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ABSTRACT

In this paper, we study translation surfaces generated by spherical indicatrices of timelike curves
in Minkowski 3-space and find necessary and sufficient conditions for the translation surfaces to
be flat or minimal. Further, we obtain necessary and sufficient conditions for generating curves
of the translation surfaces to be geodesic, asymptotic line and line of curvature. Finally for such
translation surfaces we obtain the axis when they are constant angle surfaces.
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1. Introduction

A Darboux surface is a surface which is union of ‘equivalent’ curves, i.e., the curves are images of one
another by isometries of space, called its generating curves. Kinematically, a Darboux surface is defined
as the movement of a curve by rigid motions of the space. Hence, a parametrization of such surfaces can
be given as X (u,v) = A(v).a(u) + B(v), where «, § are two space curves and A is an orthogonal matrix. A
translation surface is special case of Darboux surfaces when the orthogonal matrix A is identity matrix and both
curves intersect each other. Thus, parametrization of generalized type of a translation surface in 3-dimensional
Euclidean space is given by

X(u,v) = a(u) + B(v).

Translation surface which is known as double curve in differential geometry are base for roofing structures.
The construction and design of free form glass roofing structures are generally created with the help of curved
(formed) glass panes or planar triangular glass facets.

Many authors studied translation surfaces in Euclidean space as well as semi-Euclidean space. In [15], Liu
obtained some characterizations about the translation surfaces with constant mean curvature or constant Gauss
curvature in 3-dimensional Euclidean space E® and 3-dimensional Minkowski space E3. In [17], Muntenau and
Nistor studied the second fundamental form of the translation surfaces in 3-dimensional Euclidean space E3,
and obtained some characterizations by using the second Gaussian curvature K;; of the translation surfaces. In
[8], Cetin and Tunger studied surfaces parallel to translation surfaces in Euclidean 3-space. In [2], Ali et al. gave
some results on some special points of the translation surfaces in E3. Since the translation surfaces are surfaces
produced by two space curves, some basic calculations of the surface can be stated in terms of Frenet vectors
and curvatures of the space curves. In [7], Cetin et al. investigated translation surfaces according to Frenet
frames in Minkowski 3-space, and studied some properties of these surfaces. Furthermore, they calculated
first fundamental form, second fundamental form, Gaussian curvature and mean curvature of the translation
surface. Finally, they gave the conditions for the generator curves of the translation surface being a geodesic,
an asymptotic line and a principal line.
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Non-lightlike ruled surfaces of constant slope parallel to a tangent of a timelike general helix and normal
of timelike slant helix were studied by Ali [1]. It was shown that all non-lightlike ruled surfaces of constant
slope are developable but not minimal surfaces. In [3], Arfah discussed the causal characterization of spherical
indicatrices of timelike curves in Minkowski 3-space, and provided the concept of spherical indicatrix of
tangent, normal and binormal vectors of timelike curves with their casual properties. Acar and Aksoyak
studied translation surfaces generated by tangent, normal and binormal indicatrices of space curves in E?,
respectively, and obtain some characterizations based on the fact that such surfaces are flat or minimal [4].
Motivated by these studies, in this paper, we study translation surfaces generated by tangent, principal
normal and binormal indicatrices of timelike curves o and 3 in Minkowski 3-space E$. We obtain some
characterizations of such surfaces based when they are flat or minimal. Moreover we give the condition for
the generator curves of the translation surface being geodesic, asymptotic and line of curvature. Finally for
such translation surfaces we obtain the axis when they are constant angle surfaces and also find the condition
for one of the curve a and 3 is a slant helix.

2. Preliminaries

The Minkowski 3-space denoted by E3 is a three dimensional real vector space R* endowed with the metric
tensor (.,.) = —dz? + dy* + dz2. The (Lorentzian) scalar and cross product are defined by
{ (z,y) = —m1y1 + T2y2 + T3Y3, 2.1)

Xy = (T2y3 — T3Y2, T1Y3 — T3Y1, TaYy1 — T1Y2),

where x = (z1,72,23), ¥y = (y1, Y2, y3) belong to E?. This space is also known as Lorentz-Minkowski space. A
vector z € E} is said to be spacelike when (z,z) > 0 or x = 0, timelike when (z,z) < 0 and lightlike (null)
when (z,z) = 0. A curve in E? is called spacelike, timelike or lightlike when the velocity vector of the curve is
spacelike, timelike or lightlike, respectively.

Lety =(s) : I — E? be an arbitrary timelike curve. The curve  is said to be a unit speed (or parameterized by
the arc-length parameter s) if (7/(s),7'(s)) = —1 for any s € I. Let {¢(s), n(s), b(s)} be the moving Frenet frame
of v which satisfies the following conditions

<t7t> = 7<nvn> = 7<b7 b> = -1,
<t7n> = <t7b> = <b, n> =0,

(2.2)
txn=b nxb=—t, bxt=n,
det(t,n,b) = 1.
For the timelike curve ~ the Frenet-Serret equations are given by
t 0 0 t
nl=1k 0 7|=]|n|, (2.3)
b’ 0 —7 0 b

where the ' denotes the derivative with respect to s. x and 7 are the curvature and torsion of the curve,
respectively.

