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spaces on the real line
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ABSTRACT. Present work contains a method to obtain Jackson and Stechkin type inequalities of approximation
by integral functions of finite degree (IFFD) in some variable exponent Lebesgue space of real functions defined on
R := (—o00,+00). To do this, we employ a transference theorem which produce norm inequalities starting from
norm inequalities in C(R), the class of bounded uniformly continuous functions defined on R. Let B C R be a
measurable set, p(xz) : B — [1,00) be a measurable function. For the class of functions f belonging to variable
exponent Lebesgue spaces Ly, (B), we consider difference operator (I —T5)" f (-) under the condition that p(z)
satisfies the log-Holder continuity condition and 1 < ess inf, ¢ p p(x), ess sup, ¢ g p(x) < oo, where I is the identity
operator,r € N :={1,2,3,---},8 > 0and

1 é
() Tgf(q;):g/ fle+t)dt, c€R, To=1,
0
is the forward Steklov operator. It is proved that
() 1T =T5)" £l
is a suitable measure of smoothness for functions in L) (B), where ||-|| p() I8 Luxemburg norm in L, ) (B) . We

obtain main properties of difference operator ||(I — T5)" f|| p() I Lp(a) (B) . We give proof of direct and inverse
theorems of approximation by IFFD in Ly,(,) (R) -
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approximation, direct theorem, inverse theorem, modulus of smoothness, Marchaud inequality, K-functional.
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1. INTRODUCTION

Some inequalities of Approximation Theory in a Homogenous Banach Spaces (HBS) can
be obtained their uniform-norm counterparts. This information is known for a long time,
(see e.g., [20] for definition of HBS). This elegant method was generalized to some variable
exponent Lebesgue spaces functions defined on R (see Theorem 1 of [9]). Generally, these
scale of function classes are non-translation invariant with respect to the ordinary translation
z — f(x+a). Here, we give several uniform-norm inequalities on C'(R) and apply them
to obtain several inequalities of approximation by IFFD in some variable exponent Lebesgue
spaces L) (R). Under some condition on p(z) of L,,)(R), we obtain main inequalities of
exponential approximation by IFFD such as Jackson-Stechkin-Timan type estimates and equiv-
alence of K-functional with suitable modulus of smoothness () given in abstract for functions
of L, (R). Note that many results of approximation by IFFD can be obtained easily their
uniform-norm counterparts in C'(R).
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Approximation by entire IFFD on the real line 215

Consider an entire function f(z) and put M (r) = max . —, | f(2)| for z = x + iy. We say that
an entire function f is of exponential type o if limsup, .7 'InM(r) <o, o < oco.

The approximation by entire function of finite degree in the real line was originated in the
beginning of twentieth century by Serge Bernstein [15] and became a separate branch of analy-
sis due to the efforts of many mathematicians such as N. Wiener and R. Paley [45], N.I. Achiezer
[4], S.M. Nikolskii [42], L. Ibragimov [29], A.F. Timan [52], M.F. Timan [53], R. Taberski [54, 55],
E.G. Nasibov [41], V. Yu. Popov [46], A.A. Ligun [43], and others.

Studying function spaces with variable exponent is now an extensively developed field af-
ter their applications in elasticity theory [58], fluid mechanics [47, 48], differential operators
[19, 48], nonlinear Dirichlet boundary value problems [40], nonstandard growth [58], and vari-
ational calculus. See the books [16, 18, 51] for more references. Nowadays, many mathemati-
cian solved many problems for the approximation of function in these type spaces defined on
[0,27] C R (see e.g. [7, 8, 26,30, 31, 34], [1, 2, 3, 11, 12], [5, 6, 9, 13, 14],[22, 24, 25, 28, 32, 33,
36],[37, 38, 44, 49, 50, 56]). In this paper, we propose generalized our last results in [10] which
we obtained a direct and inverse theorems for approximation by entire functions of finite de-
gree in variable exponent Lebesgue spaces on the whole real axis R with

(1.1) sup [|(Z = Th) fllp()
0<h<é

as modulus of continuity Q;(f,d),.). Instead of (1.1), here we will use

(12) 12 =T5)" fllpc)

as modulus smoothness €..(f,d),(.) and we obtain stronger Jackson inequality than obtained
in [10].

_ Let B C Rbe ameasurable set and p(z) : B — [1,00) be a measurable function. We define
P (B) as the class of measurable functions p(x) satisfying the conditions

(1.3) 1 <pp :=essinfepp(x), ph = esssup,cpp(r) < co.

Wealsosetp™ :=pgandpt := p} We define the L,.y(B) as the set of all functions f : B — R
such that

(1.4) Ly.s (O ;:/B N

for some A > 0. We set I,y (f) := I(.y,r (f). The set of functions L,.,(B), with norm

: f
I fllpc), := inf {77 >0:1Ip0),B (71 <1

is Banach space. We set L.y := L) (R).
For i € N, all constants ¢; (z,y, - - - ) will be some positive number such that they depend on

p(y)
dy < oo

fy)

the parameters x,y, - -- given in the brackets. Also, constants ¢; (x,y, - --) can be change only
when the parameters z,y,--- change. Absolute constants cy,cs,... will not change in each
occurrence.

Definition 1.1. For a measurable set B C R, a measurable function p(-) : B — R is said to locally
log-Holder continuous on B if there is a positive constant ¢y (p) such that

(1.5) Ip(z) — p(y)|log (e + 1/|z — y|) < 1 (p) < o0

forany x,y € B. We say that p satisfies log-Holder decay condition if there is a constant co (p) > 0 and
Poo > 1 such that

(1.6) Ip(z) — Poollog (e + |2]) < ca (p) < 00
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forany x € B.

