, O3, 0447p}‘

Proof. Clearly K[ag, g, a3, a4,p] C Klog, ag, as, a4, pap | 0 < a,b] because

1
P= 5P € Klay, az, 03,04, pap | 0 < a,b].

In order to complete the proof, it is sufficient to show that p,; is included in
the algebra generated by a1, as,as,as,p for every 0 < a,b. Initially, using the
equations (2.1), (2.2), (2.3) inductively, we obtain that every polynomial

Pab € Klai, oz, a3, a4,p1,1)
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for every 2 < a,b. Now by (2.1), (2.4), (2.5), we have that

p1p € Ko, oo, a3, aq, p11,01,2]

for all 3 < b. Finally, we terminate the proof by (2.6) implying that

P12 € Klag, ag, a3, aq,p11].

3. MAIN RESULTS
The next theorem is the main result of the paper.
Theorem 3.1. The algebra K[X4]P* is generated by oy, as, as, ay, p.

Proof. Tt is sufficient to show that K[X4]P* C Kla, s, a3, a4,p4 | 0 < a,b] by
Lemma 2.1. Let
g= Z Eapearirhrsrd
0<a,b,c,d

U6y

be an arbitrary element of K[X4]P* of the form g = g, + g2 + g3 + g4, wWhere

g1 = Z capearialaszd | | {a,b,c,d} |=1,
0<a,b,c,d

g2 = Z Eabcdx(fxgxgmz ) | {a7b7 c, d} |: 27
0<a,b,c,d

gs = Z 5abcdx(11xgx§‘ril ) | {a’ba ¢, d} |: 3,
0<a,b,c,d

g4 = Z Eabearizbrsed | {a,b,c,d} |= 4.
0<a,b,c,d

It is clear that each g;, ¢ = 1,2, 3,4, is D, invariant; i.e.,

9i(Tr(1), Tr(2)s Tr(3)s Tr(a)) = GiT1, T2, 3, T4), YT € Dy.
Initially,
a a
g1 = § €aaaa(l‘1$2$3l‘4) = E Eaaaally c K[OM]-
0<a 0<a
On the other hand g, is of the form g = g21 + goo + g23 + go4, where
b b a, a a, .a.b. b a, b, b, _a b..a,a.b
go1 = E Ebbaal1ToT3Ty + Eqabbl]1ToL3Ty + Eabbal] Tol3Ty + Epaab®1 Lo X3y
a<b
b, b a. b bbb a a, bbb b.a. b b
oo = E EbbabT1TaT3T4 + EbbbaT1T2X3Ty + EabbbT 1 To2T3Ty + Ebabbl1TaL3T 4
a<b
a_.a_a b a_a b, a a b, a, a b, a, a, a
o3 = E €aaabT1T2T3Ty + Eaabal1 T2 U3T4 + Eabaal1T2T3T4 + Ebaaal T2 T3T 4
a<b
a b, a_ b b,a, b _a
g24 = g EababT1ToXL3 Ty + Ebabal1 Lo T3y
a<b

One may easily show that no summand in a fixed g; turns into a summand in go;,
1 # 7, under the action of Dy. Thus by

92(Tr(1)s Tr(2)s Tr(3)> Tr(a)) = G2(T1, T2, T3, T4), VT € Dy,

we get that

927:(1'71'(1)7xﬂ(2)7xﬂ(3)?xﬂ'(4)) = gQi(l'l»mQa SU3,(£4),V7T S D4a 1= ]-7 23 33 4.
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Easy calculations computing the actions of permutations from D, gives that all

coefficients in each go; for a fixed (a,b) are equal; i.e.,

b b _a_a a .a.b_b a b _b_a b .a_a b
go1 = g Ebbaa (T35 + xiaqrie) + 2 rorsry + riws50])

a<b

b b a.b bbb bbb | ba.b. b
Go2 = § Ebbab (T]T25Ty + TIXITZTY + T]Tx37y + T THTZTY )

a<b
923 = Y Canap (@i a5 asal + fagalaf + afahasad + ofagaies)

a<b

b b b b
924 =Y _ favap(@frhzgal + abagalas)

a<b
which are in the form

1
921 =35 gfbbaa(pi,b = P2a,2b — Patb,a+b)
a

1
922 = ) _ Ebbab0f (2pba,baﬁba _p2(ba),ba)

a<b
E a
923 = <€0,0,017044617—11
a<b

1
924 = 5 Z Eababazpbfa,bfa
a<b
Therefore g € Koy, ag, ag, g, pap | 0 < a,bl.