Definition 2.1. [20] Let v and w be two spacelike vectors in E3. Then, we have the followings:

(a) If v and w span a spacelike plane, then there exists a unique non-negative real number 6 > 0 such that
(v, w) = [[v][[w]| cos 6.

(b) If v and w span a timelike plane such that both vectors lie in the same spacelike component of the plane,
then there exists a unique non-negative real number 6 > 0 such that (v, w) = ||v||||w]|| cosh 6.

Definition 2.2. [20] Let v be a spacelike vector and w be a timelike vector in E3. Then, there is a unique non-
negative real number ¢ > 0 such that (v, w) = ||v||||w]| sinh 6.

Definition 2.3. [18] Let v be a timelike vector and w be a timelike vector in same time cone of E}, i.e., (v, w) < 0.
Then, there is a unique non-negative real number 6 > 0, such that (v, w) = —||v]|||w]|| cosh 6.

Definition 2.4. [6] A unit speed curve v = v(s) : I — E? is a general helix if there exists a fixed unit vector d,
called axis of the helix, such that (¢, d) is constant along the curve, where t(s) = ~/(s) is the unit tangent vector
of ~.
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Theorem 2.1. [6] A unit speed curve v = ~(s) : I — E} is a general helix if and only if Z(s) is a non zero constant.

Definition 2.5. [12] A unit speed curve v = v(s) : [ — E3 is a slant helix if there exists a fixed unit vector d,
called axis of the slant helix, such that (n,d) is constant along the curve, where n(s) is the principal normal
vector of .

Definition 2.6. Lety = ~(s) : I — E} be a unit speed curve with Frenet frame {(s), n(s),b(s)}. When we move
along the curve the locus of the tip of the unit vectors ¢,n and b determines new curves on the unit sphere
which are known as spherical indicatrices of the curve. In particular, the spherical indicarix of ¢, n and b are
known as tangent indicatrix t(s), principal normal indicatrix n(s) and binormal indicatrix b(s), respectively.

A surface in E is said to be a spacelike, timelike or lightlike if the metric on the surface is positive definite,
indefinite or degenerate, respectively. Type of the surface can also be expressed in terms of the causal character
of the normal on the surface by the following lemma [10].

Lemma 2.1. [14] A surface in Minkowski 3-space is spacelike, timelike or lightlike if and only if, at every point of the
surface there exists a normal that is timelike, spacelike or lightlike, respectively.

Let M : X = X(u,v) € E} be aregular surface. Then, the unit normal vector field of the surface M is determined
by
Xu x X,

N=_—"—+——"—
[ Xu X Xyl

(2.4)

where X, and X, are derivatives of X with respect to v and v, respectively. The coefficients of the first
fundamental form and second fundamental form are given by

E= <Xu7Xu>a = <XuaX1)>7 G = <X1)3X1;>

and
1= (Xyu, NY, m = (Xyp, N), n=(Xyy, N).

Gaussian and mean curvatures of the surface M are expressed as follows [5]:

K = (N, N}%, (2.5)
and
H= %—E ”lg g l__Fif m (2.6)
respectively.

Definition 2.7. A surface in E} is called flat when the Gaussian curvature vanishes, and it is called minimal
when the mean curvature vanishes.

Definition 2.8. A constant angle surface or constant slope surface M in F} is a surface whose unit normal N
makes a constant angle with a fixed vector U, i.e., (N,U) = constant.

3. Translation surface generated by spherical indicatrices of timelike curves in Minkowski
3-space

Let a: I — E} and 8: J — E} be two timelike curves with arc-length parameters u and v, respectively in
E3.Let {ta,na,ba, ko, 7o} and {tz,ng, bg, k5, 73} be the Frenet apparatus of the curves « and 3, respectively. In
this section, we examine the translation surfaces generated by the tangent indicatrices ¢, g, principal normal
indicatrices nq,ng and binormal indicatrices b,, bz of the curves a and § and find out some characterizations
of the surfaces as well as of the generating curves of the surfaces. Throughout the paper, we will assume that
Ka, kg, To and 7g are all non-zero so that the curves t,,t3, no, ng and by, bg are regular curves.
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3.1. Translation Surfaces generated by tangent indicatrices of two timelike curves in E3

Let o, 8 be timelike curves in E}. Translation surface generated by tangent indicatrices of the space curves «, 3
in £} is defined by
My X(u,v) =to(u) +tg(v), (3.1)

where ¢, and t3 are both timelike vectors. Thus, n., b, and ng, bs are all spacelike vectors. Differentiating the
above equation (3.1) with respect to u and v, we obtain X,, = t, and X, = t};. Now, using Frenet equations (2.3)
for the curves a and 3, we get

Xy = KaNa, Xy = Kgng. (3.2)

The unit normal vector N of the surface M, is given by

X x X,

N = e
(u,'l)) ||Xu XXUH’

(3.3)

where X, x X, = kokg(na X ng) and || X, x X, || = /—€(EG — F?), where ¢ = (N, N).

