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ABSTRACT. Let Ly, be the free Lie algebra of rank n over a field K of character-
istic zero, Ln,c = Ly /(LY +~c+1(Ln)) be the free metabelian nilpotent of class
¢ Lie algebra, and F,, = Ly, /L! be the free metabelian Lie algebra generated
by x1,...,xn over a field K of characteristic zero. We call a polynomial p(Xy)
in these Lie algebras symmetric if p(z1,...,2n) = p(Tr(1);- - -, Tx(n)) for each
element of the symmetric group Sy. The sets Lg”, Ff n and Lg',"c of symmet-
ric polynomials coincides with the algebras of invariants of the group Sy, in Ly,
Fy, and Lp,c, respectively. We determine the groups Il’ln(Ls,ﬂé) N Inn(Ly,c)
and Inn(F7)NInn(Fy) of inner automorphisms of the algebras Lg?c and Fon
in the groups Inn(Ly, ) and Inn(F, ), respectively. In particular, we obtain the
descriptions of the groups Aut(L?Z) NAut(Lz2) and Aut(FQSQ) NAut(Fz) of au-
tomorphisms of the algebras L§2 and FQS2 in the groups Aut(L2) and Aut(F»),
respectively.

1. INTRODUCTION

Let A,, be the free algebra of rank n over a field K of characteristic zero in a
variety of algebras generated by X,, = {x1,...,z,}. A polynomial p(X,) € A,
is said to be symmetric if p(z1,...,2n) = p(Tr1),-- ., Tx(n)) for all 7 € S,. The
set of such polynomials is equal to the algebra A" of invariants of the symmetric
group S,. The algebra A5" is well known, when A, = K[X,,] is the commutative
associative unitary algebra by the fundamental theorem on symmetric polynomials:
K[X,)°" = Kloy,...,0,], 0y = ) + --- + 2!,. For the case 4, = K (X,,), the
associative algebra of rank n, see e.g. [6].

Now let A,, = F), be the free metabelian Lie algebra of rank n over K. It is well
known, see e.g. [3], that the algebra F°» of symmetric polynomials is not finitely
generated. Recently the authors [5] have provided an infinite set of generators for
F52 later the result was generalized in [4].
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One may consider the group Aut(F>") of automorphisms preserving the alge-
bra F». The group Aut(F,) is a semidirect product of the general linear group
GL,(K) and the group TAut(F,) of automorphisms which are equivalent to the
identity map modulo the commutator ideal F). Hence it is natural to work in
TAut(F,) approaching the group Aut(FS7) N IAut(F,). Additionally, the cases
Aut(F3») N Aut(F,) and Aut(Ly") N Aut(L, ) are of the interest in the present
study, where L, and L, . are the free Lie algebra and the free metabelian Lie
algebra of nilpotency class ¢, respectively.

In this study, we determine the inner automorphisms of Fo» and of LS»

', Which
are inner automorphisms of F,, and of L,, .. Later we describe the groups Aut(L5?)N

Aut(Ly), Aut(F5?) N Aut(Fy) and Aut(Lffc) NAut(Lg,c).
2. PRELIMINARIES

Let L,, be the free Lie algebra of rank n > 2 generated by X,, = {z1,...,z,} over
a field K of characteristic zero. We denote by F,, = L,,/L! the free metabelian Lie
algebra, and L, . = Ly /(L +~°T1(L,)) the free metabelian nilpotent Lie algebra
of nilpotency class ¢, where y!(L,,) = [Ly, L,] = L/, is the commutator ideal of L,
V¥(Ly) = [Y*=Y(Ly), Ln], k > 2, and L = [L},,L"]. We assume that the algebras
F, and L, . of rank n are generated by the same set X,,.