Next, g3 is of the form g3 = g31 + gs2 + g33 + g34 + g35 + g3e, Where
: b b b b
g3t = Z aaccbx%x§x§x4 + Eccbaxfajgx:gx% + acbacmz%xgxﬁ + Ebaccxlw%xng
EcabeTITITITE + EccapTITSTETL + EbecaTl TSTZTY + EabecT] ToTETY

a<b<c
b,.b b,.b b,.b b b
- EackbTITETIT] + EcbbaT{TITZTY + Ebbac T TTITY + EbachT] TGTSTY
= E b,.b b b b,.b b,.b
o EcabbTITITRTL + EbcabTITSTET] + Ebbea Tl TTETY + EabbeTTTT3LY
gas = Z EaabeT4T3TETS + EabeaTdTETETS + Ebeaa T TSTITE + Ecanpri TS TLTY
o EaachTETITETY + EbaacTiTITLTG + Ecbaa TS TETITS + EachaTiTSTETS
a_c b_.c c . b_c_a b_.c_.a_.c c .a.c_b
g34 = E Eacbel1LoT3Ty + Ecbcal1ToT3Ty + Ebcacl1 LT3y + €cachT1TLoT3Ty
a<b<lc
a b _c_ b b_c b _a c b _a_b b_a_b_.c
935 = E EabchT1LaT3Ty + EbcbaT1T2T3L4 + EcbabT1L2T3Ty + EbabeT1T2L3Ty
a<b<c
a b_a_.c b_.a_c_.a a_c..a. b c..a b_.a
g36 = E €abacT1T2T3T4 + Ebacal1T2T3T4 + €acabT1T2T3Ty T+ EcabaT1ToT3Ty

a<b<c
Similarly, gs;, i = 1,2,3,4,5,6, is Dy-invariant, and hence we have that

931 = § €accb(pa,cpb,c — Pa+b,2c — pa+c,b+c)
a<b<c

932 = § gacbb(pa,bpb,c — Pa+c,2b — pa-&-b,b—i—e)
a<b<c

g33 = Z aaabc(pa,bpa,c — P2a,b4+c — pa+c,a+b)
a<b<c
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o1
g34 = § EacbcOly 7pcfa,cfaﬂb7a — Pb+c—2a,c—a

2
a<b<c

o1
935 = E EabebOly 7pb7a,b7a5cfa — Pbtc—2a,b—a

2
a<b<c

1
936 = 5 Z Eabac(pa,apb,c - 2pa+b,a+c)
a<b<c

and that g3 € Koy, as, a3, a4, pa | 0 < a, b)].

Finally, g3 is of the form g4 = g41 + ga2 + ga3, Where

boco.d b e od da b da.b
g4y = Z (5abcdm§x2z§x4 + €bcda$1I§$3$% + 5Cdabx§x2x§z4 + {—:dabcxlx%x?,x%)

a C C a C a a C

acte EbadeT1TLILy + EchadTITLoT3Ly + Edeba LI T3L3Ty + EqdehTT LT3y

bo.d bo.d bod d b

Gz = Z 5acbdm‘fx§z§las% + scbdaacg%a:?,:z:% + ebdacx}ix%xgmﬁ + €dacbl‘11‘%$§$4

e EcadbTITSTET] + EbcadTITSTILY + EdbeaTITITETE + Eadbe T TGTITY

bodc bood e d € @b . a b od

g3 = Z 5abdcml‘ljx2m3$§ + Ebdcax}ixg:chz + adcabx1m2x§m4 + scabdmixgxgsc%

wi €bacdT1T5TETY + EdbacTI{TTZLTG + EcdbaTITGTITE + Eacdb T TSTETY

Similar computations give that

941 = Z Eabch‘Z (ﬁcfapdfa,bfa — Pd—a,b+c—2a — pbfa,dJrcan)
a<b<c<d

942 = Z Sacbdai (6b—apd—a,c—a — Pc—a,b+d—2a — pd—a,b—i—e—?a)
a<b<c<d

g43 = Z 6al)dc&z (Bd—apc—a,b—a — Pc—a,b+d—2a — pb—a,d+c—2a)
a<b<c<d

and that g4 € Ko, a2, a3, a4, pap | 0 < a,b]. Consequently,
g=g1+9g2+93+ g1 € Klan, g, a3, a4, pap | 0 < a, ).

4. CONCLUSION

In this study, generators for the algebra of D4-invariants were provided. This
might be an initial approach for determining generators for algebras of G-invariants,
where G is a subgroup of S,,, n > 4.
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