Now, we have two cases according to causality of the plane spanned by n, and ng.

Case (i): We assume that n, and ng span timelike plane. Thus, by Definition 2.1(b), we have (n,,ng) = cosh @
and the coefficients of first fundamental form are obtained as follows

E=kr2, F= Kakpgcosh, G = H%, (3.4)

where 6 is the smooth hyperbolic angle function between n,, and ng.
In this case, EG — F? = —nin% sinh? @ < 0 shows that the surface M; is timelike, and hence, the unit normal N
is spacelike, i.e., (N, N) = 1. Thus, we obtain the spacelike unit normal as

Ng X N
N(u,v) = Zo s 35)

so that (N, n,) = (N,ng) = 0.
Now, suppose the hyperbolic angle between ¢, and N is ¢, and the hyperbolic angle between ¢tz and N is 1,
then N can be expressed as follows [13]:

N(u,v) = —sinh ¢ t4 + cosh ¢ by,
N (u,v) = —sinh ) tg + cosh ) bg.

The coefficients of second fundamental form of the timelike surface M, are given by

| = K2 (sinh ¢ + 7> cosh §),
m =0, (3.6)
n = r3(sinh1p + ;—i cosh ).

Now using the equations (2.5), (2.6), and above calculations, we obtain the following results.

Theorem 3.1. The Gaussian curvature K and the mean curvature H of the timelike translation surface M, are given as
follows, respectively,
(sinh ¢ + 7= cosh ¢)(sinh ¢ + Z—i cosh )

sinh? 0 7
(sinh ¢ + 7= cosh ¢) + (sinh ¢ + ;—‘; cosh )
B 2sinh* 0 '
Corollary 3.1. The timelike translation surface My is flat if and only if either tanh ¢ = — 7= or tanh ) = —Z—‘;.
Proof. By putting K = 0 in the Theorem 3.1, we get the desired result. L]

Corollary 3.2. The timelike translation surface M be minimal if and only if sinh ¢ + 7= cosh ¢ = —sinh¢) — Z—i cosh 1.

Proof. By putting H = 0 in the Theorem 3.1, we get the required result. L]
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Case (ii): We suppose that n,, and ng span spacelike plane. Thus, by Definition 2.1(a), we have (n,,ng) = cosf
and the coefficients of first fundamental form are obtained as follows

E=k2, F= Kakgcost, G = H%, (3.7)

where 6 is the smooth angle function between n,, and ng.
In this case, EG — F? = nin% sin® > 0 shows that the surface M, is spacelike, hence, the unit normal N is

timelike, i.e., (N, N) = —1. Thus, we obtain the timelike unit normal as
Nag X Ng
N = —" 3.8
(w,0) = 22200, (38)

so that (N, n,) = (N,ng) = 0.
Now, suppose the hyperbolic angle between ¢, and N is ¢ and the hyperbolic angle between 3 and IV is ¢ then
N can be expressed as follows [13]:

N(u,v) = cosh ¢ t, + sinh ¢ by,
N (u,v) = cosh) tg + sinh ¢ bg.

The coefficients of second fundamental form of the spacelike surface M, are given by

= mi(,:—z sinh ¢ — cosh ¢),
m =0, (3.9)
n = k3(72 sinhp — coshp).

™
Now, using the equations (2.5), (2.6), and above calculations, we obtain the following results.

Theorem 3.2. The Gaussian curvature K and the mean curvature H of the spacelike translation surface M, are given
as follows, respectively,
(= sinh ¢ — cosh qb)(;—i sinh ¢) — cosh )

K= — ,
sin? 0
(= sinh ¢ — cosh ¢) + (;—i sinh ¢ — cosh 1))
H=—= .
2sin® 0
Corollary 3.3. The spacelike translation surface M, is flat if and only if either coth ¢ = 7=, or cothtp = Z—‘;.
Proof. By putting K = 0 in the Theorem 3.2, we get the desired result. L]

Corollary 3.4. The spacelike translation surface My is minimal if and only if 7= sinh ¢ — cosh ¢ = — Z—Z sinh 1) + cosh ).

Proof. By putting H = 0 in the Theorem 3.2, we get the required result. L]

Theorem 3.3. If the timelike (spacelike) translation surface My is flat then either the angle between N and t,, is a function
of w only or the angle between N and tg is a function that depends only on v.

Proof. Let the spacelike translation surface M; be flat then by Corollary 3.3, if we assume coth ¢ = =, then
since right hand side is a function of u only, the angle ¢ between N and ¢, is a function that depends only on
u. Further, if we assume coth ¢ = ;—‘;, then since right hand side is a function of v only, the angle ¢ between N

and ¢ is a function that depends only on v. In case of timelike surface, same arguments work. L]

Theorem 3.4. Let the timelike (spacelike) translation surface M be flat. If the curves « and (3 are helices then either the
angle ¢ between N and t,, is a non-zero constant or the angle 1) between N and tg is a non-zero constant.

