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ABSTRACT. This paper is concerned with the finite-time stability of Z-Hilfer
type fuzzy fractional differential equations (FFDEs) with time delay. By apply-
ing standard theorems and a hypothetical condition, we explore the existence
of solution and stabilty results.

1. INTRODUCTION

In this manuscript, we will explore the existence and stabilty of the following
=-Hilfer type FFDE with time delay

P Ew(t) = g(t,wy), t € (0,0],

folf’y’g’w((ﬁ) =wp, v=C(+G¢ — s, (1.1)
w(t) = X(t)v te [_7_7 0]7

where w € R g : [0,b] x C([-7,b],E.) — E. is fuzzy function, where x €
C([-,0], E.) and E. is the space of fuzzy sets. Moreover folf%E, .@g}r’cz’g de-
notes the =-Hilfer fractional integral and derivative of order ¢; € (0,1) and type
C2 € [0,1]. Compared to the literature [I] to [35], the main contributions and
novality of this paper are reflected in the following aspects:

(i) The system (L.1)) has delay terms, which can be truly reflected the object
process of change.
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(ii) In view of different systems, although the method used to study the ex-
istence and stability, but there are many differences in the processes of
proof.

(iii) We are able to prove time-stability by using new assumptions.

2. ELEMENTARY RESULTS

This section of research paper is devoted to basic results and definitions that we
need for investigation of the main results.
Let us take J = [0,b]. Let C([—7,b], E.) be the family of all continuous fuzzy

~

functions from [—7, b] into E., which endowed with the supremum metric: Dj_. [w, 0] =

~

supsei_rp) Dolw(t), 0] and AC(J, E) be the family of all absolutely continuous fuzzy
functions on the interval J with the values in E.. Let v € (0,1), by C, =(3J, E.). We
denote the family of continuous functions defined by C, =(J, E.) = {w : (0,b] —
EJ(E(t) - 2(0))w(t) € CJ, B}

Let E. denote the space of all fuzzy numbers on R, if w : R® — [0, 1] satisfies
normal, convex, upper semicontinuous and compactly supported.
The g-level set of w is defined by

[wl?={teR:w() >q}, ¢e€][0,1] and
[w]® = {t € R°|w(t) > 0}.

It follows that the g-level set of w € E., [w]? is a nonempty compact interval, for
any g € [0,1]. We denote by [w(q),w(q)] the g-level of a fuzzy number w.

Definition 2.1. [12] Ler wy and wy be two fuzzy sets defined on E. and p € RC.
Due to Zadeh’s extension principle, wi + we and pwy are in E. and defined as

[w1 + wa]? =[w1]? + [wa]?,
[pw]? =p[w]?,  for all q€0,1],

where [w1]? + [ws]? represents the usual addition of two intervals of R¢ and pwq]?
represents the usual scalar product between p and an real interval.

Definition 2.2. [12] The distance Dolw, we] between two fuzzy numbers is defined
by

Dylwy,we] = sup H([w1]?, [we]?) for all wi,wy € E,, (2.1)
0<g<1

where H([uwn), [uz]?) = maa{|wi(q) - ws(q)l,[@r(q) — (o)} is the Hausdroff
distance between [w1]? and [wz]9.

Definition 2.3. [12] Let wy,we € E.. There exists ws € E. such that wq, = wetws,
that is., ws = w1 © we, where ws is Hukuhara difference of w1 and ws.

The generalized Hukuhara difference of two fuzzy numbers wy, we € E. [gH-difference]
is defined as

(Dwy = we +ws, or
S = & 2.2
O P e {(ii)wg = wy + (~D)uws, (22)
where wy Ogm w2 15 called as gH-difference of w1 and wy in E..
In the g-levels, we have that for all ¢ € [0,1],
(w1 Ognr wa]? = [min{wi(s) — wa(s), wi(s) — w2(s)}, (2.3)

maz{w (s) — wa(s),wi(s) — wz(s)}]. (2.4)
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Also, the condition for the existence of w1 Sgm wa in the case(i) is d([w]?)
d([ws]?), and the condition for the existence of w1Sgmws in the case(ii) is d([ws]?)
d([ws]?).

Definition 2.4. [12] A function w : [0,b] — E. is said to be d-increasing (d-
decreasing) on [0,b] if for every q € [0,1] the function t — d[w(t)]? is nondecreasing
(nonincreasing) on [0,b]. Let w be a d-increasing or d-decreasing on [0,b], then we
say that w is d-monotone on [0,b].

