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ABSTRACT. In the present paper firstly, we introduce classes of anti-paraKéhler-Codazzi manifolds and we discuss
the problem of integrability for almost paracomplex structures on these manifolds. Secondly, we introduce new
classes of anti-paraHermitian manifolds associated with these anti-paraHermitian metric connections with torsion,
we look for the conditions in which they become anti-paraKihler manifolds or anti-paraKihler-Codazzi manifolds.
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1. INTRODUCTION

An almost product structure ¢ on a manifold M is a (1, 1) tensor field on M such that ¢* = idy, ¢ # +idy (idy is
the identity tensor field of type (1, 1) on M). The pair (M, ¢) is called an almost product manifold.

A linear connection V on (M, ¢) such that Ve = 0 is said an almost product connection. There exists an almost
product connection on every almost product manifold [2].

An almost paracomplex manifold is an almost product manifold (M, ¢), such that the two eigenbundles TM* and
T M~ associated to the two eigenvalues +1 and —1 of ¢, respectively, have the same rank. Note that the dimension of
an almost paracomplex manifold is necessarily even [1].

The integrability of an almost paracomplex structure is equivalent to the vanishing of the Nijenhuis tensor:

No(X,Y) = [¢X, Y] — 0[X, Y] — [ X, Y] + [X, Y],

for any vector fields X and Y on M.

A paracomplex structure is an integrable almost paracomplex structure. On the other hand, in order that an almost
paracomplex structure be integrable, it is necessary and sufficient that we can introduce a torsion free linear connection
such that Vo = 0 [5, 6]

Let (M>", ¢) be an almost paracomplex manifold. A Riemannian metric g is said anti-paraHermitian metric with
respect to the paracomplex structure ¢ if

8(pX, ¢Y) = g(X, ),
or equivalently (purity condition), (B-metric) [6]

8@X.Y) = g(X, oY),
for any vector fields X and Y on M.
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Also note that
GX,Y) = g(pX.,Y),

is a bilinear, symmetric tensor field of type (0, 2) on (M, ¢) and pure with respect to the paracomplex structure ¢, which
is called the twin anti-paraHermitian metric of g, and it plays a role similar to the Kéhler form in Hermitian Geometry.
Some properties of twin Norden Riemannian metric are investigated in [4, 6].

If (M?", ) is an almost paracomplex manifold with an anti-paraHermitian metric g, then the triple (M?, ©,8)is
said to be an almost anti-paraHermitian manifold (almost B-manifold) [6]. Moreover, (M*", ¢, g) is said to be anti-
paraKéhler manifold (B-manifold) [6] if ¢ is parallel with respect to the Levi-Civita connection V of g i.e. Vp = 0.

A Tachibana operator ¢,, applied to the anti-paraHermitian metric (pure metric) g is given by

(0.8)X.Y.2) = ¢X(g(Y.2)) - X(g(¢Y.2)) + g((Lyp)X. Z) + g(Lzp)X. Y),

for any vector fields X, Y and Z on M [11].
In an almost anti-paraHermitian manifold, an anti-paraHermitian metric g is called paraholomorphic if

(0,8)(X.Y,Z) =0, (1.1)

for any vector fields X, Y and Z on M [6].

If (M, g,¢) is an anti-paraKdhler manifold with paraholomorphic anti-paraHermitian, we say that (M, g, ¢) is a
paraholomorphic anti-paraKéhler manifold.

As the anti-paraKéhler condition (V¢ = 0) is equivalent to paraholomorphicity condition of the anti-paraHermitian
metric g, (¢o8) = 0 [5,6].

Salimov and his collaborators studied several aspects related to the topic of anti-hermetic metric communication,
which is considered one of the new works in the topic, of which we mention the following: the Curvature proper-
ties of anti-Kihler-Codazzi manifolds, isotropic property of anti-Kéhler-Codazzi manifolds, classes of anti-Hermitian
manifolds and the purity condition of torsion tensor of anti-Hermitian metric connection see [7—10], as well as in this
direction Ida and Manea have presented some properties of para-Norden metric connections [3].