Proof. Let the timelike surface M; be flat. If the curve o and j are helices, then "= and ;—2 are non-zero constant

functions. Then, by Corollary 3.1, tanh ¢ = —7= implies that ¢ is a non-zero constant. Further, tanh = —;—Z
implies that 1) is a non-zero constant. In case of spacelike surfaces, same arguments work. L]

Theorem 3.5. Let the timelike (spacelike) translation surface M, be flat. If the curves o and (3 are helices, then the surface
M is a constant angle surface.
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Proof. We suppose that the surface M, is flat and the curves a and f are helices. Then, by Theorem 3.4, either
¢ or v is a constant function. Let ¢ = ¢, be constant. Since « is a helix, there exists a unit fixed direction U,
which makes a constant angle with unit tangent vector ¢, of the curve a. Suppose U, is spacelike vector, then
(ta,Uqy) = sinh d, = constant, which on differentiating with respect to u gives (n,,U,) = 0, when «, # 0. Thus

we can express U, as U, = —sinhdst, + coshdoby. Then, (N,U,) = (—sinh ¢ to + cosh ¢ by, —sinh &, to +
cosh 0, be) = —sinh ¢, sinh 6, + cosh ¢, cosh d,, which is a constant. Thus, the surface is a constant angle surface.
In case U, is a timelike vector, similar arguments show that (V, U,) = const. L]

Theorem 3.6. Let the translation surface My be minimal. If the curves o and 3 are planar curves, then the angle between
N and t,, and the angle between N and tg are same (upto sign).

Proof. Let the surface M; be minimal. Let « and 8 be planar curves, then 7, = 73 = 0. Then, by Corollary 3.2,
we get sinh ¢ = — sinh ¢y, which implies ¢ = —.

Theorem 3.7. The generating curve t,, is an asymptotic curve on
(i) the timelike translation surface M, if and only if tanh ¢ = — =,

(ii) the spacelike translation surface My if and only if coth ¢ = 7:

Proof. Let M, be a timelike translation surface. Then, the normal curvature of the tangent indicatrix ¢, is given
by [21],

Ky = ﬁ%(1&’0'[, N) = H%(/@ita + KN + KaTaba, —sinh ¢ t + cosh ¢ b,) = sinh ¢ + 7= cosh ¢.

Now, we know that ¢, is asymptotic if and only if the normal curvature of ¢, is zero. Thus, ¢, is asymptotic if
and only if (t;;, N) = 0, which implies tanh ¢ = —T=. Similarly, we can prove for the spacelike surface. U]

Corollary 3.5. The Gaussian and the mean curvatures of the translation surface My are given as

finl "{nz Knl + an

sinh? 6’ ~ 2sinh?6’

respectively, where k., and k,, are normal curvatures of the generating curves t, and tg. Moreover, M; is flat if and
only if either the generating curve t, or tg is an asymptotic curve on M;.

K,ﬂl K,»n2

Proof. By using Theorems 3.1 and 3.7, we obtain the Gaussian curvature as K = ——1>2 and the mean

curvature as H = Y452 Thus, K = 0 if and only if either ,,, = 0 0r £, = 0. L]

Theorem 3.8. The generating curve t, is a geodesic curve on
(i) the timelike translation surface M if and only if tanh ¢ = ——,
(ii) the spacelike translation surface My if and only if coth ¢ =

Proof. Let M be a timelike translation surface. Then, the geodesic curvature of the tangent indicatrix ¢, is given
by [21]

Kg = 7z L (" N x \t/ ) = L(t” N X n,) = é(nita + KN + KaTaba, —sinh ¢ by + cosh ¢ t,) = %(—Hé cosh ¢ —
KaTa sinh ¢) = —cosh ¢ — T‘* sinh ¢.

Now, we know that ¢, is geode51cs if and only if the geodesic curvature of ¢,, is zero. Thus, t,, is a geodesic curve
on M iff (7, N x ns) = 0, which implies tanh ¢ = —Z=. Similarly, we can prove for the spacelike translation

surface. ]

Theorem 3.9. The generating curve t, is a line of curvature on My if and only if the angle between N and t,, is constant
along t,.

