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Abstract: In this paper, we obtain a generalization of [6, 8]. Firstly, we consider the so-called r—circulant ma-
trices with generalized Fibonacci numbers and then found lower and upper bounds for the Euclidean
and spectral norms of these matrices. Afterwards, we present some bounds for the spectral norms of
Hadamard and Kronecker product of these matrices.

2010 MSC: 15B05, 15A60, 65F35

Keywords: Matrix norm, r-circulant matrices, Generalized Fibonacci numbers

1. Introduction

The Fibonacci numbers are the elements of integer sequence {F), }52 , defined by the linear recurrence
equation

Fhb=0, F1 =1
Foio=Fp1+ F,, formn=0,1,2,....
The sequence is s given by
0,1,1,2,3,5,8,13, . ...

You cannot go very far in the lore of Fibonacci numbers without encountering the companion sequence of
Lucas numbers {L,,}2, which follows the same recursive pattern as the Fibonacci numbers, but begins
with other initial values. It is defined by the linear recurrence equation

Lo=2, L, =1

Lyyo=Lpy1+ Ly, forn=0,1,2,....
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The sequence is s given by
2,1,3,4,7,11,18,29,....

The Fibonacci sequence has been studied extensively and generalized in many ways. Such generalizations
are possible in four directions, namely, by changing the initial values, by mixing two Lucas sequences, by
not demanding that the numbers in the sequences be integers, or by having more than two parameters.

One of generalization of Fibonacci i sequence is the integer sequence {G,}52 . It has the same
recurrence relation as Fibonacci and Lucas, namely it is defined by the linear recurrence equation
Go=a, Gi1=b
Gny2=Gpi1+ Gy, forn=0,1,2,....
The starting values of Gg = a and G; = b can be specified. It therefore includes both sequences them

both as special cases.

This generalized Fibonacci sequence is giving by

a,b, (a+0b),(a+2b),(2a+ 3b), (3a + 5b), (5a + 8b), (8a + 13b), ...

{Gn}5%, is a generalization of {F), }52, and {L, }>2,. Furthermore, there is a relationship such that
G, =aF,_1+bF,, a,b € R between Fibonacci and generalized Fibonacci numbers.

Fibonacci, Lucas numbers and their generalization have many intersting properties and applications
to almost every field of science and art. For the beauty and rich applications of these numbers and their
relatives one may see Vajda’s and Koshy’s books [7, 12].

Solak [10] defined the circulant matrices with Fibonacci and Lucas numbers, and he obtained lower
and upper bounds with the Fibonacci number for the Euclidean and spectral norms of these matrices.

Civciv and Tiirkmen [2] constructed the circulant matrix with the Lucas number and then presented
lower and upper bounds for the Euclidean and spectral norms of this matrix as a function of n and L,
which is n th Lucas number. In [2], they are studied the norm bounds for the Hadamard inverse of this
matrix. In [1], authors computed some norms of r-circulant matrices associated with a number sequence.

In this study, we first construct the so-called r-circulant matrix with the generalized Fibonacci
numbers and then present some lower and upper bounds for the Euclidean and spectral norms of this
matrix.

We begin with some preliminaries related to our study. A matrix C' = [¢;;] € M, (C) is called a
r-circulant matrix if it is of the form

o= G- j=i
K TCpyj—i J < 1.

Obviously, the r-circulant matrix C' is determined by parameter r and its first row elements
€, €1, ,Cn—1. Especially, for r = 1, the matrix C' is called a circulant matrix. For any A = [a;;] €
My (C), the well known Frobenius (or Euclidean) norm of matrix A is

n

Zzn: |ai;|?.

i=1j=1

1Alle =

The spectral norm of the matrix A

|A]l2 = , [ max A;(AHA)
1<i<n
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where )\; is an eigenvalue of A¥ A and A is conjugate transpose of the matrix A. It is well known that
1
Vn

If ||.|| is any norm on m X n complex matrices, then [5]

[Alle < [[All2 < [|A]l 5.

[Ae Bl <[ A[lBI, (1)

where A o B is the Hadamard product of A and B. Define the maximum column lenght norm ¢; (A) and
the maximum row lenght norm r1(A) of any matrix A respectively by

and

)=,

n
> s
=1

Let A, B and C be m x n complex matrices. if A = B o C, then [4]

[All2 < r1(B)er(C). (2)

2. Results

Definition 2.1. The r—circulant matriz A with generalized Fibonacci number is the matrix of the form

Go Gy ... ... Gpo
TGn_l Go o N Gn_g
A= TGn72 Tanl . e ang . (3)
T‘Gl TGQ N TGn_l Go

Theorem 2.2. Let A be the matriz defined in (3). Then
(i) If |r| > 1, then

|Allz > \/n(Gu1Gr — G1Go + G3), |Allz = \/GuosG — C1Go + G2

and

V((n =12+ 1)(Gr_1Gn — G1Go + G2),

[Allz <min< /((n — 1|72 + G2)(Gn-1Grn — G1Go + 1),

\/(anlGn — G1Go + G3)(Gn-1Gn, — G1Gy + 1).