>
2

Definition 2.5. [12] The generalized Hukuhara derivative of a fuzzy-valued function
w: (0,b) = E. att is defined as
/ w(t +h) Sgn w(t)

o (1) = Jim, h

9

ifw;H(t) € E., we say that w is generalized Hukuhara differentiable (gH-differentiable)
at t.
Moreover, we say that w is [(¢) — gH]|-differentiable at t if

(0 = [ 2D o w(t)]q7 [ 1) o 0] ] |

= [(w) (g, t), @) (g, 1)), (2.5)
and that w is [(ii) — gH|-differentiable at t if
[wyr (8)]7 = [(@) (¢,4), (w) (¢, 1)) (2.6)

Definition 2.6. [12] Let us consider w € Z(J,E.) as a fuzzy function and ¢ €
(0,1), then the fuzzy E-type Riemann-Liouville integral of fuzzy-valued function w
is defined as follows:

(00 = o [ F 0 -

where T'(¢y) is the Gamma function.

(1]

(8)* " Lw(s)ds, forall teJ, (2.7)

Definition 2.7. [12] Let w : J — E. be a continuous fuzzy mapping. The fuzzy =-
type Riemann-Liouville fractional derivative of order n—1 < a < n for fuzzy-valued
function w is defined by

8200 =t (s ) [ FOEO-Z6) sy e,
(2.8)

If w € C(J,E.), then the Z-Hilfer fractional integral of order (1 of the fuzzy-
valued function w is defined as follows:

= 1 t_
w Et:,ﬂgl’“wtzi/EtEt—
az(t) = (F5~w)(t) T Jo () (E()
Since [w(t)]? = [w(g,t),w(q,t)] and 0 < ¢ < 1, let us consider the fuzzy =-
fractional integral of the fuzzy-valued function w based on lower and upper func-
tions, that is,

[1]

(5)) " Lw(s)ds.

(A5t =w) (1)) = [(ForZw) (. 1), (F517w) (g, 1)),
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where

(L5t Zw)(a,t) = wi Jo Z () (E() —

(1]

()~ "w(g, s)(s)ds,

and

(FE=) (4,1) = 1y L E () (2 () — 2()< (g, ) (s)ds.

In addition, it follows that the opeartor we, =(t) is linear and bounded from
C([3,E.) to C(3, E.). Indeed, we have

(),

[1]

< lullogrey | = @00 - 260 s = 0 20 -

where ||w|jo = sup;¢y Do[w(t),a].

Definition 2.8. [12] Let order (1 and type (3 satisfyn—1 < <nand0 < (3 <1,
with n € N. The fuzzy Z-Hilfer generalized Hukuhara fractional derivative(or =-
Hilfer gH-fractional derivative) (left-sided/right-sided), with respect to t, with a
function w € C1_~ =(3J, E;), is defined as follows:

=) 2(1-¢1),E 1 d —(¢2)(1-¢1),E
(62 0) (1) = (80— )(E,(t)dJ (A1 D0=C0Z ) 4
:(]0%(1—C1)Efifo(i—Cz)(l—ﬁ)va) (t),

if the gH-derivative wil—m =(t) exists for t € J, where

’

wa-ez(t) = (5 Fw) (1) = ﬁ / = (s)(E(t) — E(s)) " w(s)ds.

Definition 2.9. [II] Let ¢; > 0, 2 > 0. Then the two parameters Mittag-Leffler
function is defined as
k

> w
ECI»CQ (’U)) = kzzg) ma w € E.. (29)

If (3 = 1, the one-parameter Mittag-Leffler function defined by
oo k
w
E = _—, € E., (1 >0. 2.10
) =D ey v EEaG (210)

Definition 2.10. [11] The fuzzy problem 1s said to be finite time stable with
respect to {0,J,7,0,¢e}, 0 < &1 < €, € € E., such that for any solution w of fuzzy
problem , if and if Do[wo,m < o and DO[X,G] < o, implies a solution w of
fuzzy problem satisfying D3 [w,0] < .

For our convenience, we define A (w) = {w € Cy(J, Ec). w satisfies (3.1)}.
Lemma 2.1. [12] Let ¢;,¢2,%1 > 0. Then

(4) fociEfocf’Ew(t) = foci’gzw(t)'

(i) Joﬂl’z(a(t) —2(0) ! = I'(d1)

- F(Cl ¥ 191) (E(t) - E(O))C1+191—1~
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Lemma 2.2. [12] Let ¢ > 0, 0 < v < 1. Ifw € C,=[0,b] and j01+—<1,5w c
C’iE[O, b],then

(Cl)
Lemma 2.3. [12] Let w € L'(0,b). If @42(17(1)’511) exists on L*(0,b), then

TgPETEEZu(t) = w(t) - (E(®) —E(O)

GEE gl By = g Um@)EgGU=C=, - for all ¢ (0,b).

