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1. Motivations

Let N ={1,2,...} be the set of all natural numbers.
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The partial Bell polynomials By, j, for n > k > 0 were defined in [2] Definition 11.2| and [3, p. 134,

Theorem A] by

| n—k+1 N U
n! €X;

B k(z1, 22, Tpgpt1) = ) iy 11 (l'> :
1<i<n—k+1, Hizl ¢! i=1 )
£;€{0}UN,

Z?;1k+l ilj=n,

Skt =k

One can also call the quantities B, ;, the Bell polynomials of the second kind.

The so-called ordinary partial Bell polynomial B} ; (z1, 22, ..., Zy—k+1) are defined in [10] (see also [6])

by the relation

!
BZ7k($17 Xy eoy Tpft1) = ﬁank(llxl, g, ..., (n—k+ )lx,_gy1)
or, equivalently,
nl o (71 w2 Tn—k+1
Bn7k($1,$2, cee ,l“n—k+1) = HB"”“ (1!7 aa s m .

(1)

(2)

On 10 February 2022, Frank Oertel (f.oertel@email.de) asked the following problem in an e-mail to Qi.

Let n, k € Nsuch that n > k. What is the (value of the) following ordinary partial Bell polynomial

Bg,k(ml, X2y ..., Tp_k+1)? where

[(2i — 1)!1)? :
= i =1,2,...,n—k+1.
S CH I A meR
In other words, what is the value of
g (13 25 [(2(n — k) + 1)) )
nk\ 8764710247 7 [(2(n — k + )2 (n — k + 2)

Essentially, by the relation or , Oertel’s problem is equivalent to compute the specific values

1 3 75 (n—k+1)![(2n — 2k + 112
Bopl =)= —, ..., ., n>keNl.
’k<8 32° 512 n—k+2 [(2n—2k;+2)!! n=re

In this paper, we will consider the above problem and provide several solutions to it.

2. Recursive formulas for specific values of partial Bell polynomials
In this section, we will derive recursive formulas for specific values expressed in and .
Theorem 1. For k,n € N such that n > k, we have

k
13 7 (n—k+1)![(2n — 2k +1)11]? ! i
Bn Ty Aa) Ay — _1 . _1m bmn
’k<8 327512 n—k+2 [(2n—2k+2)!! (1) Kl m2:1( ) m )

and

. (13 25 [(2(n — k) + 1)1)2 B i [k
B"’k<8’64’ 102477 [(2(n— k + 1))!!]2(n—k+2)> = (D" () (m>bm”

where by, 0 =1 and

n—1 2
(2n—q)—D""(n—q)m —q
Z[ (2(n — ) }

for m,n € N.

(3)
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Proof. From (1)), it follows that

g (L3 2 [(2(n — k) + 1))
86471024" 7 [(2(n — k+ 1)]2(n — k +2)
_ Ky (13 T (n—k+1)![(2n — 2k + 1)11]? )
Tl UmM\8732°512° ) n—k+2 | (2n— 2k + 2)!!
forn>k>0.
Employing the formula
T2 T3 Tp—k+2 n!
=2 = Bk (0,20, 23, ... Ty
”“<2’3’ ’n—k+2) (R Do (022,23, s T

in [3, p. 136], we acquire

s (13T (n—k+1![(2n -2k + 1112
ME\87327512" T n—k+2 |(2n—2k+2)!!
n!

:M3n+kk<0 %n'[wr) (9)
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Making use of the formula

(& )" & "
H me@ = ZBn,k(w17x27"‘7‘rn*k+l>a
m=1 n==k

for k> 0 in [3], p. 133] yields

an—i—k,k (0, i, ??2"."”![(27(%2;)!1!)”]2> (nﬁr’;)! _ ;(; [mri:)k

which can be simplified as

=l 1 9 (2n — DA\ " 1
- . M= "7 =
;:O(nm)!B”*“( 432 ”[ 2n)! } nl = Kl

This implies that

k
19 (2n — 11172 n4+k\, d* [ <[(@m-1)1])* ¢
B R 1] [ niiiriad I lim &
"+k’k<0’4’32’ ,n[ (2n)!! }) < n )tg%dt” (mzzl[ (2m)! m+1

which is equivalent to

BZ”“<0’411’?ia---aw—k)![WD = <£> %E%ﬂ(ni[@%i)”rmtily (10)

for ¢ >k > 0.
For a,f € C and v € C\ {0,—1,—-2,...}, Gauss’ hypergeometric function 2 F;(a, 8;7; z) can be defined
by the series

Sy,

m=

2Fi(a fi5z) = Y S (1)
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The series in absolutely and uniformly converges on the open unit disc |z|] < 1. If R(a+ 5 — ) <0,
the series in absolutely converges over the unit circle |z| = 1. For details and more information, please
refer to [9, pp. 64-66, Section 3.7| and [19, Chapter 5].

