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1. Introduction

Difference equations naturally occur as discrete analogs and numerical solutions to differential and delay differential equations
that have applications in biology, ecology, economy, physics, and other fields. Thus, there has recently been an increase in
interest in the study of qualitative analysis of systems of difference equations and rational difference equations. Although the
form of difference equations is quite straightforward, it is extremely challenging to fully comprehend the behaviors of their
solutions, see [1]-[7].

The periodicity of the solutions of the system of difference equations

_m _ PSn
Wptl = —5 Sntl = )
Sn Wn—15n—1

was studied by Cinar in [8].
El-Dessoky and Elsayed [9] have analyzed the form of the solutions and the periodicity character of the following systems :

WnSn—1 SnWn—1

= Sy =—

St s, T T W £ wn
Kurbanli et al. [10] discussed the periodicity of solutions of the system of difference equations
Wy—1+Sp Sp—1 + Wy

y Sntl = .
Wy—18, — 1 Sp—1wy, — 1
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El-Dessoky [11] investigated the form of the solutions and the periodicity character of the following systems :

Sn—15n-2 . Wp—1Wp-2
) Sn+l = .
wp(E£1 £ s8,-18,-2) su(£l £ wp_1wy—2)

Wntl =

Touafek and Elsayed [12] have investigated the periodicity and determined the shape of the solutions of the systems of
difference equations of order two:

SnWn—1 WnSn—1

Wil = ———— Sy = ———— .
" Tw, 1 :l:sn’ " Tw,tw,

Yalcinkaya [13] has found the sufficient conditions for the global asymptotic stability of the system of difference equations

Wp+ Sp—1 Sp+Wn—1
Wnpil = Sp+1 =

, .
WpSp—1 — 1 SpWn—1— 1

Elsayed et al. [14] foud the form of the solutions of the systems of difference equations

Sn(Wn—3 4 Sp—4) Wn—2(Wp—2 +5,-3)
Wnl = ——————— Spb1 = .
Sp—4+Wp—3—Sp 2Wp_2 +Sp—3
o (Sn74- - Wn73)sn o (Sn73 - Wn72)wn72
Wil = Sn+l — .
Sp—4 —Wp-3+Sp Sp—3

Yang et al. [15] has studied the behavior of the solutions of the systems

a bsy_p
Sy = ——

w,y =

= , = .
Sn—p Wn—gSn—g

Touafek et al. [16] examined periodicity and provided the form of the solutions of the systems of nonlinear difference
equations

Wn—3 Sp—3

Wil =————, Spr]=———"77—.
Tt wpaseey . T £l ks, wes

Turki et al. [17] studied the dynamics of the twelfth-order difference equations

bwy_s
Wil =AWy 5 — —————————.
CWy_5 —dwy 11
Similarly, difference equations and nonlinear systems of the rational difference equations were investigated see [18]-[25].
This paper’s main goal is to consider the systems of difference equations below

WnSn—1 SpWn—1

Wnil = > Sptl= T T
" W+ Sn—1’ ! tsyEwpy’

where the initial conditions are wg, w_1, so and s_; arbitrary positive real numbers.

_ WpSp—1 _ SaWn—1
2. The system w;, | = =t s,y = Aot

In this section, we examine the solutions of the system of the difference equations in the form :

WnSn—1 SpWn—1

Wnt1 = Sp+1 = .
’ Sp+Wn—1

2.1
W+ Sp—1 ( )

Theorem 2.1. Assume that {w,s,} is a solution of system (2.1). Then forn = 1,2, ..., we have

abcd
M (& Ma1)a+ ab) + ab((1y— &n1)e + &n)d)
y B abcd
T A (Ea+ (Mart — En)b) + ab(Mnc + (Enrt — Nn)d)
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- abced

7 cd(Ma—&t)a+ &b) +ab((& —Mat)c+ Mud)’
abcd

Soan+1 =

cd(Mna+ (Enr1 = 1Mn)b) +ab(§uc + (Nnr1 — &n)d)

where {nn ::1 = {172;73 177447“-}7 No = 17 n-1= 07”72 =—1, {gn};ozl = {17376717a“'}7 50 = Oa én =Mn+1 —Nn —
Mn—1—Nn—2 —Mn—3, wo=a, w_1 =b, sp =cands_| =d.

