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Abstract: In this study, we are interested in Tzitzeica curves (Tz-curves) in Euclidean 4-space E*.
Tz-curve condition for Euclidean 4-space are determined as three types for three hyperplanes and some

examples are given.
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1. Introduction

Gheorgha Tzitzeica, Romanian mathematician (1872-1939), introduced a class of surfaces [11],
nowadays called Tzitzeica surfaces in 1907 and a class of curves [12], called Tzitzeica curves in
1911. A Tzitzeica curve in E? is a spatial curve x = x(s) with the Frenet frame {T, Ny, Na}
and curvatures {ki,ko}, for which the ratio of its torsion k2 and the square of the distance dgs.
from the origin to the osculating plane at an arbitrary point x(s) of the curve is constant, i.e., a

Tritzeica curve in E3 is a curve satisfying the condition (Tzitzeica condition)

where dys. = (No,z) and a # 0 is a real constant, Ny is the binormal vector field of x.

A Tzitzeica surface in E? is a spatial surface M given with the parametrization X (u,v), for
which the ratio of its Gaussian curvature K and the distance di,, from the origin to the tangent
plane at any arbitrary point of the surface is constant, i.e., a Tzitzeica surface in E? is a surface

satisfying the condition (Tzitzeica condition)

K

dtan

1 = aj (2)
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for a constant a; # 0. The orthogonal distance from the origin to the tangent plane is defined by
dtan = <X7N>a (3)

where X is the position vector of surface and NN is unit normal vector field of the surface.

In [1] the authors gave the connections between Tzitzeica curve and Tzitzeica surface in
Minkowski 3-space and the original ones from the Euclidean 3-space. Besides, the asymptotic
lines of a Tzitzeica surface with the negative Gaussian curvature are Tzitzeica curves [3]. In [3],
the authors determined the elliptic and hyperbolic cylindrical curves satisfying Tzitzeica condition
in Euclidean space. In [? ? ], hyperbolic and elliptic cylindrical curves verifying Tzitzeica condition

were adapted to Minkowski 3-space, respectively.

Let z : I ¢ R - E* be a unit speed curve in Euclidean 4-space E*. Let us denote
T(s) = x'(s) and call T(s) a unit tangent vector of = at s. We denote the first Serret-Frenet
curvature of z by ki(s) = |2 (s)|. If ki(s) # 0, then the unit principal normal vector Ni(s) of
the curve z at s is given by T'(s) = k1(s)Ni(s). If ka(s) # 0, then the unit second principal
normal vector No(s) of the curve x at s is given by Nll(s) +k1(8)T(s) = ka(s)Na(s), where ko

is the second Serret-Frenet curvature of x. Ngl(s) + ka(s)N1(s) = k3(s)N3(s), where ks is the
third Serret-Frenet curvature of x. Then, we have the Serret-Frenet formulae [5]:
T'(s) = k1 (s)Ni(s),
Ni'(5) = ~k1(5)T(5) + ha(5)Na(s),
N> (5) = ~ha(s)N1(5) + hi(5)Na (s),

N3 (s) = —k3(s)Na(s).

If the Serret-Frenet curvatures ki(s),k2(s) and ks(s) of x are constant functions then x
is called a screw line or a helix [4]. Since these curves are the traces of 1-parameter family of the
groups of Euclidean transformations, Klein and Lie called them W-curves [8]. If the tangent vector
T of the curve = makes a constant angle with a unit vector U of E* then this curve is called a
general helix (or inclined curve) in E* [9].

Let z: I c R > E* be a unit speed curve in Euclidean 4-space E*. Position vector of

x = x(s) satisfies parametric equation
x(s) =mo(s)T(s) + m1(s)N1(s) + ma(s)Na(s) + ms(s)Ns(s), (5)
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where
mo(s) = {(z(s),7(s),) mi(s) = (z(s), N1(s),)

ma(s) = (x(s), N2(s),) my(s) = (z(s), N3(s)-)

(6)

By taking the derivative of (5) with respect to arclength parameter s and using Serret-Frenet

equations (4) , we obtain
T (s) =2 (5) = mo'(8)T(s) + mo(s)T"(s) + m1/ () Na(s) + ma(s)Ny/ () + ma'(5) Na(s)
+ma(s)Ny'(s) + s’ (5)Na(s) + ms(s) Ny’ (5)
= (mo (5) = ma (3) k1 (5)) T(s) + (mo () b (5) + 10" (5) = ma () K (5)) N (s)

+ (ma (8) k2 (s) +m2" (s) =ma () ks (5)) Na(s) + (ma(s)ks(s) +m3(s))Na(s)-

It follows that
mg —kimy =1,
m'1 + kimg — kamso =0,
mb +kamy — ksms =0,

’I’I’Lg + k/’gmg =0.