Proof. The geodesic torsion of the curve t, is given by [21], 7, = —i(Nm N X ng)

= — - (—¢ucosh¢ to — i sinh ¢ na + ¢y sinh ¢ by — 7, cosh ¢ ng, —sinh ¢ b, + cosh ¢ t,)

= — L (cosh® ¢ — sinh® @) p, = Ka )

We know that the curve ¢, is a line of curvature on M iff 7, = 0, so the curve ¢, is a line of curvature on M, iff
¢, =0, 1.e., the angle between N and ¢, is constant along t,,. L]

Proposition 3.1. [16] A constant angle surface in Minkowski space is a flat surface.
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Theorem 3.10. Let M, be a constant angle timelike translation surface generated by tangent indicatrices t, and tg of
the space curves o and 3, and N be the unit normal of My such that the angle between N and t, is not constant. If
(N,Uy) = a (const.), where U, is a fixed unit vector called the axis of the surface, then the axis U, is given by

Uy = —asinh ¢ t, + acosh ¢ by, — a7y cosh ¢ ng,
which is a spacelike vector.

Proof. Let M, be a constant angle timelike surface. The unit normal to the surface M, is given by N(u,v) =
—sinh ¢ t, + cosh ¢ by. Then, (N, U,) = a, which implies

—sinh ¢ (tq,Uy) + cosh ¢ (ba, Us) = a. (3.10)

Now, by Proposition 3.1, M is a flat surface, so without loss of generality, we can assume by Corollary 3.1 that
tanh ¢ = — 7=, which implies

acosh¢ 7asinh¢

Ko To

(3.11)

Differentiating the equation (N, U,) = a with respect to u, we get (N,,, U,) = 0 and differentiating NV with respect
to u, we obtain
Ny = —¢y cosh @ to — (kq sinh ¢ + 74 cosh @) ng, + ¢y, sinh @ by,

By using (3.11) in above the equation, we get N,, = —¢,, cosh ¢ to + ¢, sinh ¢ b,. Thus, (N,,U,) = 0 implies
¢u(—cosh ¢ (to,Uys) +sinh ¢ (by,Uy)) = 0, and since ¢,, # 0, we get
—cosh ¢ (ty,Uy) + sinh ¢ (by,Uy) = 0. (3.12)

By using (3.10) and (3.12), we obtain (t,, U,) = asinh ¢ and (b,, U,) = a cosh ¢.
Thus, U, can be written as U, = —asinh ¢ t, + acosh ¢ b + (na, Ua) 1o and differentiating U, with respect to
u, we get

U(; = (7(1(;3“ cosh ¢ + kg <na7 Ua>) la + (a¢u sinh ¢ + 7, <na7 Ua)) ba-

Now, since U, is a constant unit vector U/, = 0. So, we get —a¢, cosh ¢ + kq (na,Us) =0 and a¢,, sinh ¢ +

Ta (Na,Uqs) = 0, which together imply (nq,Us) = “%HCZSW = —“¢“fi“h¢.
Hence, we obtain the axis U, as follows
w cosh « Sinh
U, = —asinh ¢ t, + acosh ¢ b, + w Ne = —asinh ¢ t, + acosh ¢ b, — M Tars
« Tll
Now, from Theorem 3.9, we have 7, = —f—z = ¢, = —Tykq. Thus,
Uy = —asinh ¢ to + acosh ¢ by — a7y cosh ¢ ng. (3.13)

Now, (U, U,) = a® + a27'92 cosh? ¢ > 0 implies that the axis of timelike constant angle translation surface M; is
a spacelike vector. Similarly, we can obtain the result for the spacelike translation surface. L]

Corollary 3.6. Let M; be a constant angle timelike translation surface generated by tangent indicatrices of the space
curves o and (3 with the spacelike unit vector U,, as the axis of the surface, and N be the unit normal of the surface such
that the angle between N and t,, is not constant. Then, either the curve « or the curve (8 is a slant helix with the same
axis.

Proof. Let M, be the constant angle timelike translation surface generated by tangent indicatrices of the space
curves o and 3. Then, since the surface is flat by Proposition 3.1, and by using Corollary 3.1 and Theorem

3.10, we get a® 4 a*7; cosh® ¢ = 1. Thus, 7, cosh ¢ = +/ 1;32 = constant, which implies (n,,U,) = —a7, cosh ¢ =

constant. Hence, the curve « is a slant helix. Similarly, when we assume that tanh ¢ = — Z—i, then we find that
is a slant helix. ]
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Example 3.1. Let a and 3 be two timelike space curves in Minkowski 3-space E$ given by

a(s) = ¢(s® + 6s,3s%,s%) and B(t) = (V2sinht,1 — cosht,sinht), where o and j are curves given by the arc-
length parameters s and ¢, respectively. The tangent indicatrices of the curve a and 3 are given by t,(s) =
(% +1,s, %) and t5(t) = (V2 cosht, —sinht, cosht).

The translation surface generated by the tangent indicatrices is given by

My X(s,t) =ta(s) +ta(t) = (% ++/2cosht +1,s —sinht, % + cosht).

= N W & 00O O N ©

Figure 1. Translation surface generated by tangent indicatrices of timelike curves.