Proof. For n=0, the result holds. Now, suppose that n > 0 and that our assumption holds for n — 1. That is

abcd
W (&t —Tn2)a+ Nu1b) + ab(Mat — Er2)c+ En1)d)

w _ abcd
P (& ia+ (M —&u1)b) + ab(Ma-1c+ (& — N 1)d)”

s B abced
P72 d(My1 — &u2)a+ & 1b) +ab((& 1 — N 2)e+ My 1d)’
abcd
Soan—1 =

cd(Mp—1a+ (& = Mu-1)b) +ab(&u1c+ (M —&u1)d)
Now, it follows from Eq.(2.1) that

W2n—182n—-2
Wiy = —"—""—
Wop—1 + S2n-2
( abed )( abed )
— cd(&n_1a+(Mn—8u—1)b)+ab(ny_1c+(En—"u—1)d) ’ N cd((Ny—1—Ep2)at+Ey_10)+ab((&u—1 —Nu—2)c+Nn—1d)
abed abed
Cd(énfla""(nil_énfl )b)+ab(nn71 C+(§n_nn71 )d) + Cd((nnfl _§n72)a+€n71b)+ab((€n71 _nn72>c+nn71d)
B abcd
Cd((gn—l + Nn—1— gn—Z)a + (nn - gn—l + én—l)b) +ab((77n—1 + gn—l - nn—2)0+ (gn —Mn—-1+ nn—l)d)
_ abcd
cd((&n — Mn—1)a+Mub) +ab((Ny — Eu—1)c + &ud)
And
$2n—1W2n—-2
$2n

Son—1+ W2

( abed )( abed )
_ ~cd(n10+(Gn—Nn—1)b)+ab(E1 e+ (i —8n1)d) / cd((Gu—1 = Nn—2)3+ Nu—1D)+ab((MNn—1 —En—2)c+E11d)
bed abed

Cd(nrzfla+(éil_nn71)b)+ab(§nflc+(nn_€n71)d) + Cd((énfl_nn72)a+nn71b)+ab((nn71_5n72)c+5n71d)

abcd
Cd((nn—l + én—l - ﬂn—z)a + (én —Nu—1+Mn—1)b) +ab((‘:n—l + Mn—1— én—2)c+ (nn - ‘gn—l + ‘gn—l)d)

abcd
cd((Mn — En—1)a+&ub) +ab((& — Mu—1)c+Mad)
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Also,
W _ WonS2n—1
2 Wap + S2p—1
( abed )( abed )
_ ~cd((Sn—=Nu—1)a+1mb)+ab((Na—=En—1)c+En)d) / \ cd (1104 (En—Mn—1)b) +ab (&1 ¢+ (M2 —=En—1)d)
abcd abcd
Cd((én*nn—] )“+nnb)+ah((nn*§n—l )C+§nd) + Cd(nn—1“+(‘gn*nzz—] )h)+”h(€;1—lc+(nn*‘§zz—] )d>
_ abed
Cd((én = Mn—1+ M1 )aJF (nn + én - T'nfl)b +ab((nn - énfl + énfl )C+ (én + M — énfl)d)
B abcd
cd(&na+(Mut1 — En)b) +ab(Muc + (Eni1 —Mn)d)
And
s _ $2nW2n—1
il 8o+ Wan—1
( abed )( abed )
cd((Mn—E&n—1)a+&nb)+ab((En—nn—1)c+nnd) / \ cd(&y—1a+(Mn—E&u—1)b)+ab(Mu—1c+(En—1n—1)d)

abed + abed
cd((Mn—En—1)a+&nb)+ab((En—np—1)c+1nd) cd(&n—1a+(Mn—8—1)b)+ab(Ny—1c+(En—n—1)d)

abcd
B cd((Mn =&t Jrénfl)ajL (‘Sn + M — énfl)b+ab((€n — N1+ Mu—1)c+ (nn+§n —Nn-1)d)

abed
B cd(Mua+(Eup1 — Mn)b) +ab(Euc + (Muy1 —Ea)d)

O

Example 2.2. Figure 2.1 demonstrates the behavior of the solutions of the system of difference equations (2.1) with w_; =
4 wo=1,s_1 =—-2andsy=2.

w(n)s(n)

20 30 40 50
n

Figure 2.1
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WnSn—1 SpWn—1

3. The system w,, | = Wnbs 1 Sntl = 5 50

In this section, we investigate the solutions of the following system of the difference equations :