The commutator ideal F), of the free metabelian Lie algebra F), is of a natural
K[X,]-module structure as a consequence of the metabelian identity

[[21, 2’2}, [23, 24}] = 0, 21,22,%3,%4 € Fn,
with action:
F(Xn)g(xe, ... z,) = f(Xn)g(adzy, ..., adz,), f(X,) € F., g9(X,) € K[X,],

where K[X,,] is the (commutative, associative, unitary) polynomial algebra, and
the adjoint action is defined as z1adze = [21, 23], for 21, 22 € F,,. One may define a
similar action on the free metabelian nilpotent Lie algebra L, .. It is well known
by Bahturin [1] that the monomials [xg,, T, |k, - - - Tk, k1 > ko < k3 < ki, forms
a basis for [, which is a basis for L], ., when | < ¢ —2.

An element s(X,,) in Ly, Fy,, or L, . is called symmetric if
5(x1,. . Tn) = 8(Tr1ys e Tr(ny) = TS(T1,. 00, Tp)

for each permutation 7 in the symmetric group S,. The sets LS, Fon, and Lfbfc
of symmetric polynomials coincide with the algebras of invariants of the group S,,.
See the work [5] for F32, and its generalization [4] for the full description of the
algebra Fo». The decription of the algebra LrSLTc is a direct consequence of the
known results on the algebra Fo».

Let A,, = Ly, F,, Ly, .. It is well known that the automorphism group Aut(A4,,) is
a semidirect product of the general linear group GL,, (K ) and the group TAut(A,,) of
automorphisms which are equivalent to the identity map modulo the commutator
ideal A/ . Hence it is natural to work in TAut(4,) when determining the whole
group Aut(A,). Now consider the group Aut(AS") of automorphisms consisting of
automorphisms of A,, preserving each symmetric polynomial in the algebra AS».

In the next section, approaching the group TAut(A3S»), we describe the inner
automorphism group Inn(AS~) N Inn(A4,) in the group Inn(A,) for A, = F,, and
A, = Ly The case Inn(L3») N Inn(L,) is skipped since the free Lie algebra
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L,, does not have nonidentical inner automorphisms. Later, we obtain the groups
Aut(L5?), Aut(F5?) N Aut(F,), and Aut(Lgfc) NAut(Lsy ) as a consequence of the
results obtained.

3. MAIN RESULTS

3.1. Inner automorphisms of F». Let u € F/, be an element from the com-
mutator ideal of the free metabelian Lie algebra F,,. Then the adjoint operator
adu : v — [v,u] is a nilpotent derivation of F,,, and v, = exp(adu) = 1 + adu is
an automorphism of the Lie algebra F,,. The inner automorphism group Inn(F},)
of F,, consisting of such automorphisms is abelian: ¥y, Yu, = Y, +uys Vit = V.

In the following theorem we determine the group Inn(F5~) N Inn(F,) of inner
automorphisms preserving the algebra Fo».

Theorem 3.1. The automorphism 1, € Inn(F2») N Inn(F,) if and only if u €
(Fp)S.

Proof. If w € (F!)5~, then clearly 1, (v) = v + [v,u] € FS~ for every v € FS».
Conversely let v € F» be a symmetric polynomial, and u € F/, be an arbitrary
element. We may assume that the linear (symmetric) summand v; of v is nonzero,
since v, acts identically on the commutator ideal F) of the free metabelian Lie
algebra F,,. Then 1, (v) € Fo» implies that [v,u] = [v,u] € F5n. For each m € S,,,
we have that
[v, u] = w[vy, u] = [, wu] = [vg, 7],

and [v;,u — wu] = 0, which gives that u — 7u = 0 or u = 7u. O
3.2. Inner automorphisms of L;ijlc. Let u € L, . be an element from the free

metabelian Lie algebra L,, .. Then the adjoint operator adu(v) = [v, u] is a nilpotent
derivation of L,, ., since ad“u = 0 and

1
g, = exp(adu) = 1+ adu + §ad2u +- 4 ad“ 'u

1
(c—1)!
is an inner automorphism of L, .. The set Inn(L, ) = {ey | v € Ly} is the
inner automorphism group of L, .. In this subsection, we investigate the group
Inn(LSj‘c) NInn(L,, ) of inner automorphisms of the algebra Lﬁjlc.
Lemma 3.2. Let u =Y., ax; for some o € K, and v =7 | x; € LY, such
that [u,v] € Lyr,. Then u = av for some a € K.