3.2. Translation Surfaces generated by principal normal indicatrices of two timelike space curves in E}

Let a, 3 be timelike curves in E}. Translation surface generated by principal normal indicatrices of the space
curves a, A in E? is defined by
My : X (u,v) = ng(u) +ng(v), (3.14)

where n,, and ng are both spacelike vectors.
Differentiating the above equation (3.14) with respect to u and v, we obtain X,, = n,, X, = nj;. By using Frenet
equations (2.3) for the curves a and 3, we get

Xy = Kala + Taba, Xy = Kgtg + 7503, (3.15)

where k., 7, and kg, 73 are curvatures and torsions of the curves o and f3, respectively.
Now, the coefficients of first fundamental form are obtained as follows

B =12 k2 F = Karp(\ + —Aa) + Tars(hr + ;%Ag), G=12-#3 (3.16)

where
A1 = <t0wtl3>’)‘2 = <tu7n5>a/\3 = <t0¢7b,3>7
A1 = (Na,t8), As = (o, ng), A6 = (Na, bs), (3.17)
A7 = <ba,t5>,)\g = <ba,n5>,)\g = <bmb5>.

Thus, the Frenet vector fields of the curve a can be expressed as linear combination of {¢3,ng, bg} as follows
ta = —)qtﬁ + )\gnﬁ + Agbﬁ,

Ng = —Aalg + Asng + Agbg, (3.18)
ba = —A7tg + Agng + Agbg.

Similarly, the Frenet vector fields of the curve /5 can be expressed as linear combination of {t., nq, b } as follows

tg = —Mta + Mna + Arba,
ng = —Aato + Asng + Agha, (319)
bﬁ = —A3to + A6Na + Agbqg.-
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Now, the unit normal vector NV of the translation surface M, is given as

N(qu) _ Iialig(ta X tg) + IiaTg(ta X bﬁ) + Ta,‘ig(ba X tg) + TaTg(ba X bﬂ)’ (3.20)

VIEG — 7]

where - - )
EG —F? = (12 — K2 )(Tg - K%) - [Ka/ﬁlg(/\l + Hi/\g) + Takig (A7 + I{i)\g)] .
a B

Thus, by using (2.2), (3.19) and (3.20), the unit normal N can be written as

I{a/ﬁ?ﬁ [%()\4 + %)‘6)15& + {( 7T — *)\9) ( )\1 )\3 }na A4 —+ ﬂ )\6)b :|
VIEG = F2| '

Also by using (2.2), (3.18) and (3.20), the unit normal N can be written as

Ny(u,v) =

kg = E O+ )t + {(As + 2 + 7= (Vo + 72 A7) frg — (o + 22 As)bg]
NQ(U/7U> - .

\/|EG7F2|

The coefficients of second fundamental form of the translation surface M, are obtained as follows

l= —\/% [’fa(,:f)’(/\zl + )\6%) (k2 =2 {7+ 22 >\9) (A + %/\3)}L
m =0, 3.21)

= \/% [—rs(E) (N2 + As72) + (65 — 7H){(As + 2 A1) + 22 (N + 2 A7)}

Now, using the equations (2.5), (2.6), and above calculations, we obtain the following results.

Theorem 3.11. The Gaussian curvature K and the mean curvature H of the translation surface M, are obtained as
follows, respectively,

2,2
. KaKg Ta s T3 T3 Ta 73
K= (EG — F2)? [(’{a(%) (Ad+ )\6%) — (k2 =T {(M + ’?)\9) + a()\l + %)\3)})
(= ma (Y0022 4 (5 = D00+ 20+ 20+ Zan) |,
H=%¢£gfwmk%—m@@JZyuuagp—ui—ﬁMM+Zyw+;yh+Z&n)

+(T§—Hi)(—ﬁﬁ(ﬁﬂ)(>\2+/\8j¥) (k3 — T3){(As + >\1)+(/\9+/\7)}>]

Theorem 3.12. Let the translation surface My be flat. If the curves o and § are planar curves, then either t, and bg are
orthogonal or tg and b, are orthogonal.

Proof. Let the surface M> be flat, then K = 0. Also the curves « and 3 are planar curves then 7, = 75 = 0, which
implies A3 = 0 or A7 = 0. Thus, either (t,,bs) =0 or (tg,bs) = 0. Hence, either ¢, and bg are orthogonal or ¢
and b,, are orthogonal. L]

Theorem 3.13. Let the translation surface My be minimal. Then the following occurs,

(7 = #3) (R0 O 406 2 = (52 =720 + 2 20) + 7 O+ )

:@fﬁmwQQW+&—+4zfQM&+—m> o+ A0y

Theorem 3.14. If Mo is minimal and the curves o and (3 are planar, then the hyperbolic angle between t,, and bg is same
as the hyperbolic angle between tg and b,.
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Proof. Suppose the curves o and 3 are planar, then 7, =0 = 73. Now, by Theorem 3.11, we have, \; =
A3, i€, (ta,bg) = (ts,ba). L]

Example 3.2. Let o and /3 be two timelike curves in Minkowski 3-space E} given by

as) = (\2; cos =, sin = =) and B(t) = (v/2sinht, 1 — cosht,sinht),

where s and ¢ are arc- length parameters of the curves « and 3, respectively. The principal normal indicatrices
of the curve « and § are given by

na(s) = (0, — cos f’ —sin %) and ng(t) = (V/2sinht, — cosht,sinht).