We consider Tzitzeica curves in Euclidean 4-space E* whose position vector = = 2(s) satisfies the

parametric equation (5). We determine Tz-curve condition for Euclidean 4-space E* as three types
for three hyperplanes and give some examples. Besides, we express Tzitzeica curve conditions in

terms of their curvature functions ki (s), ko (s) and ks (s).

2. A Characterization of Tzitzeica Curves in Euclidean 4-Space

Definition 2.1 Let x: I c R - E* be a unit speed curve in Euclidean 4-space E*. A first type
Tzitzeica curve x = x(s), for which the ratio of its second Frenet curvature ko and the square of
the distance dir n,, Ny from the origin to the hyperplane spanned by {T, N1, N3} at an arbitrary

point x(s) of the curve is constant, i.e.,

ko

St —a, )
{T,N1, N3}

where

d¢r, Ny, Ngy = (7, No) 9)

and a1 £0 is a real constant.
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Definition 2.2 Let z: I c R - E* be a unit speed curve in Euclidean 4-space E*. A second type
Tzitzeica curve x = x(s), for which the ratio of its first Frenet curvature ki and the square of

the distance dir n,, N,y from the origin to the hyperplane spanned by {T, N2, N3} at an arbitrary

point x(s) of the curve is constant, i.e.,

k1
- -, (10)
{T,N2, N3}
where
dir Ny, Ny = (2, N1) (11)

and a9 =0 is a real constant.

Definition 2.3 Let z: I c R — E* be a unit speed curve in Euclidean 4-space E*. A third type
Tzitzeica curve x = x(s), for which the ratio of its second Frenet curvature ks and the square of

the distance dgp n,, N,y from the origin to the hyperplane spanned by {T, N1, Na} at an arbitrary

point x(s) of the curve is constant, i.e.,

ks = as, (12)

d%T,Nl, N3}

where

dgr,N,, Noy = (2, N3) (13)

and a3z 0 is a real constant.

Theorem 2.4 Let x:1cR - E* be a unit speed curve in E* given with the parametrization (5).

x s first type Tzitzeica curve if and only if the equation
kémg + Zkzgml - 2]6'2](13’[77,3 =0 (14)

holds.

Proof Let x be the first type Tzitzeica curve. By taking the derivative of (8) with respect to

arc length parameter s and using (4) and (6), we get (14). The opposite of the proof is clear. O

Proposition 2.5 Let  : [ ¢ R > E* be a unit speed spherical curve in E* given with the
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parametrization (5). Then

mo = 07
-1
mi R
k1
k! (15)
ma = PR
kaok?

R 262 KK, ke
 K2koks  kdkoks  K2k3ks  kiks

ms3

hold.

Proof Let x be a unit speed spherical curve. Then, (x,z) = r?. By taking the derivative of this
expression, we get

(x,T) =0=my. (16)

By taking the derivative of (16) and using (4) and (6), we get
(x,Nl):—:ml. (17)

Again, by taking the derivative of (17) and using (4), (16) and (6), we get

ki’

2, Np) = —2 =
( 2) k2k12

ma. (18)

Similarly, by taking the derivative of (18) and using (4), (17) and (6), we get
B 2k k'R ke

2, N3 = _ _ _ -
(. Na) kiZkoks  kiokoks kilkolks kiks

ms.

Theorem 2.6 Let 2: 1 c R - E* be a unit speed spherical curve in E* given with the parametriza-

tion (5). x is first type Tzitzeica curve if and only if the equations

Bley k) kb — 2k kY ey + 4K kg = 0 (19)

2
3
and ko = c. [(;—i) ] hold, where c is integral constant.

Proof Let x be a first type Tzitzeica curve. Then, substituing (15) into (14) and arranging the

713
expression, we get (19). From the solution of (19), we get ks = c. [(;—1) ] . The opposite of the

proof is clear. O
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Corollary 2.7 Let = be a first type spherical Tzitzeica curve. If ko is constant, then we get

- _C2
ki = ci+s *

Proof If ky is constant, equation kjk{ —216{2 =0 is obtained from (19). If this equation is solved,

then we get ky = Cfis . O

Theorem 2.8 Let 2:1cR - E* be a unit speed curve in E* given with the parametrization (5).

x is second type Tzitzeica curve if and only if the equation

Tmy + 2k3mg — 2k kamsy = 0 (20)
holds.
Proof Let z be the second type Tuzitzeica curve. By taking the derivative of (10) with respect to
arc length parameter s and using (4) and (6), we get (20). The opposite of the proof is clear. O
Proposition 2.9 Let  : [ ¢ R > E* be a unit speed spherical curve in E* given with the

parametrization (5). x is second type Tzitzeica curve if and only if ki = ¢, where ¢ is a constant.