_ WnSp—1 _ SaWn—1
Wil = ————— Snt1 = —

3.1
Wn 4 Sn—1 ©-1)

Sn — Wn—1

Theorem 3.1. Assume that {wy,s,} is a solution of system (3.1). Then forn=1,2,..., we have

abd acd
Wop—1 = b w n = bl
et a(fn+2b +fn+1d) + ﬁ1+2bd o a(fn+2d +fn+2c) +fn+3€d
bed abc
Son—1 =

) N = b
C(fn+2d + fn+1b) - fn+2bd o a(fn+3b - fn+2c) +fn+2bc
where {fin}m_o =1{0,1,0,1,1,2,3,...}.

Proof. For n=0, the result holds. Now, suppose that n > 0 and that our assumption holds for n — 1 and n — 2. That is

" _ abd w _ acd
23 a(furtb+ fud) + furabd’ T a(furd + fu1©) + furacd’
w _ abd " _ acd
2T a(fub A fard) + fubd” T a(fad + fu€) + furied’
s _ bed s _ abc
23 C(fn+ld‘|'fnb)_fn+1bd7 n=2 a(fn+2b_fn+lc)+fn+lbc’
bed abc
Sop—5 = Sop—a4 =

C(fnd'i‘fn—lb)_fnbd7 a(fn—}—lb_fnc)‘f'fnbc'

Now, from Eq.(3.1) we get :

Won—152n-2

Wop =
Won—1+S2m—2

( gbd )( i abc )

_ a(fn+2b+fn+ld>+fn+2bd ’l(fn+2b*fn+lC)+fn+lbc

- abd + abc
a(fut2b+fur1d)+fur2bd ~ a(fur2b—fur1€)+fur1be

B a*b*cd
ab((fn+2b - fn+lc)ad + fn+1de + (fn+2b + fn+1d)ac + fn+2b0d)

abed
B Jn2bad — fuy1cad + fur1bed + fiobac + fuirdac + fuiabed

B abcd
b(ﬁ1+2ad + (fn-H + fn+2)Cd + fn+2ac)

acd
(fag2d + fruyoc)a+ fuyzcd '

And

S2n—1W2n—2

Sop = ———————
$2n—1 —W2n-2
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( i ‘bcd )( acd )

c(for2dHfus10)—fur2bd /N a(fup1d+fuy16)+friocd
bed _ acd )

c(fut2d+fu10)=fut2bd  alfu1d+fur10)+ fur2cd

B abc?d?

~ cd((far1d + farr10)ad + foiabed — (far2d + fui1b)ac + foi2abd)

abcd
B Joribad + fuy1cab+ fupobed — fuiadac — fuy1bac+ fuy2abd

B abcd
d(fn+20b + (fn+1 + ﬁ1+2)ba - fn+2ac)

acb
(fn+3b - fn+2c)a + furach .

Also,

W2n—282n-3

Wy—1=———————
Won—2 4 S27-3
( acd )( bed )
a(fur1d+fur16)+furacd /N c(fuy1d+fab)—fur1bd
acd 4 bed
a(fur1d+fop10)+furacd * c(fur1d+fub)—fur10d

_ abc?d?
cd((fut1d + fub)ac — foi1bad + (fui1d + foi1¢)ab + fui2bed)

abcd
B Jnrrade+ focab — fur1bad + fyi1bad + fuy1bac + fuiabed

B abcd
C(fn+lad + (fn +fn+l)ba +fn+2bd)

abd
(fn+2b + fnJrld)a + fn+2bd -

And

$2n—2W2n—3

$2n—-1 =
$2n—2 — Wanp—-3

( abc )( abd )
a(fur2b—far16)+fur1bc’ N a(fui1b+fnd) +fui1bd
abc _ abd
a(fuy2b—for16)+Hfuyibe  a(fur1b+fud)+foy1bd

_ a*b*cd
ab((fn+lb+fnd)ac+fn+led - (frHer 7fn+lc)ad - fn+led)

abed
B Jnrr1bac + fucad + fui1bed — friodab + fuirdac — fui1cbd

_ abcd
a(anCb"' (fn + fur )dc _fn+2bd)

bcb
(fn+2d+fn+1b)c - fn+2bd.