Define the class P19 (B)
max {c1 (p) ,c2 (p)}-
Definition 1.2. ([27, p.96]) Let N := {1,2,3, - - - } be natural numbers and Ny := N U {0}.

(a) A family Q of measurable sets E C R is called locally N-finite (N € N) if
Z xe () <N
E€Q

almost everywhere in R, where xy is the characteristic function of the set U.

(b) A family Q of open bounded sets U C R is locally 1-finite if and only if the sets U € @ are
pairwise disjoint.

(c) Let U C R be a measurable set and

1
Auf = U/ £ (1) dt.

(d) For a family Q of open sets U C R, we define averaging operator by

{p € P(B): % is satisfy (1.5)—(1.6)}. We set c3(p) =

Tq : Lip. — L,
X
Tof (x) =Y xv(z)Avf = Z ol /|f Ndy, =€ R,
UeQ UeQ

where L is the set of measurable functions on R.

For a measurable set A C R, symbol |A| will represent the Lebesgue measure of A.
We consider Transference result.

Definition 1.3. For 0 < § < oo, 7 € R, we define family of Steklov operators
1 z+5/2 5/2

(1.7) Ssf(x) := / fx+t)dt, ze€R,
6 Ju sy T 5/2

where f is a locally integrable function defined on R.

The following result was obtained by Drihem for every cubes or balls in R®. We write below
its restricted version with constants. The proof of this is the same with Theorem 2 of [23].

Proposition 1.1. ([23]) Suppose that p € PL°9 (R) and Q is a bounded interval of R having Lebesgue
measure > 1. For every m > 0, there is ¢4 (m, c3 (p)) = exp (—4mcs (p)) € (0, 1) such that

p(z) oy

ca (m, ¢ (p (w+7) 37
2N e M d p d -

+ 37 ‘1/7@ "
J (e+ly+7))

holds for all x € Q, 7 € Rand all f € Ly(.) + Lo (R) with || f[|,.) + [ fll =1

Theorem 1.1. Suppose that p € PL°9 (R). Then, the family of operators {U, f} < r defined by

+1/2

L{Tf(x):zslf(m+7):/_1/2 fle+7+t)dt, 2€R, TER
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is uniformly bounded (in 7) in L.y, namely,
6l < 5 (0%oc3 ) £l
holds with c5 (p*, c3 (p)) := 20 +13v" (1 2.3t [0k 2}) exp (8¢ ().
Proof of Theorem 1.1. Let us consider f € L., with || f[|,,., < 1/2. Suppose that
Q:={U C R: U openinterval and |U| =1}

be a locally 1-finite family of partition of R. Choose m = 2 > 1 (constant ¢s (p*) below becomes

a finite number)
co (pt) =27 37" (1 +2.37" [ZH 9k 4 2D < o0

We can select ¢4 (2, c3 (p)) = exp (—8¢3 (p)) € (0, 1) as in Proposition 1.1. Then, using Corollary
2.2.2 of [27, p.20] we obtain

p(z)
c1 (2,3 (p)) > 1 / /“/2
V| ————————Uf | = cq (2,c r+T7+1t)dt dx
pp() ( s (p+) f e (p+)R 4( 3(p)) 172 f( )
1 +1/2 p(x)
< cq (2,¢c3(p / flx+74+1t)dt dx
ce (p) UeQ[/ +(2:5(p)) —-1/2 ( )
i p(x)
2P cy (2,c
< / & (223 (7)) /XQU W fy+7)dy| dx
wh) ) [ Rl )
<- / Dau /If (y+ )" dy+
Ul
UEQU 2U
_l’_

E +X2U(y)/ 3y |
(e+lzl)® UL J (etly+])°

<2ZE;J?:Z; /[XZU / £ ()" ds

veq 2U+T1

N 3p"-19 N / 3p" 145
2 2
For (e +1s])

op’ 130" ds
S onl PR I ERE A e
o) \ & J (et lsh)
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and hence
||quHp(.) < 27105 (p+, C3 (p)) .
General case f € L,.) can be obtained easily by re-scaling:
||Urf||p(.) <¢s (p+, e3 (P)) ||f||p(.) .
O
Theorem 1.2. ([18, Theorem 4.4.8]) Suppose that p € PL°9 (R) and f € Ly.). If Q is locally 1-finite

family of open bounded subintervals of R having Lebesgue measure 1, then the averaging operator Tg
is uniformly bounded in L, .y, namely,

ITQ fll,y < er(ea @) I f 1y
holds with c7 (¢ (p)) := 2exp (8¢s (p)) .

Let C(R) be the class of continuous functions defined on R. For r € N, we define C”
consisting of every member f € C(R) such that the derivative f(*) exists and is continuous on
Rfork =1,...r. Weset C™ := {f € C" for any r € N}. We denote by C. (R), the collection
of real valued continuous functions on R and support of f is compact set in R. We define
Cl=C"NC.(R)forr €e Nand C¢° := C* NC.(R). Let L, (R), 1 < p < oo be the classical
Lebesgue space of functions on R.

Theorem 1.3. [18, Corollary 4.6.6] Let p € PL°9 (R) and f € Ly.y. Then

1l
(1.8) SO sup /R @) g (@) dz <2 fll,. -

12¢7 (¢3 (P)) ™ geL,ynCeilgll, ) <1

Definition 1.4. Let p € P*°9 (R). Foran f € L., we define

(1.9) Fy(u) == / (S1f) (x +u) |G (z)|dx, u€ R,
R
where G € Ly )N Cg® and |G|,y < 1.

Let W;(.), r € N, be the class of functions f € L.

k=1,..,r—1, f=1 absolutely continuous and e L.
Some properties of the function F¥ (-) is given in the following theorem.

Theorem 1.4. Let p € P9 (R), 0 < § < oo, and f € Ly.). Then,
(a) the function Fy (-) defined in (1.9) is a bounded, uniformly continuous on R,
(b) (Ssf) =Ss (f)on Rfor f € W
Main theorem of this section is as follows.