Proof. Let m = (1k) € S,, be a fixed transposition for k = 2,...,n. Then

TU = 01 Tr(1) +* + AnTy(n) = 1Tk + QET1 + Z o;T5,

i#1k
and u — mu = a1(z1 — x) + ar(Tr — 1) = aqp(T1 — x), where a1 = a1 — .
Now [u,v] € LY, gives that [u,v] = 7[u,v] = [ru, 7v] = [ru, v], and hence
0=[u—mu,v] =[a1k(x1 —x), 21 + -+ - + T4

= g 2[x1,xk] + Z [361,331‘] + Z [%ﬂﬁk]

i#1k i#lk

where the elements in the paranthesis are basis elements of L, ., which implies that
agx = 0, k > 2. This completes the proof by the choice a = a3 = -+ = ay,. [
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Theorem 3.3. The automorphism 1 # 1, € Inn(LﬁTé) NInn(L,, ) if and only if
u€ Lo

n,c-

Proof. If u,v € L v then it is straighforward to see that
5u(v) =v+ [’U,U] +oeeet (1/(C - 1)')[[ t [U,U], . }7“] € nglc

Conversely, let u = u; +up € Ly be an arbitrary element and v = v; + vy € L,SL’”C
be a symmetric polynomial such that €,(v) € Lﬁr;, where u; and v; are the linear
components of u and v, respectively. In the expression of €,(v), the component of
degree 2 is [v;, w;] which is symmetric by the natural grading on the Lie algebra
L3~ Hence u; = av; for some a € K by Lemma 3.2, and [v;, 4] = 0. Note that
[v0, g] = 0 by metabelian identity. The computations
c—2 ’U/;ﬂ
e (V) =v + [v; + vo, u; + uo] kz W

c—3 k+1k -

(0%
=v + U(),vl Z Ul,uo]
= (k+1

w

(k+1)!

k. k
Ui

ES
Il

0
give that [vy, ug] Zk’% ((1):+U11)r € Ln ., and that ug € LS v by Theorem 3.1. g
3.3. On automorphisms of L5?, Fy?, and L*;fc. In the sequel, we fix the notation
x1 = x, 2 = y, for the sake of simplicity. It is well known by [2] that each

automorphism of Lo is linear. The next theorem determines the automorphism
group Aut(L5?).

Theorem 3.4. Let & € Aut(L5?)NAut(Ly). Then & and its inverse €' are of the
form
{(x) = ax +by, &(y)=bz+ay,

) =ctar — oy, €Ny) = —c b + ¢ Lay,
such that ¢ = a®> —b> #0, a,b € K.

Proof. Let & be of the form € : ©x — ax + by, y — cx + dy such that ad # bc,
where a,b,¢,d € K. Since  +y € L5?, then &(x +y) = (a+ )z + (b +d)y €
L5?, which is contained in K{z + y}. Hence a + ¢ = b+ d. On the other hand
Hxvny] - [[x,yLy} € L§2, and

E(Hxany] - Hxay]vyD = B((a - C)[[:L',y],l‘] + (bi d)[[gjay]ay})

where 8 = ad —be # 0. The fact that £ € Aut(L5?) N Aut(Ly) gives a — ¢ = —b+d.
Consequently, a = d and b = ¢. Conversely, it is straightforward to show that the
automorphism stated in the theorem preserves symmetric polynomials. ([

It is well known, see the work by Drensky [3], that each automorphism of F; is
a product of a linear automorphism and an inner automorphism of F». Using this
fact, we obtain the following result as a consequence of Theorem 3.4 and Theorem
3.1.

Theorem 3.5. Let ¢ € Aut(Fy?) N Aut(F). Then ¢ is a product of a linear
automorphism & : x — ax +by, y — bx+ay, and an inner automorphism 1, where

u € (F3)%.
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Theorem 3.6. Let ¢ € Aut(Lgfc) N Aut(La.). Then ¢ is a product of a linear

automorphism £ : x — ax+by, y — br+ay, and an automorphism ¢ € IAut(Lgfc)of
the form

¢ — x+ [z, y]f(z,y)
y—y—lz,ylf(y,x).