Theorem 2.4. [25](Schauder fixed point theorem) Let H # 0 be a bounded,
closed, convex subset of a fuzzy Banach space in X. If T : H — H be a continuous
compact operator. Then, T has at least one fized point in H.

Lemma 2.5. [11](Generalized Gronwall’s Inequality) Let (; > 0 and x1(t), x2(t)
be two nonnegative function locally integrable on [0,T]. Assume that g is nonnega-
tive and nondecreasing, and let = € C1([0,T], E.) an increasing function such that
='(t) # 0 for all t € [0,T). If
¢
() < aa(t) + (1) / = (5)(E(t) — () a1 (s)ds, 1€ [0,T].
0

Then

x1 x )]:/s E(t) — E(s)) " ao(s)ds
) < s / te = (o)) ~ 26 aao)is, e 0.7)

21 (1) < 2 (t)E, {g(O)T( 1)[E(t) —E(0))*}, te[oT].

Lemma 2.6. [12] Let g : (0,b] x E. — E. be a continuous fuzzy function. Then
the following problem

P50 Fw(t) = g(t,wy),  t € (0,b],
Jl YEw(0F) = wo, v =G+ G — Gl

s equivalent to integral equation

(E(t)_E(O))A/_lw ! t:/ $)E() = =(s)) g(s. w.)ds
ot e [ 2 0E0 - 26 s w.)ds

3. EXISTENCE AND STABILITY THEORY

w(t) =

In this section, we estabilish and demonstrate the existence and stabilty of (|1.1)).
We assume the following assumptions before begining and examining the key out-
comes. (A1) There exists a positive constants . such that

DO[g(tv w)v/o\] < g(E(t) - E(O))l_FyD[f‘r,O] [wab\]a
for all w e C([-7,0],E.),w € E.,t € J.
with 2 € [0,0(¢ + 1) (zgriem) ]
(A2) There exists a positive constants .Z* such that
Dy [g(tv wt)7 g(tv w;tk)] < g*D[—T,O] [wt7 w;tk]
=L Dy_rglw,w*], forall w,w* € E..
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Lemma 3.1. Let g : [0,b] x C([-7,0], E.) — E. be a continuous fuzzy function,
x € C([-7,0], E.). Then a d- monotone fuzzy function w € C(J, E.) is a solution
of initial value problem (1.1)) if and only if w satisfies the integral equation

CORE LR T PV A

w(t) Sgn e wy = TG / 2 (s)(E(t) — 2(s)) Lg(s,we)ds, te€T
(3.1)

and w(t) = ), t € [-7,0], and the fuzzy function t ﬂolfv’gg(t,wt) is d-

(t
3.

mcreasmg on

Proof. Let us assume w € C(J, E.) be a d-monotone solution of (L.1) and let
yt) = w(t) Ogm (JO:IJ:"”:)7 t € J. Since w is d-monotone on J, it follows that
t — y(t) is d-increasing on J. It follow from (1.1) and Lemma 2.12 we have
= Wo
TG =T w(t) = wlt) Ogn 1oy

I'(7)
Since g(t,w) € C,=(J, E.) for any w € E. and by using the Eqn.(1.1), it follows
that

T =I5 Fw(t) = T g(t w)

1 ! =’ =(4) _
- 75 / = (s)(2(t)

In addition, since y(t) is d-increasing on (0,b], due to t — g¢, =(t,w) is also d-
increasing on (0,b]. We obtain that

.
EO-ZO 1 [ e
) Sun =g = g [, = OE

For every t € [—7,0], we have w(t) = x(¢). This 1mphes that ( is satisfied.
Conversely, assume that w € C(J, E.) satisfies (1.1]). If ¢ € [0, b] then w(0h) = w,

and applying 951’@’“ on both sides, we obtain
D50 w(t) = g(t,wy), te(0,b].

(E(t) =)', ted.

[1]

()" Yg(s,ws)ds, te€T.

[1]

() Mg(s,ws)ds, te

And we can easily prove that w(t) = x(t) for t € [—7,0]. O
Lemma 3.2. Let g : [0,b] x C([—7,0], E.) — E. be a continuous fuzzy function,
x € C([-1,0], E.). Assume that (Al) is satisfied. Then for any w € C([-m,b], E.)

of Eqn.(1 , there exists a constant > 0 such that Di_ yw, O] <.