Theorem 1.5. Let p € P9 (R). If f, g € L, and

y such that derivatives f (k) exist for

HFch(R) <c HE(]HC(R)
holds with an absolute constant ¢y > 0, then norm inequality
(1.10) £y < es (e, 0, ¢3 () [lgll,y
also holds with cs (c1,p™, c3 (p)) := 48¢7 (c3 (p)) c1cs (P, e3 (p)).

Remark 1.1. Theorem 1.5 is a powerful tool to obtain norm inequalities in L., (and other non-
translation invariant Banach spaces of functions) for p € PL°9(R). In this work, we will use it
frequently. See for example the following result.
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As a corollaries of Theorem 1.5, we get the following two results:

Theorem 1.6. Suppose that p € PL°9 (R), 0 < § < oo and 7 € R. Then, the family of operators

{Ss,+ [} defined by
1 z+7+6/2
f/ f(s)ds, z€R

+7—06/2

Ssrf(x) :=Ssf (-+7)
is uniformly bounded (in § and 7) in Ly .), namely,
1S5, f 1L,y < 48¢7 (s (p)) e5 (T, c3 () 1f 1,
holds.
Corollary 1.1. Let p € PL°9(R), 0 < § < oo, and f € L. If 7 = 6/2, then

Ss.s/2f (x 5/ flx+t)ydt =Tsf (x),

(1.11) HTBprp)f§48C7(03(p)) es (0%, es (0) 1,0 -
17 = T5)" fllpy < (14 48e7 (e3(0)) e5 (5 e3 (0)))" £l -
For the proof of these results, we will need the following Propositions.

Proposition 1.2. (1) C, (R) and C2° are dense subsets of L, (R), 1 < p < oo (Theorems 17.10 and
23.59 of [57, p. 415 and p. 575]).

(b) C. (R) contained L, (R), but not dense (Remark 17.11 of [57, p.416]) in L, (R) .

(c)Ifr € Nand f € C, then S5 (f) € C7.

Proof of Proposition 1.2. (a) and (b) are known. (c) is follows from definitions. ]

Proposition 1.3. ([18, Theorem 2.26]) Let B C R be a measurable set. If 1 < p(z) < pjg < 00,
p'(x) = p(x)/(p(x) = 1), f € Ly)(B), and g € Ly (.y(B), then Holder’s inequality

(1.12) /f )z <2l 51900
holds.

Proof of Theorem 1.4. (a) Since C. (R) is a dense subset ([39, Theorem 4.1 (I)]) of L,,.), we con-
sider functions H € C. (R) and prove that Fy; (-) = [(S1H) (z + u1) |G ()| dz is bounded and
uniformly continuous on R, where G € L) N C and |G|,y < 1. Boundedness of F (-) is
easy consequence of the Holder’s inequality (1.12) and Theorem 1.1. On the other hand, note
that H is uniformly continuous on R, see e.g. Lemma 23.42 of [57, pp.557-558]. Take € > 0 and
up,uz, x € R. Then, there exists a ¢ := § (¢) > 0 such that

9
H (@ +w) = H @+l < ga g

for |u; — ua| < 4. Then, for |u; — ug| < 0, u1,us € R we have

|F'u (u1) — F (u2)] =

/Rs1 (H (2 +w1) — H (2 +u)) |G (2)] do

(1+\Supp /'Sl NG (@) de = (1+|Supp /'G ) dw

(1+ |supp (G)) |Gl ) <&

§a+mwm®n
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Now, the conclusion of Theorem 1.4 follows for the class C.. (R). For the general case f € L.,
there exists an H € C. (R) so that

If = Hll,.y <&/ (8¢5 (pT,c3(p)))
for any £ > 0. Then, for this ¢,

|Fy (u1) = Fy (ug)] < ‘/ Si(f = H) (z +w) |G (z)| dw

’/ Sy (H (z+uy) — H (z +u2)) |G (2)| da:

+ ’/RSl(H—f) (@ +u2) |G ()] d

<2|Su (f = H) (- + 1)y + ‘/Rsl (H (z+w) = H (z + u2)) |G ()| dz
+2[IS1 (f = H) (- +u2)
<des (pToes(0) If — Hll oy +€/256/2+€/2=¢

As a result F; is bounded, uniformly continuous function defined on R.
(b) can be obtained easily from definition. O

Proof of Theorem 1.5. Let f € L,y be non-negative. If Hf||p(_) = 0, then the result (1.10) is
obvious. So we assume that co > || f|,,., > 0. In this case

/ S, (9) (u+2) |G (2)] da
R

HFfHC(R) <c HFg”c(R) =C

C(R)
=c max /RSl (9) (u+2) |G (z)] dx

< 2ermax [1Sy (9) (u+ ),y < 265 (P73 (p) €1 llglly

where we used hypothesis, Holder’s inequality and Theorem 1.1, respectively. On the other

Hpr(.) . ~
hand, for any € € (O7 m) and appropriately chosen G. € L, (. o[ < 1 (see
e.g. Theorem 1.3)
1
[ 19@) |62 @)]do > s Nl -

one can find

1Ffllomy > 1 (0)] > /R S, (f) (@)1C (@) da

=51 ([ 1 @16@Idr) 28 (G 1) <)

1
= 2o (e () o)

In the last inequality, we take as ¢ — 0+ and obtain

1Fslocm > Trorereyy M b
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Then for f € Ly, we get

11l < 24e7 (s () 1 Fll o my < 2407 (3 (p)) €1 [ Fyllomy
< 48¢7 (c3(p)) c1c5 (P+703 (P)) ||9||p(.) :
(]

Definition 1.5. For p € P9 (R), f € Ly, 0 <6 < oo, 7 € No, we can define modulus of
smoothness as

Qr(f,0)py =T = T5)" fllpey,
Qo(f,0)p) =l fllpey =2 Qe (f,0)p(.y-

2. UNIFORM NORM ESTIMATES

In this section, let Q@ C R be a measurable set and C () be the collection of functions con-
tinuous on . If @ # Rand f € C(2), we will extend f to whole R by “f (s) = 0 whenever
s ¢ Q.” when necessary. For f € C'(2) and 6 > 0, we define the modulus of smoothness as

(2.13) Q- (f.0)cw) =IU =Ts)" fllew, r€N,
Qo(f,)ew =lfllcw)

with T f of (x).