2. ANTI-PARAKAHLER-CODAZZI M ANIFOLDS

Let (M, g, ¢) be an almost anti-paraHermitian manifold. If the twin anti-paraHermitian metric G satisfies the Codazzi
equation

(VxG)(Y,Z2) - (VyG)(X, Z) = 0, 2.0

for any vector fields X, Y and Z on M, then the triple (M, g, ¢) is called an anti-paraKahler-Codazzi manifold. For
complex version, is called an anti-Kéhler-Codazzi manifold, see [7]. Since

(VxG)(Y, 2) XG(Y,2) - G(VxY,Z) - G(Y,VxZ)
= Xg(pY,Z) - g(¢VxY. Z) — g(¢Y,VxZ)
= g(Vx(pY),Z2) + g(¢Y, VxZ) — g(¢VxY,Z) — g(¢Y, VxZ)
= g((Vxp)Y,2), (2.2)

the equation (2.1) is equivalent to
(Vx@)Y — (Vyp)X =0, (2.3)
for any vector fields X and Y on M.

Remark 2.1.

(1) It is clear that any anti-paraK&hler manifold (V¢ = 0) is anti-paraK#hler-Codazzi (2.3).

(i1) The converse statement is not true, i.e., the condion (V¢ = 0) is not true for anti-paraKdhler-Codazzi manifolds in
general.

Theorem 2.2. Let (M, g,¢) be an almost anti-paraHermitian manifold. If (M, g, ¢) is an anti-paraKdihler-Codazzi
manifold, then the almost paracomplex structure ¢ is integrable.
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Proof. Using [X, Y] = VY — VyX, (Vx@)Y = Vx(¢Y) — ¢(VxY) and (2.3), we find
Ny(X,Y) = [¢X, Y] - leX,Y] - o[X,oY] +[X, Y]
= Vn(@Y) = Ven(@X) — o(VexY = Vy(@X)) — ¢(Vx(@Y) = VenX) + VxY = VyX
= (Vexe)@Y) + (Vi Y) = (Viene)@X) — o(VienX) — o(Vien Y) + e(Vy (X)) — o(Vx(¢Y))
+o(VierX) + VxY = VyX
= (Vne)@Y) = Vene)(@X) + o(Vy(eX)) — VyX — o(Vx(¢Y)) + VxY
= (Ven@)(@Y) = Viene)(@X) + o(Vy(eX) — (VyX)) — o(Vx(¢Y) — ¢(VxY))
= (Vexn@)@Y) = (Vene)@X) + o(Vye)X — (Vxe)Y)
= 0.

3. ANTI-PARAHERMITIAN METRIC CONNECTIONS WITH TORSION

Given an anti-paraHermitian manifold (M, g, ), the Levi-Civita connection of g is the only torsion-free connection
parallelizing the metric g. But there are many other connections with torsion parallelizing the metric g. We call these
connections anti-paraHermitian metric connections.

3.1. LetVbean arbitrary linear connection on M. We define a tensor field S of type (1,2) on M by
VxY = VxY + S(X,Y), (3.1
f_or any vector fields X and Y on M, where V is the Levi-Civita connection of g, then the torsion tensor T of connection
V is given by
T(X,Y) = VyxY-VyX-[X,Y]
VY +S(X,Y)-VyX =S, X) - [X,Y]
SX,Y)-S,X). (3.2)

Remark 3.1. We will denote again by T (resp. S ) the (0,3)-tensor field obtained by contracting with the metric g,
defined by T(X, Y,Z) = g(T(X, Y),Z) (resp. S(X, Y, Z2) = g(S(X, Y), 2)),
for all vector fields X, Y and Z on M.