O

Example 3.2. We assume a numerical example for Eq.(3.1) where w_1 =3, wo = 0.5, s_1 = —4 and sy = 1. See Fig. 3.1.
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w(n)
s(n)
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Figure 3.1
_ WpSp—1 _ SaWp—1
4. The system w;, ;| = 2=l s, =~

In this section, we give a specific form the solutions of the system of the difference equation in the form:

WnSn—1 SnWn—1

Wppl = ————, Sppl=——— .
n I n _Sn+Wn71

4.1
Wp+Sp—1 “-1)

Theorem 4.1. Assume that {wy,s,} is a solution of system (4.1). Then forn=1,2,..., we have

abcd
Cd((nn+l - én)a + gnb) +ab(nnc+ (nn+l - §n+l )d) ’

Wop =

abcd
M (&t — Mar1)at Musib) + ab(Enc + Gt — Marz)d)’

abced
Son — s
. Cd(_nna+(‘§n+1 _nn+1)b)+ab((nn+1 _én)c‘f'énd)
s _ abcd
2T cd(—Euat (Mwsz — Enr1)b) + ab((Enst — Ns1 )e+ Tard)”

where {&,} | ={1,0,—5,—13,-12,..}, & =1,&.1=0, Ny = ((Er2+ &1+ &1) +2) and
{mn}yoy ={1,1,-2,-9,—15,..}.

Proof. For n=0, the result holds. Now, suppose that n > 0 and that our assumption holds for n — 1. That is

abcd
Wop—n = ’
2 My — &y )at & 1b) + ab(Tu1c + (M — &)d)
y B abcd
M (& = m)a+nab) +ab(&ic+ (& — M )d)’
abcd
Sop—2 =

cd(—Ny—1a+ (5n —Mn)b) +ab((N, — énfl)cJr énfld) '

abed
S2n—1 = cd(—§n710+ (nﬂ+l — én)b) —|—Clb((§n - nn)C+ nnd) .
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Now, it follows from Eq.(4.1) that
Won—182n—-2
Wy = ————
Wap—1 + S2p-2
( abecd )( abed )
— cd((En—"n)a+nnb)+-ab(Ey_1c+(En—Tus1)d) 7\ cd(—Ny_1a+(En—1)b)+ab(Mn—Ey—1)c+E,-1d)
abed abcd
cd((En—"n)a+nnb)+ab(&,—1c+(En—Tuy1)d) + cd(—np—1a+(&n—1n)b)+ab((Mn—E—1)c+&,—1d)
B abcd
cd((&n = Mn = Nn—1)a~+ (M + & —Ma)b) +ab((Ep—1+Mn — En-1)c + (& — NMus1 + Eu-1)d)
_ abced
cd((Mns1 — En)a+&:b) +ab(Nuc + (N1 — Enr1)d) .
And
$2n—1W2n—2
Son=———"—"__
—S2n—1+ W2
( abcd )( abcd )
— cd(—&y_1a+(Muy1—En)b)+ab((E—1n)c+1nd) /N cd(MNn—Ey—1)a+Ey_1b)+ab(N,_1c+(Mn—En)d)
—abcd abed
Cd(*énfl“+(nn+l*6}1>b)+ab(<én*nn)c+nnd) + cd((Mn—=8u—1)a+&—1b)+ab(My—1c+(Mn—En)d)
B abcd
cd((=8n1 =M+ &-1)a+ (Mus1 — & — Eu1)b) +ab((&n — Nn — NMn—1)c + (M — N+ En)d
_ abcd
cd(—=Mna+ (Ent1 — Nnr1)b) +ab((Mnr1 — En)c + E,d) .
Also,
W _ WanS$2n—1
2t Won + Son—1
abed abed
e (e e e N T DA P P AT R
abced abcd
cd((Mpr1—8n)a+&nb)+ab(Nuc+(Mpr1—Ery1)d) + cd(=&,—1a+Muy1—E8n)b)+ab((&n—1n)c+1nd)
_ abcd
cd((Mn1 =& —&n-1)a+ (& +Mnt1 — Ea)b +ab((Mu + & — Mu) e+ (M1 — Env1 +Ma)d)
_ abcd
Cd((énﬂ — M+l )aJF nn+1b) Jrab(énch (€n+l - nn+2)d) .
And
s _ $2nW2n—1
2t —82n +Wan—1
abcd abcd
_ e G b —Ger ) @ narmbr b rer G )
—abcd abed
Cd(_nrza+(§n+l_nn+l)b)+ab((nn+l_5n)c+énd) + Cd((én_nn)a+nnb)+“b(§nflC+(§n_nn+l)d)
B abcd
cd((—=Mn — & +Mn)a+ (&at1 — NMus1 — Nu)b) +ab((Mns1 — & — Eu-1)c + (& — &+ NMnr1)d
_ abed
cd(—&na+ (Mnt2 — Enr1)b) +ab((En1 — Nnr1)c + Nur1d) .
O]