Lemma 2.1. Let 0 < § < oo, 7 € Nand f € C" (Q). Then

ar dr
dor T(;f (.23) =Ts dur f (JJ) on .

The following theorem states the main properties of (2.13).

(2.14)

Theorem 2.7. For f € C'(2),0 < J < oo, and r € N, the following properties hold.
(1) Qr (f,6)c(q) is non-negative, non-decreasing function of 6,
(2) Q. (f,0)c(q) is sub-additive with respect to f,
) 1 Tsflloge) = Ifllew) -
@) Q0 (£ 0o < 2% 1 (f: Oy <+ <2710 (£ <2 Iflowys (9
5) 0 (0o < 27001 (1 8) ey - S 270 ||fO o i F € CT(9).

Let X be a Banach space with a norm ||-||y and » € N. We define Peetre’s K-functional for
the pair X and W as follows :

Ky (£.6.X) 5 = it {If —gllx+0 o)
X

X} 5> 0.

Weset T7 f:= (T5f)".
Lemma22. Let0 < <oo,r—1€N,and f € C" (Q) be given. Then

dr r d dril r—1

dur Té‘ f (CC) = %Tg WT(S (fL') on Q.

Lemma 2.3. (see e.g.[17, p.177]) Let Q@ C R be a measurable set, § > 0, f € C () and T5f () =
f (-4 0). Then, for any r € N, there holds

(2.15)
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A O
20 T K (f,6,C(9) 0

Main result of this section is the following theorem.

Theorem 2.8. Let Q C R be a measurable set, 0 < § < oo, f € C (), r € Nand g € C? (). Then,
the following inequalities

d 2
|2 @] < 2iflew.
c()
d? 2
ni@| <3| Eme
Hd 2 c(Q) 0 ||dx c(Q)
6 d 52| d?
9(z) —Tsg (z) + 5 -9 (z) < —\l5=9 :
H 2dx c@ 6 l1dz*7 g

(2.16) (s () Kr (£,6,C D)ey < 1T =T5)" fllo@) < 27K (£,6,C () gy
are hold with cg (1) = 36, cs (r) =27 (r" 4 (34)") for r > 1.
As a corollary of Theorem 2.8, we can state the following result.
Proposition 2.4. If0 < h < < ooand f € C(Q), then
(217) (I =Th) fllo@ < 721 = T5) fllo) -
As a corollary of (2.16) and Lemma 2.3, we can write

Corollary 2.2. Let Q C R be a measurable set, § > 0, f € C' () and r € N. Then,

(i) there holds
11T
G- 2) g,
= T =T fllew
(ii) for 0 < 61 < &9, there holds
(14+2777) Q0 (f,01) ooy < 8 (1) 27 (f,02) ()
Remark 2.2. From Theorem 23.62 of [57, p.579], we have
(2.18) }i\% Qi (f.0)cr) = }i{‘% (I =T5) flle(m) =0

< 2"¢g (1),

Corollary 23. If f € C (R), 0 < § < oo, and r € N, then, by (2.18) and (***),
LS Q- (f,0)cwm) = g 1T =T5)" fllem) =0

holds.

Let G, (X) be the subspace of entire function of exponential type o that belonging to a Ba-
nach space X. The quantity

219) Ao(f)x = t{lf — gllx + g € Go (X))

is called the deviation of the function f € X from G, (X).
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Let Gy () := Go (Ly()) be the subspace of integral function f of exponential type o that
belonging to L,.). The quantity
Ao (D) =S = gllp) + 9 € Gop}
is the deviation of the function f € L., from G,.
Remark 2.3. Let 0 > 0,1 <p < oo, f € L, (R),

9 (z) = 2sin (z/2) s21n(3x/2)

T T
and

J(f,a)za/Rf(x—u)ﬂ(au)du

be the de la Valée Poussin operator ([13, definition given in (5.3)]). It is known (see (5.4)-(5.5) of [13])
that, if f € L, (R), 1 < p < oo, then

(i) J(f,0) € Gaw (Ly (R)),
(i) J(9o,0) = go for any g, € G, (L, (R)),
(i) |7 (f,0)llL,m) < 311z, m),
(iv) (J(f,o))") =T (f,0) foranyr € Nand f € (L, (R))",
@ 17 (f, %) — fllL,(r) — 0 (as ¢ — o) and hence
k
” (J <f7%>)( )*f(k)HLP(R) —0aso — o0
for f e WEP(R) and 1 < k <r.