Proof. 1t is sufficient to show that an automorphism ¢ € IAut(Ls.) preserving
symmetric polynomials satisfies the condition of the theorem. In general ¢ is of the
form

¢:x— x+[z,y]f(2,y)
y = y+[z,ylg(z,y).

Since x + y € Li"‘c, then ¢(z +y) = x + y + [z, y](f(z,y) + g(z,y)) is symmetric,
and hence

r+y+ [z,y](f(z,y) + 9(z,y) =y +x — [2,9](f(y,7) + g(y, 7))

This gives that

(3.1) flx,y) +9(x,y) + f(y,x) + gy, ) =0

in the commutator ideal Ly . of Ly ., which is a K[z, y]-module freely generated by
[,y]. Now by the symmetric polynomial [z,y](z — y), we have that

[z + [z, y]f (2, 9),y + [z, ylg(z, Y)|(z — y) = [z,y](x — y) (1 + f(z,y)y — zg(z,y))

is symmetric. Consequently [z,y](z — y)(yf(z,y) — zg(x,y)) is symmetric. The
following computations complete the proof.

[z, 9)(z = y)(yf (2, y) — xg(z,y)) = [z, y](x = y) (@[ (y, ) = yg(y, ),

and thus using Equation 3.1 we have

0=yf(z,y) —zg(z,y) —xf(y, ) +yg(y,v)
=yf(z,y) +z29(y, ) + 2 f(z,y) + yg(y, )
= (z+y)(f(z,y) +9(y,z)).

4. CONCLUSION

In this study, inner automorphisms of algebras of symmetric polynomials of
(relatively) free Lie algebras in the group of automorphisms of (relatively) free Lie
algebras were determined. The next step might be sharpening the result by finding
all inner automorphisms of those algebras. For this purpose, one needs to have
generators for the algebras under consideration, and handle the automorphisms by
their action on those generators.



54 SEHMUS FINDIK AND NAZAR SAHIN OGUSLU

5. ACKNOWLEDGMENTS

The authors would like to thank the reviewers and editors of Journal of Universal
Mathematics.

Funding
The authors declared that has not received any financial support for the research,
authorship or publication of this study.

The Declaration of Conflict of Interest/ Common Interest
The authors declared no conflict of interest or common interest

The Declaration of Ethics Committee Approval
This study does not be necessary ethical committee permission or any special per-
mission.

The Declaration of Research and Publication Ethics

The authors declared that they comply with the scientific, ethical, and citation rules
of Journal of Universal Mathematics in all processes of the study and that they do
not make any falsification on the data collected. Besides, the authors declared that
Journal of Universal Mathematics and its editorial board have no responsibility for
any ethical violations that may be encountered and this study has not been eval-
uated in any academic publication environment other than Journal of Universal
Mathematics.

REFERENCES

(1] Yu.A. Bahturin, Identical Relations in Lie Algebras (Russian), Nauka, Moscow, (1985). Trans-
lation: VNU Science Press, Utrecht, (1987).

[2] P.M. Cohn, Subalgebras of free associative algebras, Proc. London Math. Soc. Vol.14, No.3,
pp. 618-632 (1964).

[3] V. Drensky, Fixed algebras of residually nilpotent Lie algebras, Proc. Amer. Math. Soc.,
Vol.120, No.4, pp. 1021-1028 (1994).

[4] V. Drensky, S. Findik, N. S. Ogiislii, Symmetric polynomials in the free metabelian Lie alge-
bras, Mediterranean Journal of Mathematics, Vol.17, No.5, pp. 1-11 (2020).

[5] S. Findik, N. S. ng@lﬁ, Palindromes in the free metabelian Lie algebras, Internat. J. Algebra
Comput., Vol.29, No.5, pp. 885-891 (2019).

[6] M.C. Wolf, Symmetric functions of non-commutative elements, Duke Math. J., Vol.2, No.4,
pp. 626-637 (1936).

DEPARTMENT OF MATHEMATICS, CUKUROVA UNIVERSITY, 01330 BALCALI, ADANA, TURKEY
Email address: sfindik@cu.edu.tr, noguslu@cu.edu.tr