Proof. Let us assume w € C([—7,0], E;). If t € [-7,0], then we have that w(t) =
X(t). In according to the boundedness of , which gives w(t) is bounded.

Suppose t € J, which is w € A4 (y). Then, for £ € [0,¢], t € (0,b], it follows that ,
we have

.

Di_, j[we,0] = sup Do[ye(6),0]

oe[—,0]
= sup Doly(¢ +6),0]
0e[—r,0]
< sup Doly,, 0]+ sup Doly(r),0]
re[—r,0] rel0,€]
< Di—r0)[x;0] + sup Dyly,,0]. (3.2)

7‘6 [075]
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Hence, for t € (0, b], by using (3.1)), (3.2), (A1), Definition 2 and the Beta Function
B(-,-), we have

Dol(E(t) = (0))'w(t), 0]

I'(v)
Do [G(t) *E<0>>1*”F(1<1) / E ()(E(0) — Z(6) g(s. ). D
< ﬁDo[wo,ﬁ]
e / = (5)(E(0) ~ E(s) " THLE(s) ~ E(0))' T Dirgws, 0} ds
7 Dol
+ Z(2(b) — 2(0))*" 7{D[TO][X,O]F(1Q) /OtE’ VE(t) — Z(s)5 1 (2(s) — Z(0))ds
+F(1cl) /OtE/(S)(E(t)—E(s))Cl 121[% DO[(E(S)_E(Q))l—'ny’O]}
< %W)Do[wo,ﬁ]
N FEZ)(E@ 2(0)) 22 B(2 — 4, 1) Di—r,0) [x, 0
s (20) - 200 [ 2 6E0 - 260 ' sup D(E() - Z0) Dl

It follows from the generalized Gronwall inequality gives that,

N(t) < M"E¢, (Z(2(b) — E(0)' 77 (2(t) — 2(0)*) = n,

where
N(t) = sup Do[(E(s) — E(0))" 7ys,0],
ref0,€]
M* = LDO[MO 0] + i(E(b) — E(0)9 22 B(2 — v, G) Di—r [, 0].
I'(v) O T(G) ’ i
This implies that, there exists a constant i > 0 such that Di_; [wﬁ] <n. (I
Theorem 3.3. Let g : [0,b] x C([—7,0], E.) = E. be a continuous fuzzy function
x € C([-7,0], E.). Assume that (A1) is satzsﬁed Then the fuzzy problem (1.1) has
at least one solution w € C([—7,b], E;) N Cy(J, E.).

Proof. Let us define the operator © : C([—7,b], E.) = C([—7,b], E.) N C4(J, E,) is
given by

(Tw)(t) O ELTZONy,
Ouw)(t)=Stey,
w(t) = x(t), te[-1,0],

0= 1t Jo Z (5)(E(H) — E(s)) ~Lg(s, ws)ds,
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where T : Cy(J,E.) — C,(J, E.), let us assume w € C([—7,0],E;). Because
w(t) - X(t)a te [77, O]
Step 1. T(B,,) C By,
Let us define a bounded, closed and convex set B,, € C1_,[0,b] as follows
By, ={ye O, E )|D[Ob [y,O] <m}.

with
1 0 <z = = 1 2l
" >max{(wD0[wo7O] + s (B0 - Z0) B2 -, <1>D[_To][x,01)

LG +1) 77}
L(G+1) = Z(E®) - E(0) a7
If w e By,. Then, for r € [0,t], t € (0,b], we get

D[fT,O] [’U)t,b\] S sup DQ[IUt(S), ]

re[—r,0]
= sup Do[w(£),0]
fet—r,t]
< Dy )X, 0] + Dy y) [w, 0]. (3:3)
Therefore, for each ¢ € (0, b], we get
Do[(E(t) — E(0))' 7 (Tw)(t),0]
< iy Dol 0 + £ (2(0) = Z(O)S B = 5.0 Dir 1.0
Z =(p) — = 1—y t:’s =(t) — 2(s))S "1 su =(s) — =0 V.. Ollds
+F(C1)(H(b) £(0)) /O E (s)(B(t) — E(s)) TE[O?E]Do[(u() 2(0))"ys, 0])d
< 7 Dolun. 0+ Fe5 (50) — ZO) 2 B(2 = 5,60) + Do)
+ m(gﬂ( ) = E(0)) 7i‘telgDO[E() 2(0)" 7wy, 0].