Corollary 2.4. Let 0 < o < 0.
(i) If1 <p < oo, f €Ly, (R). Then, using (v) of the last remark, we conclude

Jim Ay (f)z,m) =0
(ii) Let g : R — C be bounded on the real axis R. Then (see [14])
Jim As(9)cr) =0
if and only if g is uniformly continuous on R.
Theorem 2.9. Letr € N, o > 0,6 € (0,1) and f € C(R). Then, the following Jackson type inequality
(2.20) As (Femy < 5m4" les (1) Q0 (f,1/0) oy

and its weak inverse
1/8
(2.21) Qr (f, 0oy < (L +227 1) 277 1e <Ao (Nery + /
1

are hold.

u"t A, (Ner) du)
/2

Weset |o] :=max{n €Z:n <o}.
Theorem 2.10. Letr € N, f € X&R) and o > 0. Then
(a) (i) there exists (see [13, Proposition 25]) a g, € G, (C(R)) such that
om 4" .,
As (f)c(R) <|f —gch(R) = **Hf( )HC(R)v

4 o"
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(i) and its weak inverse

B = (v41)
I Wl < (1425 22y () S U2 (e

0
holds whenever k = 1,2, ;rand 3272 (v + 1)" 1Ay (f) () < o0
(b) (i) the following inequality (see [29, p.397])

(ii) and its weak inverse

A (1) gy <17 = (717 5)
< (1 4 227"—1) 27217 g (1) ( C(R) ijj ul + i f)c(R))

v=|o|+1

hold when 3~7" (v + 1) Ay (f)ery < 0

Theorem 2.11. Letr k € N,0<t<1/2,0< 6 <ooand f € C(R). Then
(i) there holds
Qe (£, 0)e(ry < 2" (£,0)c(my
(ii) and its weak inverse (Marchaud inequality)

! QT—HC (fv u)
Q- (f:t)e(ry < Co (1K) tr/t Tamdu

with Cy (r, k) = 107 (1 4 227—1) 22r+3keg (r 4 k) .

Theorem 2.12. Let o > 0and f € C(R). If 3272 (v+1)* "' A, (f)¢(g) < o0, holds for some k € N,
then

(i) the following Jackson type inequality for derivatives
—k (k) —1
s Neqmy < 60 es o0, (10,071)
(ii) and its weak inverse (see Theorem 6.3.4 of [29, p.343])

o] r+k
1 , 1 & (w+1)
Q, (k) — < 92k+r+1 = S A,
(f ‘o C(R) - or Z v+1 + Z C(R)

v=0 v=|o|+1
are hold.

2.1. Proofs of the results of section 2.

Proof of Lemma 2.1. For 6 = 0 (2.14) is obvious. For 0 < § < 0o, and r = 1, one can find

em -} [rerna) <} [ L

_ %/0 (iﬂf) (x—&—T)dT:Té%f(x)'

For r > 1, (2.14) follows from (2.22). O
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Proof of Theorem 2.7. (1)-(3) is known. (4) is seen from binomial expansion. To prove (5), it is
sufficient to note inequality (see [10])

I =T5) fllogy <2700 oy, 0>0
for f € C* (). Then

I—T5)" <27 ‘I—T =y <o <27 || M
I = T)" Flloy <278 || (0 =T 7| ) <o <27 1))
for f € C" (Q), because
(1 =T5)" f]' = (I =T5)" f'.
(]
Proof of Lemma 2.2. For r = 2, by Lemma 2.1,
d? d d d d
- 3T f = ~—-—Ty W V=T
d25fdd of =y | of]
d . d d . d
= — _ = — 7T
deédm\I’ d:cTéd:v 2
and the result (2.15) follows. For r = 3, by Lemma 2.1,
d? d d? d & _, d d, . d
i = g = g ddT‘sdT‘S\II
d d, ., d d . dd d
— 7 22— 2. 7T
L Al et el LRt
and (2.15) holds. Let (2.15) holds for k € N:
dk d dk—l
(2.23) = TS T
Then, for k + 1, (2.23) and Lemma 2.1 1mp11es that
dk“kl d d* _, d d* _, d d, . d~=t .
e R Al e 6f:(7@ oV G T 1T v
d d dk=1 d dF1!
:ﬁdedxkléf_* ddkléf— kéf
O
Proof of Theorem 2.8. For f € C (Q), we have
d
’d:ﬂ (:v) dxé/fx+t )dt
Q)
1d [=F 1 2
e =L [ H5<f<x+6>f<x>> < 2 leqsy-
T c®) c(Q)
Inequality (2.24) also implies
d\? 2
() mrw| <3| Ems
z c@) c(Q)
for f € C(Q). If f € C?(Q), one can get
5 d 52 | d?
.25 lro-nrw+gpr@| <%l
2 dx oy 6 dx? c©)
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To obtain (2.25), we will use the Taylor formula

Fot) = F@) + 0 f@) + 5 7 (E)

for some £ < [z, + t]. Then, integrating the last equation with respect to ¢

5 s d s P2
%/0 f(fﬂth)dt:f(ﬂc)Jr%/0 tdt—— f( )+%/ £t f(€).

Tof (2) = 1(@) + 3 f (a) + o (E)

and (2.25) holds.
Now, (2.24) and (2.25) imply that

(2.26) (1/36) K1 (f,6,C(Q) ) < 1L =1T5) fllo@) < 2K1(f,6,C (D) ¢ -
Firstly, let us prove the right hand side of (2.26). For any g € C! (Q)
1f =Tsflley < 1 —glle@) + Hg = Tsglloy + 175 (9 = Hllew

<2[f =9gllc@ *+5 ||9 o) < 2K1(£,6,C(2))¢q) -
For the left hand side of inequality (2.26), we need inequalities

d

—T
e if

<34f - Tsfllow -

(2.28) 5 ‘
c@)

First we prove (2.27). Then
|f - T(sQfHC(Q) <SWfF =Tsfllow + 1Tsf = TsTs fllowy < 21 = Tsfllcw -

Now, we consider inequality (2.28). In (2.25), we replace f by 77 f and obtain

6 d 52 || a2
[zt @ -nnzr@ g <G| G
@) @)
On the other hand, by (2.24),
d> 21 d
T < - T

‘de o c@ 5‘dx 5/ o)
2 d
2 H%f +MTH%f—ﬁ
5 @) dzx @

2 4
<3|, 5 Ims Sl




Approximation by entire IFFD on the real line

Hence,

dTZf

dr " °

d

5

0
2

< |z2s- H T2 = T3 o

c(Q) c()