Lemma 3.2. Let (M, g, p) be an almost anti-paraHermitian manifold. A connection V is metric connection of g if and
only if

SX,Y,2)+S(X,Z,Y) =0, 3.3
for all vector fields X,Y and Z on M.
Proof. We compute the covariant derivative,

(Vx9)(Y.2) = Xg(V.Z) - g(VxY,Z) - g(Y.Vx2)

Xg(Y,Z) - g(VxY + S(X, Y),Z) - g(Y,VxZ + S (X, Z))
(Vxo)(Y.2) - g(S (X, Y),Z) — (Y. S (X, 2))
-SX.Y,Z2)-S(X,Z,Y),

then, we get

Vg=0 & SXY,2)+S(X,ZY)=0.

Remark 3.3. Using (3.2), we have
T(X.Y,2) SX.Y,Z2)-S(Y.X,2),
T(ZX,Y) S(ZX,Y)-S(X,Z,Y),
TZY,X) = SZY,X)-SY,ZX).
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From (3.3), we get

S(X,Y,Z) = %(T(X, Y,2)+T(Z,X,Y)+T(ZY,X)).

34

Lemma 3.4. Let (M, g, ¢) be an almost anti-paraHermitian manifold. A connection V is metric connection of G if and

only if
SX.Y,¢Z) + S(X,Z,¢Y) = g(Vxp)Y, 2),
for all vector fields X,Y and Z on M.
Proof. We compute the covariant derivative of G and by (2.2), we find
(VxG)(Y.2) = XG(Y.Z)- G(VxY.2) - G(Y,VxZ)
= XGWY,2)-G(VxY+S(X,Y),Z)-G(Y,VxZ + S(X,Z))
= (VxG)(Y,2) -GS (X,Y),2) - G(Y,5(X,2))

= g((Vxp)Y.Z) - g(@S(X,Y),Z) — g(¢Y, S (X, Z))
= g(Vxp)V,2)-S(X,Y,¢Z) - S(X,Z,¢Y),

then, we get

VG=0 & SX.Y¢Z)+SX,Z¢Y)=g(Vxp),2).

We study two cases:
First case: We put

SX.Y.9Z) = SX.ZgY),
from (3.5), we have
288X, V), 0Z) = g((Vxp)Y,2),
then,
288X, Y),¢Z) = gle(Vxp)Y,¢Z).
Hence, we find
SX.Y) = %90((Vx<,0)Y)-
Using (3.1) and (3.6) we get
T =Vt e(Txe)
and

T(X.Y) = %mw)Y = (Vyp)X).
On the other hand, we have
SX.Y,2)+S(X,Z2,Y) = gSX,Y),2)+gS(X,2),Y)
= %g(so((chp)Y )Z) + %g(w((wa)Z), Y)
1

1
= 2g(Vx(SOY) —o(VxY),¢Z) + Eg(Vx(<PZ) - ¢(VxZ),¢Y)

1 1 1 1
= 58(Vx(eY).¢Z) = 28(VxY.Z) + 28(Vx(9Z). oY) = 58(VxZ.Y)

1 1
= EXg(QDY, wZ) - EXg(Y, Z)=0,

(3.5)

(3.6)

(3.7)

(3.8)
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and

SX.Y,9Z) +S(X,Z,¢Y) = g(S(X,Y),9Z) +g(S(X,2),pY)

1 1
= 8(Vxp)Y. 2) + 58((Vxp)Z. )

1 1
= Eg((szﬂ)Y, Z)+ Eg((szo)Y, Z)
= g((Vxp)Y,Z).
In an almost anti- paraHermltlan manifold, by (3.6) the tensor S satisfies the equation (3.3) (i.e. g = 0) and the

equation (3.5) (i.e. VG = 0). Using (3.7), the connection V is anti- -paraHermitian metric connection.
We compute the covariant derivative of ¢

(Vxp)Y Vx(¢Y) — p(VxY)
1 1
= Vx(eY)+ Eso(szo)(soY) - o(VxY + Eso(szo)Y)