This proves that T'(B,,) C By,

Step 2. T’ is continuous on B,

Let {w,}7%, (n = 1,2,...) be a sequence in By, such that w, — w in C([—7,0], E.).
Then, for each t € J, we have

Dyo[(E(t) = Z(0)' 7 (Twa ) (1), (E(t) — E(0))' =7 (Tw)(2)]

—0 as n— oo.

Now, lim,, oo w, = w € Byy,. Then, for each ¢ € (0,b], we get
lim,, s (2(t) —Z(0))! 7w, = (E(t) —Z(0))!~7w. Furthermore, for each t € [—,0],
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due to x € C([-T,0], E.) that is, lim,,_o w,(t) = x(t) = g1 (w)(t) = w(t). More-

over, one has |Jwy|/c,_, < m and [wlc,_., < m. Hence, for r € [0,1], t € (0,b],

we get limy, o0 Wns = W, D[—T 0] [wnsaﬁ] <m-+ D[—T 0] [XvA]

Di_+ [wS,O] <m+ D[ 701X 0]. This implies that, it follows from (A1) (A2), for
€ (0,t), t € (0,b], one’s get

DO[g(S7wns>79(8aws)] < DO[g(Sawns)’ ]+D0[g(5 ws) 6}
< 22((E(b) = Z(0)) D7) [x, 0] + wm).

Taking into account the fact that T is continuous, that is, Dg[g(s, wns), (s, ws)] —
0 as w, — w, which gives [|[w,s —wsllo =0 as w, = w,

where sup;cy Do[(T'wy)(t), (Tw)(t)] < || Tw, — Twllp. Thus T is continuous

Step 3. T' is compact in By,

First, we have to prove T' maps bounded sets into equicontinuous sets in B, .

For any t1,ty € (0,b], t1 <ty and w € B,,, we get

Do[(E(t2) — E(0))' 77 (Tw)(t2), (E(t1) — E(0))' 77 (Tw)(t1)]

I'(v)
(=) = 20 (Tw)en) o O LEOT )
< I‘(lcl) (E(ta) — Z(0))17 /tl2 E,(s)(E(tz) — E(S))Cl 1Do[g(5,ws),A}ds

The right hand sides of the above equation tends to zero independently of w €
B,, as ty — t1, which means that Do[(T'w)(t2), (Tw)(t1)] — 0. Thus, it follows
from the Arzela-Ascoli theorem gives that the operator T' is completely continuos.
Consequently, by using the Schauder’s fixed point theorem gives that the operator
T has at least one fixed point. Hence Eqn. has at least one solution on J. This
completes the proof. O

Theorem 3.4. Assume that g : [0,b] x C([—7,0], Ec) — E. be a continuous fuzzy
function, x € C(]—T,0], E.). Assume that (A1)-(A2) is satisfied, then the Eqn.(1
18 finite-time stable wzth respect to {0, [—7,b],7,0,€}, 0 < 0 <€, g,e € RC.
If MyE¢, (Z(E(b) — Z(0)'(E(0) —2(0)) <1, t€]

where

(E(b) = Z(0) 727 B(2 —7,¢1).
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Proof. According to the similar proof (??) and by Definition 2.10, we have
Do[(E(t) — 2(0)) ~7w(t),0]

Z ~

< Tigyy Polwo, 0+ w25 (2(0) = 2(0) 727 B(2 —7,¢1) Dl 7,0 [x, 0]

Z =z —_=(0)) 17 t:'sz — =21 sy =(s) — 20N Y1(s). Olds
+F(Cl)(~(b) 2(0)) /Ou( )(E(#) = E(s)) TE[OI?E]Do[(u() 2(0)) " "y(s), 0]ds,

La Z - _ =(0))%r 22y _ o 2 = =(0))7
=t e (E(b) - E(0)) B(2—-v,G)o+ 11@1)(4 ) —E(0))
></ = (s)(2(t) = E(s))“ 7" sup Do[(E(s) — 2(0)'7y(s), 0]ds

0 rel0,¢]

Now, we put
N(t) = sup, Dol(E(s) —E(0))*y(s), 0],
* L i =(p) — = G1+2-2¢ _

It follows from the generalized Gronwall inequality gives that, we have

.

N(t) = D} y[w, 0] < oM{E, (ZL(E(b) — E(0)' 7 (E(t) — E(0))) <o < e
Therefore, Eqn.(|1.1)) is finite-time stable. This completes the proof. O
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