By the definition , we acquire that

> 2
@m-D2 11
Z{ et | me1 2 ggiBt)y st

m=0

Then we have

< om—1)m2 ¢\
(Z[( (Zm)!!) ] m+1> = (=D

m=1

Sern( (] ws

m=1

In [4, p. 18], it is given that
00 n 00
k=0 k=0

where
1 m
co=ag, Cm=— g (kn — m + k)axcpm—k
mag £

for m,n > 1. Then, for m > 1, we have

11 T :
[2F1<2,2;2;t>] = bt (12)

where b, 0 = 1 and

1 [(2¢— D" 2gm —j+ ¢ 1=
by = 5 3| G ]

N " m,j—q —
JiL ot q+1 i

for m,j > 1. Therefore, when ¢ > k > 1, we arrive at
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k

(=R S~ ( k ) -

m=1

k-1
B =1 (2 =k + 1), k21
<z>k_g](z = {1, k=0

where

is the falling factorial of z € C. Substituting this limit into and simplifying lead to

k

B (0, i, 3% (=) {Wr) = % > (=pFm <Z> b t—k (13)

m=1

for £ > k > 1. Making use of in @ reveals for n,k > 1. Substituting into yields @ for
n,k > 1. The proof of Theorem [1] is complete. O
3. Closed-form formulas for specific values of partial Bell polynomials

From the recursive relation , we acquire the following six specific values

_m m(m + 5) m(m? + 15m + 59)

ba =g bma= "o bma = 3072 ’
b m(m3 + 30m? + 311m + 1128)
md = 98304 ’
b m(m?* + 50m3 4+ 965m? + 8590m + 30084)
™5 = 3932160 ’

and
m(m® + 75m* 4 2305m3 + 36495m? + 299914m + 1033350)

188743680

These specific values hint us that the quantity by, , for m € N and n > 0 should be a polynomial of m with
degree n.

Theorem 2. Let

n
bm,n = Z O‘n,eme (14)
=1
for m,n € N. Then
o, 5 a1 1 75m% —214n* +11Tn + 22, , '
bmn = g T 93n+1(y — 2)!m T 533 3(n—1)! m Z Qg

Proof. Substituting the sum into and simplifying give

n+1
m n+l = E On41, Zm

@+ m 1 K[Ch—-—q@+ ) n—qg+1Dm—gq
_[(2n+2)!!] n—|—2+n—|—lqz:;[(2(n—q)—|— )”] n—q+2 Zaqgm
_[(2n+1)!!]2 m_ 1 Ny [(2(n—q)—|—1)llr(n—q—|—1) q e
l@en+ 2] n42 n+14 g (2(n —q) +2)!! n—q+2 @
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<2<n:q>+1>ﬂ? q Dmﬂ

n

[ - (3]

0575
=1 \g=¢ 2n—q¢)+2)!'] n—q+2 q
1 - ~[(2(n %20 —g+1
P ([ I e

Hence, we acquire

1 [(2n+1)!!r_ 1 Z":[(Q(n—q)+1)!!

O(n-‘rl,l - ’)’L+2 (2n+2)” n+ 1 o
1 = [(2n—q)+ DN Pn—q+1 " T2m—g)+ I ¢
o= 30 [Enzo+ 1 NP o [ RV ER): o
n+1\ 7, Q- +21] n—q+2 —| Q-+ 2] n—q+2
for 2 </ <mn, and
ann
’ 15
On+1,n+1 8(n+1) (15)
Consecutively recursing gives
1 1 1 11 1

IS - , n> 1 16
T 8 8n—1)8(n—2) 8x2 2’ " (16)

Making use of the explicit formula leads to

1 1 n 3 n
« = - — — Oy — —1— -
n+1mn n+1\8 n,n—1 32 n—1n—1 S n,n

1[1 3 1 nl}

nt 1|8t + 328" 1(n—1)! 88"l

Consequently, we conclude
5

= (= gy

n>2. (17)
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Employing and results in
1 3 LT 3(n— 1)
a 1 =——|appn2+ -Qp1n-2+ -—Qn op 92— NApp_1 — Qp—1m—
n+1,n—1 S(n T 1) n,n—2 4 n—1,n—2 128 n—2,n—2 n,n—1 3 n—1,n—1
1 . 25n+9
=—lpn2+t —=—7——|,
8(n+1)| M2 28ntl(n — 2)]
from which we can derive
1 750 —214n? + 117n + 22 -
Qpn—2 = 23n+3 3(n — 1)' y n = 3.
The proof of Theorem P is complete. O

4. Several remarks and two open problems

In this section, we list several remarks on our main results and pose two open problems.