The translation surface generated by the principal normal indicatrices is given by

My : X(8,t) = na(s) +ng(t) = (v/2sinht, — cos 5 — cosht, —sin 2= + sinht).

Figure 2. Translation surface generated by Principal normal indicatrices of timelike curves.

3.3. Translation Surfaces generated by binormal indicatrices of two timelike space curves in E3

Let o, (3 be timelike space curves in E?. Translation surface generated by binormal indicatrices of the space
curves «, 3 in E?} is defined by
M3 X(u,v) = bo(u) + bs(v), (3.22)

since a and 3 are both timelike curves, thus b, and bg are spacelike vectors.
Differentiating the above equation (3.22) with respect to v and v, we obtain X,, = b/, X, = b’ﬁ. Now, using
Frenet equations (2.3) for the curves a and 3, we get

Xu = —TaNa, XU = —Tgng, (323)

where 7, and 75 are the torsions of the curves o and $, respectively. The unit normal vector N of the surface
M3 is given by

Xy x X,
X > Xl

where X, x X, = 7,73(no x ng) and || X, x X, || = /—€(EG — F?), e = (N, N).

Now, we have two cases according to causality of the plane spanned by n,, and ng.

Case (i) We suppose that, n, and ng span timelike plane. Thus, by Definition 2.1(b), we have (n,,ng) = cosh ¢
and the coefficients of first fundamental form are obtained as follows

N(u,v) = (3.24)

E=12 F=r1,m5c0oshf, G= 757 (3.25)

where 6 is the smooth hyperbolic angle function between n,, and ng.
In this case, EG — F? = —7272 sinh? § < 0 shows that the surface Mj is timelike, and hence, the unit normal N
is spacelike, i.e., (N, N) = 1. Thus, we obtain the spacelike unit normal as

Na X Ng

N(u,v) = === (3.26)
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so that (N, nq) = (N,ng) = 0.
Now, suppose the hyperbolic angle between ¢, and N is ¢ and between ¢z and N is ¢, then N can be expressed
as follows [13]:

N(u,v) = —sinh ¢ t,, + cosh ¢ b,

N(u,v) = —sinh ) tg + cosh ¢ bg.

The coefficients of second fundamental form of the timelike surface M3 are given by

| = —Taka(sinh ¢ + 7= cosh @),
m=0, (3.27)

T

n = —7gKa(sinh ¢ + ﬁ—i cosh ).
Now, using (2.5), (2.6), and above calculations, we obtain the following results.

Theorem 3.15. The Gaussian curvature K and the mean curvature H of the timelike translation surface Ms are found
as follows, respectively,
Kafig(sinh ¢ + 7= cosh ¢)(sinh ¢ + %’; cosh )

TaTB sinh? 6

K =

)

Kakg :—’;(Sinh¢ + 7> cosh ¢) + 7= (sinh¢) + ,%Z cosh )

H=-—

274 Tg sinh? @

Corollary 3.7. The timelike translation surface Ms is flat if and only if

’
tanh ¢ = L tanh ¢ = —£.
R Rp

Proof. By putting K = 0 in Theorem 3.15, we get the desired result. L]

Corollary 3.8. Let the timelike translation surface Ms be minimal. Then,

7-—’B(sinhqb + 1% cosh @) = —T—a(sinhw + 8 cosh ).
Rp R Ra Rg

Proof. By putting H = 0 in Theorem 3.15, we get the stated result. L]

Case (ii) We assume that, n, and ng span spacelike plane. Thus, by Definition 2.1(a), (n,ng) = cosé and the
coefficients of first fundamental form are obtained as follows

E=12 F=1,75c080, G= Tg, (3.28)

where 6 is the smooth angle function between n,, and ng.
In this case, EG — F? = 1272 sin § > 0 shows that the surface M3 is spacelike, and hence, the unit normal N is

timelike, i.e., (N, N) = —1. Thus, we obtain the timelike unit normal as
N(u,v) = e 218 (3.29)
’ sinf ’

so that (N,n,) = (N,ng) = 0.
Now, suppose the hyperbolic angle between ¢, and N is ¢ and between ¢z and N is ¢, then N can be expressed
as follows [13] :

N (u,v) = cosh ¢ to + sinh ¢ by,
N (u,v) = cosh) tg + sinh ¢ bg.

The coefficients of second fundamental form of the spacelike surface M3 are given by

| = Taka(cosh¢ — 2= sinh ¢),
m=0, (3.30)
n = 7grg(coshy) — 7 sinh)).