Proof Let z be the second type spherical Tzitzeica curve. Substituing (15) into (20), we get

3:—;1 =0. Which means that, k; = ¢ (constant). |

Theorem 2.10 Let z: I c R > E* be a unit speed curve in E* given with the parametrization

(5). x is third type Tzitzeica curve if and only if the equation

kims + 2k3ms = 0 (21)
holds.
Proof Let x be the third type Tzitzeica curve. By taking the derivative of (12) with respect to

arc length parameter s and using (4) and (6), we get (21). The opposite of the proof is clear. O

Proposition 2.11 Let z : I ¢ R - E* be a unit speed spherical curve in E* given with the

parametrization (5). x is third type Tzitzeica curve if and only if the equation

72 I
-2

- klkg) +2k1Ek3 =0 (22)

holds.

Proof Let z be third type spherical Tzitzeica curve. Then, substituing (15) into (21) and

arranging the expression, we get (22). The opposite of the proof is clear. O
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Corollary 2.12 Let x be third type spherical Tzitzeica curve. If k1 and ko are non-zero constants,

then x is a W -curve.

Example 2.13 Let x = x(s) be regular W -curve in E* given with the parametrization
x(s) = (acos (cs),asin (cs),bcos (ds) ,bsin (ds)) (23)

is a second type and third type Tzitzeica curve, where 0 <s < 2w, a,b,c,d real constants and ¢ >0,
d>0.

Then, = without loss of generality, let x be unit speed curve, i.e., a’c* +b*d*> =1. If ¢ =d, then
T is a circle, otherwise (c#d) x is a curve in E*.

The Frenet curvatures ki,ks and the Frenet vector fields N1, N3 of the curve x can be given by

k1 = Va?ct +b2d4, (24)

cd
i Va2t p2dt (25)
1
Ny = . [—ac2 cos (¢s), —ac® sin (¢s), —bd? cos (ds), —bd* sin (ds)], (26)
1
1
N3 = P [bd2 cos (¢s),bd? sin (cs), —ac? cos (ds), —ac® sin (ds)] (27)
1
[2]. By the use of (23) and (26) at (11), we get
d o1 28
v o) = %)

3
Substituting (24) and (28) into (10), we get ag = ((12c4 + 62034)2 , which means that as is constant
and x is a second type Tziltzeica curve.

Further by the use of (23) and (27) at (13), we obtain

ab (d2 - 02)

) = e )

Substituing (25) and (29) into (12), we get ag = C;zi m , which means that az is constant and
x is a third type Tzitzeica curve.

Then, the projection of W -curve with the parametrization (23) on x4 =0 coordinate hyperplane
in E* is x (s) = (cos (s\/ 10),sin (s\/ 10),cos (38\/ 10)) if we take a=1, b=1, ¢=1v/10,d = 3v/10.

We can plot this W -curve with maple command with (plots):
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Figure 1: Second type and third type Tzitzeica curves, m=0, n=5%pi

Figure 2: Second type and third type Tzitzeica curves, m=0, n=50*pi

(30)

spacecurve([cos(t/sqrt(10)),sin(t/sqrt(10)),cos(3*t/sqrt(10))], t=m.n, grid=[30,30]
Example 2.14 Let x = z(s) be a heliz on the unit 3-sphere S3(1) embedded in E* given with the

x(s) = (cosBcos (as),cosfsin (as),sind cos (bs),sinfsin (bs)),

parametrization
where a®cos?0 + b%sin?0 =1 and 212 + 222 = cos?0, 232 + £4° = sin®0. Then, = is a second type and
(31)

third type Tzitzeica curve.

The Frenet curvatures ki,ks and the Frenet vector fields N1, N3 of the curve x can be given by
k= \/a4cos29 + bsin?6,
(32)

ab

k3 = )
Vatcos20 + btsin0
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N (—a2 cos ) cos (as),—a? cos O sin (as), —b? sin 6 cos (bs), —b? sin § sin (bs)) (33)
1=
Vaicos26 + bisin6

(b? sin @ cos (as), b sin @sin (as), —a? cos O cos (bs), —a* cos O sin (bs))

N3 =
Vatcos20 + bisin?0

(34)

[10]. By the use of (30) and (33) at (11), we get

-1

Vat cos2 0 + bt sin? 0

AT, Ny, Ny} = (35)

3
Substituting (31) and (35) into (10), we get ag = (\/a4 cos? 6 + b4 sin® 9) , which means that ag is

constant and x is a second type Tzitzeica curve.

Further, by the use of (30) and (34) at (13), we obtain

cosfsin 6 (b2 - a2)

Vatcos20 + bisin?0

d¢T, Ny, No} = (36)

1
ab(a4 cos? 0+b? sin? 9) 2
cos2 O sin? 0(b2—a?)?

Substituting (35) and (36) into (12), we get az =

, which means that agz 1is

constant and x is a third type Tzitzeica curve.
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