= 6 ||da?
{ + 2t - £ }+HT2f—fH

< 6 3 5 Q) s Q)

+ || Ts (T3 f - f)||c(9) H1T5f = fllcw -

o) d o
6 || dx

d
~ T2
5de 5 f

+ HT52f - T‘sT(ngC(Q)

Then

17
< 5 ITf = Fllew

c(Q)

< 34|Tsf = flleg -
o)

To finish proof of the left hand side of inequality (2.16) with r = 1, we proceed as

K1 (£,6,C(Q)c@ < |If - T5f||0<9>+5H 71

<36 |T5f — fllog) -
Q)

The proof of (2.16) with r = 1 now completed.
Let r > 1 be a natural number and we define

s =30 (Do,

=1
Then,
1f = gllo = | =T 1] ) < @I =T Flleqey -
On the other hand,
dr dr—l
57’ T27‘f _ 57‘ 16’ ( >T2r2
ETI | da dar=1) 70 c@)
dr—1
<346 (I = Ty) ——— T3 f
dx o)
< (342672 ||(I - Ty)? - T27 4f
dz’™— )
< <G IT =T Flloge
Then
ST - 2Tlf §(34)r (I T) 2rl 1fH
da: o)

= (34)

T =Ty ] < G0N =T Flog)-

227
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Using the last inequality, we find

d’" d" & =1 (T 2rl
r = r Z (_1) ( )T(Sr f
dx o) dx =1 ¢ c(Q)
i T B ™\ d" -
=9 Z(‘ R (z)ng f
c(©)
57 2rlf
( ) dl”" o)
)N —Ts)" flle@
and
T dT‘
K, (f> 67 C (Q))C(Q) < ||f o gHC(Q) +9 ’ dll?rg
c(Q)

<270+ (B3 I = T5)" flloy
For the opposite direction of the last inequality, when g € W ()7

Q- (f,0) ) 2" 1f = 9llc@) + 2 (9:0) o
(2.29) <27 ||f =gl +2776" [|lg")

o)’
and taking infimum on g € W/, in (2.29), we get

(f7 )C(Q < 2TK’I‘ (fv 67 C (Q))C(Q) .

]
Proof of Proposition 2.4. Let f € C (£2). Then
(I =Th) fllc@) < 2K1(f,h,C (Q))C(Q)
< 2K (£,6,C (Q)o(q) < 21T =T5) fllog) -
]

Proof of Theorem 2.9. (i) We consider Jackson type inequality (2.20). For any g € X7 ), we have
Ao (flery < Ao (f = 9ery + A0 (9)e(r)

sra |

4o || dar?

‘C(R) .

Ao (flery < 57214T (f’ - ))C(R) = %CS ()4 (I a Ti)TfHC(R)

(if) We give the proof of inverse estimate (2.21). Let ¢ > 0 and g, € G, (C(R)) be the best
approximating IFFD of f € C(R). Suppose thatr € N, 0 < § < 1. Then, there exists a m € N
such that [1/§] = 2™~1. Hence, 2™~ ! < 1/§ < 2™. Now, we have

Q- (f,0)cr) < (f — g2, 8)c(r) + 2 (92, 0)c(m)

T

A" g2

<If=glew +

Taking infimum on g € X¢ ) in the last inequality, we have

< 2" Agn (feqry + 27707

C(R)



Approximation by entire IFFD on the real line 229

On the other hand

dT‘
dz” gam

S (- Y (g
C(R) - dx” g2 dx” gar—t dz” 9 dz” go

r=1

C(R)

<

NE

277 |lg2r — gav— ||C(R) + llgr — QOHC(R)
1

Ao (Nery + A1 (Her) + Z 27 (AW (Nery + Az (f)C(R))
y=1

< Ao (Her +2" 41 (fer) +2 Z 27" Ayr1 (fle(my

y=1

2
Il

IN

<2 (Ao (Pery + D2 A (f>C(R)> :
y=1

Then,

dr
wQQm,

3

o
2

2 m
fyy@“mm+xfmwwm®)
y=1

C(R)
Hence,

2(m+1)r 2 m
mumam_WTAwqum+wﬁ<%umm+§ﬁﬂ%uumm>
~y=1

A

y—1
m 2

(1 + 227‘—1) 21—7'227'67‘ AO (f)C(R) + Z / uTl_lAu (f)C(R) du

7:12772

IN

S (1 + 227-_1) 27'_167' (AO (f>C(R) + 12

< (1+2¥hy2rlsT (AO (f)C(R)qL/1 u Ay (Fe(ry du>.

/2
]

Proof of Theorem 2.10. Results a) () and b) (i) are known. Let us consider a) (ii). Suppose that

3 (”Vtrll)r Ay (f)e(ry <ocand k € {1,2,---,r}. Then, using Nikolskii inequality, one gets

v=0

15Ol = m 17 (79, 2 ey = Jm 11 (7 (£,2))" llewm

o—00
sup

\K
I-T J(f, 3 o
7 |h<s ( h> ( (f 2)> cry _ 2 es (k) (J (f7 5) 7(S)C(R)
= 2k o+ = o o+
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[1/4] (v + 1)F o
< (142257 28 2rkeg (k) ) BRI (J (f’ §)>C(R)

v=0

_ = (v+1)
< (1+22k 1) ok+2 ko (k)z%fly (Nery -
v=0

Note that (ii) b) is follow from (i) b). a

Proof of Theorem 2.11. (i) follows from properties of modulus of smoothness. We consider Mar-
chaud type inequality (ii). Let 0 < ¢ < 1/2. Assume that 2~ < 1 < 2™ for some m € N.
Then,