1 1
= Vx(pY) - o(VxY) + EQO((VX‘P)(SOY)) - E(VX"D)Y
1 1
= (Vxo)Y + E‘P(VXY = o(Vx(¢Y))) - E(VXQO)Y

1 1
= (Vxp)Y - E(VX(;O)Y - E(VXSO)Y
= 0,
then, we get ﬁ(p = 0. Hence, we have the following theorem

Theorem 3.5. Let (M, g, ¢) be an almost anti-parHermitian manifold, there is a unique connection V with torsion T,
that is parallelizing (compatible with) both the anti-paraHermitian metric g, the twin anti-paraHermitian metric G and
the paracomplex structure ¢ i.e., Vg 0, VG = 0 and Vgo 0. Moreover, V and T are explicitly given by

VxY = Vx¥+ zw((szo)Y),
and
TXY) = %w((vxww - (Vr@)X),
where V is the Levi-Civita connection of g.
Remark 3.6. Using (3.4) and (3.6), we get
g(Vxp)Y9Z) = TX.Y,2)+T(ZX,Y)+T(ZY,X).

Now let V be a unique connection with torsion T which parallelizing (compatible with) both the anti-paraHermitian
metric g, the paracomplex structure ¢ (see Theorem 3.5). From (1.1) we have

$8(X. Y, Z) = (pX)g(Y,Z) — Xg(¢Y,Z) + g(Lyp)X, Z) + g(Y, (Lz¢)X)
= (pX)g(Y,Z2) — Xg(pY, Z) + g(Ly(¢X), Z) — g(e(LyX), Z) + g(¥, Lz(¢X)) — g(¥, o(LzX)).
Using LyX = [V, X] = ﬁyX — ﬁxY - T(Y, X), we have
08X, Y,Z) = (pX)8(Y,Z) - Xg(@Y, Z) + 8(Vy(¢X),Z) — §(Vyx Y, Z) — (T (Y, ¢X),Z) — g(VyX,¢Z)
+8(Vx Y, ¢Z) + g(T(Y, X), ¢Z) + g(Y, Vz(¢X)) — g(Y, VoxZ) — g(Y. T(Z, X))
—g(@Y, V7X) + g(@Y, VxZ) + g(¢Y, T(Z, X)).
Since €g =0and ﬁgo =0, we get
08X, Y.Z) = (Vox@)(Y.2) + (Vxg)@Y.Z) + 8(Vyp)X, Z) + g(Y, (V29)X) + T(Y, X, ¢Z) - T(Y, ¢X, Z)
+T(Z, X, oY) - T(Z, X, Y)
= T, X,0Z)-T(Y,0X,Z)+T(Z,X,pY) - T(Z ¢X,Y).
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From here we see that, if a torsion tensor T of Vis pure with respect to the last arguments, i.e. T(X, oY, Z) = T(X, Y, ¢Z),
then the given anti-paraHermitian metric g is paraholomorphic, i.e. ¢,g = 0. On the other hand, the anti-paraKéhler
(B-manifold) condition (V¢ = 0) is equivalent to paraholomorphicity condition of the anti-paraHermitian metric g,
(¢08) = 0 [6], hence the triple (M, g, ¢) is anti-paraKihler manifold. Thus, we have the following theorem.

Theorem 3.7. Let (M, g, ¢) be an anti-paraHermitian manifold and let V be an anti-paraHermitian connection with
torsion T which parallelizing (compatible with) both the anti-paraHermitian metric g. If the torsion tensor T is pure
with respect to the last arguments T(X,¢Y,Z) = T(X, Y, Z), then the given anti-paraHermitian manifold is an anti-
paraKdbhler.

If (M, g,p)is an anti-paraKéhler-Codazzi manifold. Then, from (2.3) and (3.8) we get that T =0 and from (3.4) we
find S = 0, then V = V. Hence, we have the following theorem

Theorem 3.8. Let (M, g, ¢) be an anti-paraKdhler-Codazzi manifold, then the anti-paraHermitian metric connection
V coincides with the Levi-Civita connection V of g.