4.1. Several remarks

Remark 1. The specific values of partial Bell polynomials have been investigated in the papers [5] 8] 12} [15]
and many related references cited therein.

Remark 2. The first few values of «,, ¢ defined in are

1
a1l = é;
— 5 —_ 1 .
421 = 198’ 4227 198’
U an e D S
517 3072 527 1024 337 3072
a7 31 5 1
L= 1096° @42 = 98304 3= 16384 4= 98304
2507 859 193 5 o
WL T 3976807 P27 3032160 O T 7seaz2’ Pt T 3932167 YO0 T 3932160

4.2. The first open problem

In [19, p. 109], the following special cases of Gauss’ hypergeometric function o F (o, 8;7; ) are listed:

2 F1(a, by b; z)
3

1
o <2 2;22>

113
Fi( 2,502
2 1(2727272>

, 1

1
(1 —2)e’
1 | 142

= — In s
22 11—z

arcsin z

)
z

In(1 —
2F1(1,1,2,Z) = - n( Z)7
z
1 3 arctan z
FlZ1.2.-,2) = &2=~2~
2 1<2a 727 Z> > )

113

F e e
2 1(272727 <

2) _ ln(z+\/1+z2)‘

z

Lemma 2.6 in the paper [18] reads that, for 0 # [t| < 1 and n =1,2,...,

P 1-n 2—n1 1 t |+ 2 -1
B I
2471 9 ) 2 ) 7t2 on /7t2—1 n

Corollary 4.1 in the paper [I7] states that, for n =0,1,2,...,

1 3
2F1(TL—|—2,TL+].;’I’L—|—2;—].) =

_ (@2n+Dln

n

2n+1

(2n)!

! 4 22n

k=1

> (-F

R

o —k\ 282 3kx
n

— Sin ——.

k 4
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In the paper [I], see also [14, Section 6], the following formula was discussed and obtained:

12\ 2z+8) 24z
2 <1’2’2’ 4) T Ty

arcsin \/2;, 2] < 4.

Motivated by the proof of Theorem [I] and the above examples, we now pose a problem: can one find an
elementary function f(t) such that

QF(; ;;w) —f0), <12 (18)

This problem was first announced at https://mathoverflow.net/q/423800. Currently, this problem is
still open. However, Professor Emeritus Gerald A. Edgar (Ohio State University, https://stackexchange.
com/users/503194/gerald-edgar) answered to this problem at https://mathoverflow.net/a/423802 on
1 June 2022 as follows.

Maple does it in terms of complete elliptic integrals K and FE as

(4 L) = LR EVE)

(19)

But that does not show it is elementary. In fact, I suspect it is not elementary.

Recall the known formulas

and -
T
E(WVt)==2F1|—=,=;1;t).
(V) = 5 21—
By themselves, they are not elementary. The equation should follow from these two and a
contiguous formula

coFi(a—1,b;¢2) + c(x — 1) 2Fi(a,byc;x) + (b — )z oFi(a,bjc+ 1;2) =0
for the hypergeometrics.

We believe that Edgar’s suspect, that is, the function f(¢) in the equation is not elementary, should
be true.

4.8. The second open problem

Can one establish a general and closed-form formula for the sequence o, ¢ generated in (14)).

If this problem were solved, then we would obtain a general and closed-form formula for coefficients by, ;
in the series expansion of powers of Gauss’ hypergeometric function 2F1(%, %; 2;t). Then it would be
very interesting and significant in mathematics. However, basing on Edgar’s suspect mentioned above, we
suspect that there is no general and closed-form expression for the sequence a, . For more information on
series expansions of powers of functions, please refer to the papers [B, [6l [7, 11} 13], 16] and many references
cited therein.

Remark 3. On 7 October 2022, Frank Oertel (f.oertel@email.de) commented on the problem in an
e-mail to the third author as follows.


https://mathoverflow.net/q/423800
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Regarding your problem (which also gives me a headache...), please observe that at least the
following fact holds:

—1 /2 i ( t) tdt=xzoF 71 71 2; a2
arcsin(x cost) cos T T
0 241 2 ) 2 ) <y

for all z € [—1,1], implied by the Maclaurin series representation of the function arcsin and the
well-known fact that

2m 2/ 3 2\/7 1 1
2(n+1) _ v o) _“4v~h - -
/0 cos tdt (n+1)!F<n+2> Tln +2) (n+2>f‘<n+2)

for all n € {0} UN.
(Cf. also related tricky proofs in https://zbmath.org/7q=an%3A0646.46019.)
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