Q(fi)em < (L+22071) 207t <Z 27" Agr-1 (flery + Ao (f)C(R)>

v=1
< ST 1 227‘—1 2r+2k D | A ¢ YT () 1
S5 (1+ ) cs (r+k)t" | Ao (flem) + ;1 ktr (S 27)C(R)
g—v+1

o™ 2r—1y 92r+3k Qerr (fyu)

<5 (14227 1) 223 g (1 + ) £ | Qo ( f, Z um Dhtrd D CER) gy,
2—m+l

5 . 1 Qper (fru)e

< = (1 492 1) 92r+3k (r+ k)t | Qs (f, §)C(R) + / %du

2—1

r+1 r+1
1/2 t

1
T [ Qg (fu)e(r
<107 (1+22 1) 92 +3k08(r+k,)tk/T()

t

Q T\J > Q r\J>»
< 5 (14227 1) 22 (4 k) /’H(f)d +/k+(f)ﬂ'>d

du.

O

Using this section’s estimates and Transference result Theorem 1.5, in the next section we
will give several results on difference operator ||(I — Ts)" f|| »(-) and approximation by IFFD in

Lp(')'
3. APPLICATIONS ON DIFFERENCE OPERATOR AND APPROXIMATION

Notation . Since the 48c7 (c3 (p)) ¢s (p, c3 (p)) of (1.11) will be used very frequently in the next parts,
we will set c1p:=c10 (pT, c3 (p)):=48¢c7 (c3 (p)) c5 (pT, ¢35 (p)) -

Lemma 3.4. Let p € PL°9 (R),r € N,and 0 < § < co. Then

(I = T5)" Fllpy S €c1p2776" AR () fewr,
hold.
We will use notation K. (f,6,p(-)) = K, (f,, Lp(.))Lp(A) forr € N, p € PL°9(B),§ > 0and
J € Ly (B).

As a corollary of Transference result, we can obtain the following Lemma.
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Lemma3.5. Let 0 < h < 6 < oo, p € PL°9 (R) and f € Ly.y. Then

(3.30) (= T) fllpy < es (72,075 e (0)) 1 = T5) £,
holds.

In the following theorem, we show that K-functional K.(f,d,p (-)) and Q,.(f,d), ., are equiv-
alent.

Theorem 3.13. Let p(-) € PL°9 (R). If L), then the K-functional K, (f,0,p (-)) and the modulus
Q. (f,9) () are equivalent, namely,

1 < KT (fv(svp())
48¢7 (e (p)) 27¢cs (pt,es (p)) = Q(f,0)p()
< 48¢7 (c3 (p) {(2r)" +27(34) Y e5 (pF, ¢5 (1)) -

Theorem 3.14. For p(-) € P9 (R), f,g € Ly, and § > 0, the modulus of smoothness Q. (f, ) ()
has the following properties:

(1) Q- (f,0),. is non-negative; non-decreasing function of .
(2) For f,g € Ly.yand 6 > 0,

(3'31) Qr(f +9, 6);7(-) < Qr(fa 6)}7(-) + QT(Q? 6)1}(-)'
(3) For f (S Lp(.),
(3.32) %lir(l) QT (f7 (5)],(.) =0.

As a corollary of Theorem 3.13,
Corollary 3.5. Let p(-) € PX°9 (R). If 6, A € (0,1), f € L., then

Q. (f,78)

(L+ [A)" Qe (£,0),y < (48)° 2 (3 (p) 272 (pT, c3 (p)) ((2r)" +27(34)")

holds.

Theorem 3.15. Let p(-) € PL°9 (R), r € N, o > 0and f € L,.. Then,

(3.33) Ao (F)yey € et |(T=Tyo) £l

with c11 := c11(r, pt,c3 (p)) := 30m8"¢cs (pT, ¢35 (p)) c7 (c3 (p)) cs (7).
Now, we present the inverse theorem.

Theorem 3.16. Let p(-) € PL°9 (R),r € N, § € (0,1) and f € L,.y. Then,

1/6

2 (f,0)p() < c120" | Ao (f)p<»>+/“HAu/2 (Fp(y du
1/2

holds with c¢12 := c12 (1, pT, c3 (p)) := c1312¢7 (c3 (p)) (1 + 22"_1) 2", where
c1z3 = ez (ph, ez (p)) == 2¢5 (0T, e3 () (1 + 727 (3 (p)) ¢5 (0T, ¢3 (D)) -

In this section, we obtain Marchaud inequality.
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Theorem 3.17. Letr,k € N,p € PL°9 (R), f € L,y and t € (0,1/2). Then,

L0, (),
0 (£ < eut” |

holds with c14 = c14(r, k, p*, c3 (p)) := 48¢7 (c3 (p)) Co (v, k) c5 (pT, 3 (p)) -
Theorem 3.18. Let p € PL°9 (R), r € Nand f € Ly.). If

Z’/ Avya (fyy <00

holds for some k € N, then f*) € L., and

Lo}
1 1
k r+k—1
(334) Q, (f< )’a>p(,)§014 (Jj%(wl) Aypa (Fyey + Z Aypa ( >(.))

v=lo]+1
with c1q := c1a(r,k,p*, e3 (p)) = 48¢7 (c3 (p)) c5 (T, c3 (p)) 227472,
3.1. Proofs of the results of section 3.
Proof of Lemma 3.4. We note that (see [10]) the following inequality
(3.35) 1 =T5) Flly) <27 erod [F Ly 60
holds for f € L. Then

Q. (f, 5);,,(.) = ||(I*T5)Tpr(~) <. <277¢p0"

f’l"

,0>0
p()
forfewy .
Proof of Theorem 3.13. For any g € Wi (Q), we have F; € C" (2). Since FY is linear in f,