Second case: we put
SX.Y,9Z) = S(ZY, ¢X), (3.9)

from (3.5), we have

S(X,Y,0Z) + S(X.Z, oY)
SY.Z,oX) + S(Y. X, oZ)
S(Z,X,¢Y) + S(Z. Y, ¢X)

g(Vxp)Y, Z),
g(Vyp)Z, X),
g(Vzp)X, Y),

using (3.9), we get
288X Y),0Z) = g(Vxp)Y.Z) - g(Vyp)Z, X) + g(Vz9)X, Y). (3.10)

We distinguish several cases:
i) Since in an almost anti-paraHermitian manifold (almost B-manifold) [6] the operator ¢,g reduces to form

@Y, Z,X) = —g((Vyp)Z,X)+ g(Vz)X,Y) + g(Vx)Y, Z),

and the anti-paraKihler condition (V¢ = 0) is equivalent to paraholomorphicity condition of the anti-paraHermitian
metric g, (¢,g) = 0, from (3.10) we get S = 0, V = V and the tensor § (S = 0) satisfies the equation (3.3). Hence, we
have the following theorem

Theorem 3.9. Let (M, g, ¢) be an anti-paraKdihler manifold, then the anti-paraHermitian metric connection V coin-
cides with the Levi-Civita connection V of g.

ii) If (M, g, ¢) is an anti-paraKéhler-Codazzi manifold, then from (2.3) and (3.10), since g((Vz¢)X, Y) = g((Vz¢)Y, X)
[6], we get

288X, ), 0Z) = g(Vxp)Y,2),
then,
288X, Y),0Z) = gle(Vxp)Y, ¢Z).

Hence, we find

1
SX.Y) = §¢((Vx<p)Y)~ (3.11)
Using (3.1) and (3.11) we get

1
Vx¥' = Vx¥+ So((Vxp)Y), (3.12)

and

hxc]
>

S
I

1
SETxe)Y = (Vrp)X).
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On the other hand, we have
SX,Y,2)+S(X,Z,Y)=0and S(X, Y, 9Z) + S(X, Z,¢Y) = g(Vxp)Y, Z).
Then, in an anti- paraKahler Codazzi manifold, by (3.11) the tensor S satisfies the equation (3.3) (i.e. Vg 0) and

the equation (3.5) (i.e. VG = 0). Using (3.12), the connection V is anti- -paraHermitian metric connection. Hence, we
have the following theorem.

Theorem 3.10. Let (M, g, ¢) be an anti-paraKdhler-Codazzi manifold, then the anti-paraHermitian metric connection
V is explicitly given by

= 1

VxY =VxY + §¢((Vx90)Y),

where V is the Levi-Civita connection of g.
iii) Let (M, g, ¢) be an almost anti-paraHermitian manifold, if
SX.Y) = -p((Vxp)Y),
then
Vx¥ = Vx¥ - o(Vxg)Y),
and
SX,Y,Z)+SX,Z,Y) = gSX,Y),2)+g(S(X,Z2),Y)

= —ge((Vx@)Y),Z) — g(e(Vxp)Z2), Y)
= —8(Vx(pY) — o(VxY),¢Z) — g(Vx(¢Z) — (VxZ), ¢Y)
= —g(Vx(¢Y),¢Z) + g(VxY, Z) — g(Vx(¢Z), ¢Y) + g(VxZ,Y)
= —XgleY.oZ) + Xg(Y.Z) =

Hence, we have the following theorem

Theorem 3.11. Let (M, g, ¢) be an almost anti-parHermitian manifold, there is a unique connection V with torsion T,
that is parallelizing (compatible with) the anti-paraHermitian metric g i.e., Vg = 0. Moreover, V and T are explicitly
given by

Vx¥ = Vx¥ - o(Vxp)Y),
and
T(X.Y) =-¢(Vxp)Y = (Vy9)X),
where V is the Levi-Civita connection of g.
32. LetVbean arbitrary linear connection on M. We define a tensor field P of type (1,2) on M by
VY = VyX + P(X, Y), (3.13)

for any vector fields X and Y on M, where V is the Levi-Civita connection of g. By virtue of [X, Y] = VxY — VyX the
equation (3.13) becomes

VyY = VY — [X,Y] + P(X, Y).