Now, using (2.5), (2.6), and above calculations, we obtain the following results.
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Theorem 3.16. The Gaussian curvature K and the mean curvature H of the spacelike translation surface Ms are found
as follows, respectively,
Ko tkip(cosh ¢ — T sinh ¢)(cosh ¢ — Z—‘; sinh )

K=—

b

TaTB sin? 0

Kakg (cosh ¢ — f=sinh ¢) + 7= (coshy) — ;—2 sinh )
H =

27473 sin? 0

Corollary 3.9. The spacelike translation surface Ms is flat if and only if

T T,
cothg = —= or cothey = £,
Ka Rp

Proof. By putting K = 0 in Theorem 3.16, we get the desired result. L]
Corollary 3.10. Let the spacelike translation surface Mz be minimal. Then,

i (cosh ¢ — 72 Sinh @) = (cosh ¥ — -2 ginh ).
Rg Ko R Kg

Proof. By putting H = 0 in Theorem 3.16, we get the stated result. L]

Theorem 3.17. The generating curve b, is an asymptotic curve on
(i) the timelike translation surface M iff tanh ¢ = — T

(ii) the spacelike translation surface Ms iff coth ¢ = qb # 0.

Proof. Following similar steps as the Theorem 3.7, we find that the normal curvature of the curve b, on timelike
translation surface M3 is given by x,, = — ’j—z (sinh ¢ + Z—z cosh ¢). Hence, b, is asymptotic on M3 iff tanh ¢ = — Z—z
Similarly, we can prove for the spacelike surface. L]

Corollary 3.11. The Gaussian and mean curvatures of the translation surface Ms are given as

_ Ry Rng — Ky + Kng
S 2sinh*0

respectively, where k., and k,, are normal curvatures of the generating curves b, and bg. Moreover, Ms is flat if and

only if either the curve b, or bg is an asymptotic curve on Ms.

Proof. Proof is same as in the proof of Corollary 3.5. L]

Theorem 3.18. The generating curve by, is a geodesic curve on
(i) the timelike translation surface M3 iff tanh ¢ = —Z=
(ii) the spacelike translation surface Ms iff coth ¢ = ’:Z , q& #0.

Proof. By similar steps as the Theorem 3.8, we obtain the geodesic curvature of the curve b, on timelike
translation surface M3 as x, = —(sinh ¢ + %= cosh ¢). Hence, b,, is a geodesic curve on M3 iff k, = 0 iff tanh ¢ =

— 2= Similarly, we can prove for the spacelike surface. L]

Theorem 3.19. The generating curve b, is a line of curvature on timelike (spacelike) translation surface Ms if and only
if the angle between N and t, is constant along b,,.

Proof. Following the steps of the Theorem 3.9, we get that the geodesu: curvature of b, as 7, = f“ We know
that the curve b, is a line of curvature on Mjs iff 7, = 0, so the curve b, is a line of curvature on M iff ¢, =0,
i.e., the angle between N and t,, is constant along b,.

Theorem 3.20. Let M; be a constant angle timelike translation surface generated by binormal indicatrices b, and bg
of the space curves o and 3, and N be the unit normal of Mz such that the angle between N and t, is not constant. If
(N,U,) = a (const.), where U, is a fixed unit vector called the axis of the surface, then the axis U, is given by

Uy = —asinh ¢ to + acosh ¢ by, — a7y sinh ¢ ng,

which is a spacelike vector.
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Proof. After following similar steps to that of Theorem 3.10, we obtain the axis U,, as follows

w cosh « sinh
wna:—asinthta—i—acosh(bba—wn

Ra Ta

U, = —asinh ¢ t, + acosh ¢ b, +

o

Now, by Theorem 3.19, we have 7, = f—“ = ¢y = TaTy. SO,

[

Uy = —asinh ¢ t, + acosh ¢ by, — a7y sinh ¢ ng,.

Now, (U,,U,) = a® + a2rg2 sinh?¢ > 0 implies that the axis of the translation surface M3 is a spacelike vector.
Similarly, we can obtain the result for the spacelike translation surface. L]

Corollary 3.12. Let Ms be a constant angle timelike translation surface generated by binormal indicatrices of the space
curves a and [ with the spacelike unit vector U, as the axis of the surface and N be the unit normal of the surface such
that the angle between N and t,, is not constant. Then, either the curve o or the curve 3 is a slant helix with the same
axis.

Proof. The proof is same as in the proof of Corollary 3.6. L]

Example 3.3. Let a and 3 be two timelike curves in Minkowski 3-space E? given by

a(s) = (%, cos =, sin %) and (t) = (v/2sinht,v/2cosht,t),

where « and 3 are curves given by the arc-length parameters s and ¢, respectively. The binormal indicatrices of
the curve « and S are given by

ba(s) = (%, —% sin ==, % cos %), and bs(t) = (—cosht, —sinht, —/2).

The translation surface generated by the binormal indicatrices is given by

Ms : X(s,t) = bo(s) +bs(t) = (% — cosht, —% sin = — sinht, %COS% —V2).

7
)

.
o)
XA

7

il

2

2
o

Figure 3. Translation surface generated by binormal indicatrices of timelike curves.
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