(I = T5)" Fy = Fy_myry and (F)" = Fyo,

using Theorem 1.5 we obtain
1= Ts)" ) < 24er (s (0)) | Fa—rys ey = 246 (e @) 10T = Ts)” Fill o
< 24¢q ( C3 (p)) 2"K, (Ff7 6,C (Q))C(Q)
oo}

)

< 4scr (ea ) s (e ) {17 = il + 9 [

< 24cr (cs (p)) 2" {”Ff - FQHC(Q) +0" H(Fg)(r)

= 24c7 (cs (p)) 2" {HF(ffg)Hc(Q) +0" || Fyer

(r)

P() } '
Taking infimum and considering definition of K-functional one gets,

1= T5)" Fllyg < 48cr (es () 275 (T3 () K (£.5,p())

Now, we consider the opposite direction of the last inequality. For

(=3 (-1 (l) T2F (),

=1
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we have

T

d
Ko (10.00) < 1S =gl +0 | 10

‘p()

< 24cq (e3(p HF(f 9) Hc @ T [ Fg

co)

(Fy)" cm)}

. ()
< 24c7 (e3(p { 2" FfHC(Q 5T (Z (_1)171 (?)TE”Ff)
=1
{

—2467 63 ||Ff F, ||C'(Q +5T

cQ)
(r)
7)

o=y w35 o}

(@) (L = T5)" Fyllpq + 27 (34 nu—Ta)rFch(m}
= 2der (e (P) {2r)" + 2"} [ Fu 1yt ey
< 48¢r (e3 () {(2r)" +2°(30) o5 (03 (1) (T~ T)" Sl -

< 2487 c3 p

O

Proof of Theorem 3.14. Properties (1) and (2), by definition of €2, (f,4),., and the triangle in-

equality of L, are clearly valid. By using [21, Theorem 10.1] and [35 Lemma 2], the relation
(3.32) is satisfied. O

Proof of Corollary 3.5. We have

Q- (£,20),9 < A8er (e3(p)27¢s (T, 3 (p)) Ky (f, A0, p(4))
)

(L+ (A" Q0 (f,0),) I+ [AD)" Q (f,0),)
(48)" F (3 (p) 272 (pT 3 () (1 + |A))" L or (AT
< WAz LDy 4 27aay)

= (48)" 3 (c3 (1)) 273 (p", 3 (p)) {(2r)" +27(34)"} .

Proof of Theorem 3.15. First we obtain
(3.36) Aoy (f)py <30m87cs (pT, 3 (p)) e1 (e3 (p)) es (7) (I = Tij20))" pr()

and (3.33) follows from (3.36). Let g, be an exponential type entire function of degree < o,
belonging to C(R), as best approximation of Fy € C(R). Since Fy,; = V,F; and V,9, = go,
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there holds
Ao (f)p(~) <Ir- Vapr(‘) < 24cr (cs (p)) ||Ff—Vach(R)
— 24cr (ca (9) I1Fs = Vo Frllo(
= 24cz (c3 (P) 1Fy — 9o + 9o = Vo Frlle(m)
— 2der (e3 (9)) I1Fy — o + Vodo — Vo Fyllo(n

= 12¢7 (c3 (p)) A, (Ff)C(R) .
Forany g € We g,
A (Wery < Ao (W= 9)e(r) T 40 (9e(r)
d’l’
dar?

IN

lu=gllew + 4 o=

C(R)
o) <k (uibom)

IN
t
3
=
S
=
RS
£

IN
>~
)
o0
—~
E
S~—
~
I
~
-
~—
5
£
2
3

Therefore,
Azy (f)p(~) < 12¢7 (c3 (p)) Ao (Ff)c(R)

< 15787 ¢y (c3 (p)) es (1) H(I - Tﬁ) FfHC(R)

= 15778TC7 (C3 (p)) Cg (T) HF(IiTl/(2o'))TfHC(R)
< 30m8"¢cs (p*, s (p) er (e3 (0) es () [[(1 = Taj20)" £ o,
O

Proof of Theorem 3.16. Let g, be an exponential type entire function of degree < o, belonging to
LP(), as best approximation of f € LP(). Then

Qe (£,0) 0y = I =T5)" fllc
< 2er (3 (0) || Fu-myy sl gy

= 24eq (e3 (p) (1 = T5)" Flle(my
1/6

< 1207 (CS (p)) (1 =+ 227"—1) T ST (AO Ff C(R) +/ u' 1A )C(R)d >
1

/2

1/6
< cugler (ea () (1+27 ) 28 < b, o a9 <.>d“> |
1/2

because

Az (Ff)c(R) < ||Fy — VUFch(R) = ||Ff*Vach(R) < 2¢; (p+,C3 (p)) If - Vof”p()
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= 2¢5(p"c3(0) If = 9o + 90 — Vo fllp

< 2¢5 (5%, s (0) (I = 9ol + Vot = Vil )

< 205 (s ) (I — gl + 7267 (e 0 es (%5 ) o — )
= 205 (p"e3(p) (1+72¢7(c3(p)) s (p7,e3 (0))) Ao (f) -

O

Proof of Theorem 3.17. Let g, be an exponential type entire function of degree < o, belonging to
LP(), as best approximation of f € Ly,.,. Then

Q (.0 = 10 =T Fllyy < 2der (es () || Fumriyr
= 2der (e3 () (T~ T)" Fillogny
o)

r C(R
< 2ter (ca () Co ()" [ ]
N
, u C(R
= 24c7 (c3(p)) Cy (ﬁk’)t/t w1 &
! H(I_T“)ka 0
< 487 (ea () Co () s (0 e () ¢ | S

! QT ’ .
= 48¢7 (3 () Co (1, k) 5 (P73 (p))tr/t Wdu‘

O
Proof of Theorem 3.18. Proof of (3.34) is similar to that of proof of Theorem 3.17. O
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