Ifweput S(X,Y) = —[X, Y]+ P(X, Y), the connection V coincides with the connection V defined by (3.1). Then in this
case, the study of properties of the connection V coincides to properties of V.

3.3. LetVbean arbitrary linear connection on M. We define a tensor field Q of type (1,2) on M by
VyY = oVxY + Q(X, Y), (3.14)
for any vector fields X and Y on M, where V is the Levi-Civita connection of g. We can write (3.14) as follows
VyY = VY + (0 — DeVyY + Q(X, Y).

IfweputS(X,Y) = (¢ — DeVxY + Q(X, Y), the connectlon V coincides with the connection V defined by (3.1). Then,
in this case, the study of properties of the connection V coincides to properties of V.
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4. EXAMPLE OF ANTI-PARAHERMITIAN METRICS

Example 4.1. Let R? be endowed with the Riemannian metric g and the structure paracomplex ¢ in polar coordinate

defined by
1 0
!

sin20  rcos26
p= .

1
—cos20 —sin26
’

and

We easily verify that

and
g(@X, oY) = XY™ + XY = g(X, V),
for any vector fields X = X"8, + X%0g, Y = Y"0, + Y?0g, i.e. (R?, g, ¢) is an almost anti-paraHermitian manifold.
The Levi-Civita connection V of g is given by
1
V[)rar = 0, Varae = Vaﬁar = —69, V{)H[)g = —}"ar.
r

We also check that,
(Vo,0)0r = (Vo,0)09 = (Vo,0)0, = (Vg,0)09 = 0,
i.e. p is parallel with respect to the Levi-Civita connection V of g, hence (R?, g, ) is anti-paraKéhler manifold. Then,

from the Theorem 3.5 and Theorem 3.9, the anti-paraHermitian metric connection @Y =VxY+ 590((ng0) Y) coincides

with the Levi-Civita connection V of g.

Example 4.2. We consider the hyperbolic space H* endowed with the anti-paraHermitian structure (¢, ) defined by
H* ={(x,y,z,0) €R*: 1> 0},

0

0 0
! 0o L oo
0 — 0 0 p
g= 1 andgp=| 1t 0 0 0
00 -0 00 0 1
00 0 % 0 0 10
We easily verify that
¢ =1

and
8(@X, pY) = g(X. ),
for any vector fields X and Y.
The Levi-Civita connection V of % is given by
-t

1 -1 -1
V3.0, = V5,0, = Z_tax’ Vy,0; = V4,0, = z—tay, V.0, = V5,0, = Eaza V5.0, = ?az,

Vy,0y = V.0, = =Vy,0, = 2l;‘9” V. 0y = V5.0, =Vy.0, =Vy.0,=Vy0,=Vy0,=0.
Note that
(Vao0)dy = 50, %0,
i.e ¢ is not parallel with respect to the Levi-Civita connection V of g, hence (H*, ¢, h) is not anti-paraKzhler manifold.
Then, from the Theorem 3.5, the anti-paraHermitian metric connection §XY =VxY + ztp((Vx(p)Y) is given by

-1

6,25

d,,

y

— -t = 1. = 1, = 1. = 1. = -1, =
Vaxax = Ial’ Va,ﬁy = Taz’ Vaxaz = Zaw V(’)_taf = 4_-tax, Va}.ay = 476[’ V[‘))Oz = Eam V(’)
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_ -1 —_ -1 — _ _ _ _
Vod. = 20 Vo0 = 200 V5,0, = V0.0, = Va9, = V9.0. = Vo0 = Vads = V9, = 0.
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