Example 4.2. Consider the solutions of Eq.(4.1) when w_; =3, wo = —1, s_1 =4 and so = —1. See Fig. 4.1.
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w(n)
s(n)

1}
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-1t
B
4 | | | |
0 10 20 30 40 50
n
Figure 4.1
_ WpSp—1 _ SaWn—1
5. The system w;, | = ot s, =~

In this section, we obtain the solutions form for the system of two difference equations :

WnSn—1
Wn + Sn—1

Wptl =

SpWn—1
s Sppl = —————. (5.1)
—Sn — Wn—1

Theorem 5.1. Suppose that {wy,s,} are solutions of system (5.1). Then every solutions of system (5.1) are periodic with
period twelve and given by the following formulas for n=0,1,2,... ,

Wion—1 = b,
ad
Wi2n =
1201 a+d
adb

Wi2n+3 = m,

Wi2nts = —b,
—ad
Wi2n+7 = m7
—adb
w ="
T G r d)b—ad
Sion—1 =d,
—cb
S12n+1 = m,
—cdb
s =— -7
P T b dye+bd’

S1onts = —d,

Win = 4,
adc
Wint2 = 77—
"2 (a+d)c+ad’
dc
Wi2n+4 = m,
Wion+6 = —4a,
—adc
Wiznt8 = 77—
" (a+d)c+ad’
—dc
Wi2n+10 = dic
S12n = €,
—abc
SI2n42 = 57—~
"2 cb—(c+b)a’
—ba
S12n+4 = h—a )
S12n+6 = —C,
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cb

S2n4+7 = —
n-+ C—‘rb’

s _ cdb
YT (bt d)c+bd’

33
abc
S = —
12n+8 Cb— (c+b)a7
ba
S12n+10 = bf

Proof. For n=0, the result holds. Now, suppose that n > 0 and that our assumption holds for n — 1.
That is

Wi2n—13 = b, Win—12 = d,
ad adc
Wil = 23 V0= G de T ad
adb dc
w Q= w Q= —
12n 9 (a—f—d)b—ad’ 12n—-8 d+c7
Wion—7 = —b, Wi2n—6 = —d,
—ad —adc
w 5§ = — w ==
12n-5 a—&—d’ 12n—4 (a+d)c+ad’
—adb —dc
w = w =
12n-3 (atdb—ad 1202 = Zo
S12n—13 =d, S12n-12 = C,
—cb —abc
—cdb —ba
S = Ky Q=
12n 9 (b+d)c+bd’ 12n 8 b aﬂ
Sion—7 = —d, $12n—6 = —C,
cb abc
S 5= — S 4 =
12n—-5 C+b7 12n 4 Cb—(C‘i‘b)a’
cdb ba
S = Ky =
12n-3 (b+d)c+bd7 12n—-2 h—a
Now, from Eq.(5.1) that
2
Wiy, = Wn18S1202 e b*a
" w1+ sim2 b+ 2 b2 —ab+ab
_n
sy = S22 Cidc —d’c .
b =St —Wim—2  —d+ % —d? —cd+cd
Also,
de —chd
Wiggys = 12nHASI2e3 (75 (Grayersa) —c?bd? .
+5 = = — = =—b.
" Wi2nt4 + S12043 dd—ic— % cd(bc+dc+bd — bd — cb)
—b bd
Sionss = Si2ntaWiont3 (ﬁ)((tﬂ»%b—ad) _ —a’b’d _
" stmea Wiy~ — @ ba(ab+db—ad —bd +ad)

Similarly, obtaining the other relations is very simple. Thus, the proof is completed.
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w(n),s(n)
o

Figure 5.1

Example 5.2. Figure 5.1 considers the solution of Eq.(5.1) withw_1 =4, wo = —1, s_1 =3 and so = 1.
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