Moreover, if Go = 0, then

V Gnanl S HA||2 é ‘T|anlGn'
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(i) If |r] < 1, then

|4l 2 Irly/n(Gu-1Gr — G1Go + G2), [[Allz 2 Irly/Gu-1Gr — C1Go + G2

and

\/n(Gn,lGn — GlGO + G%),

|A]|2 < min

\/((TL — 1) + G%)(Gn_lGn — GlGo + 1),

\/((n - 1) + G(%)(anlGn — G1Go + G%)

Moreover, if Gy = 0, then

7V GnGry < [|All2 <

Proof. From (3), we have

(n — ]-)Gn—lGn
n—1
)GE + > klr[*GE,
k=0 k=1

nmm:dﬁjn—k

Let matrices be defined as

biij=r 1>]
By = (brij) = { bl =1, i<
oy ) b2 = Gmod(j—iny), 127
By = (baj) = { boij =1, i<
bgyij =T, ) >]
Bs = (b3,i5) = { b3, = Go, i =
b371‘j =1, 1< j
C1 = (c1,i5) = (Gmod(j—in)))-
Coi5 =T, 7> ]
Cy = (CZ,ij) = C2ij = 1, Z :j
2,ij = G(mod(j—in)), @ <J
and
ooy S s = Gonodi—in)), 1F T
Cs = (c3,4) = { 3ij =1, i=j

such that A = By o Cg, 1 <k < 3. Then we have

n
> lbrisl® =
j=1

n

n(B) = pax

B =
nilB) = | 2
]:

n
> lbsisl* =
j=1

ri(Bs) = max

(n=1r2+1, |r|>1

v

|r] < 1.

Z |b2,i5]* = \/Gn—lGn - G1Go + G§.

VET =R, Irl 21
\/G(2)+(n_1)a

Ir] < 1.
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Cl(Cl) = max Z |Cl,ij|2 = \/Gn—lGn — G1Gy + G%
i=1

1<j<n

01(02) = max Z |Cg}ij|2 = \/anlGn — G1Gy + 1.
=1

1<j<n

01(03) = max Z |63’ij|2 = \/anlGn — G1Go + 1.
=1

1<j<n

If Gy = 0, we consider the matrices

b i‘:TGmo i—i,m))s ’LZ ]
B4=(b4,ij):{bjij.:17( o) z<§

a,ij = Glmod(j—im))s 1 < J
Cy = (caii) = sJ (mod(j—i, =
4 (C4, ]) { Caij = 1, i> 7.
Then, we have

T'1(B4) = max Z |b4,ij|2 = "l"|\/ Gn—lGru
j=1

1<i<n

1(Cy) = max | > eai|* = \/Gr1 G,
i=1

1<j<n

(i) If |#| > 1, then we have

JAllz > \/n(Gas G — C1Go + GB)

1
Thus, we obtain from —|/A||g < ||4]2,

N

|Allz > \/Gu1G — G1Go + G
On the other hand, using (4), (5) and (2), we have
||A||2 < min{T’1(B1)cl(C’1),rl(Bg)cl(CQ),rl(B3)Cl(C’3)}'

Thus, we have

V(= D2 +1)(Gn-1Gn = G1Go + GF),

[Allz <min< /((n — 1|72 + G2)(Gn-1Gr — G1Go + 1),

V(Gn1Gr — G1Go + G2)(Gp_1Gy — G1Go + 1).

Moreover, if Gg = 0, using (6), then

V GnGn—l S HA||2 S ‘T|Gn—1Gn-

(ii) If |r| < 1, then we have

1Allz > \/nlr[*(Gn1Gn — G1Go + GY).
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1
Thus, we have from ﬁ”A”E < |42,

[A]l2 = Ir\\/(anlGn — G1Go + G3).
On the other hand, using (4), (5) and (2), we have
|All2 < min{ri(B1)e1(Ch),7m1(B2)e1(Ca),m1(Bs)er(Cs)}e

Thus, we have

\/n(Gn—lGn - GIGO + G%)a

HAHQ < min \/((n—].)-I-G(Q))(anlGn—GlGo-ﬁ-l),

V(=1 + G3)(Gn1Gn — G1Go + GB).

Moreover, if Gy = 0, then

7|v/GrnGr1 < ||All2 < V/(n = 1)Gp—1Go.

Corollary 2.3. Let Gy =a =0 and G; = b =1 be in the theorem. Then
(i) If |r| > 1, then \/F, F_1 < || All2 < |r|FnFpy.
(i) If |r| < 1, then |r|/FuFn_1 < ||All2 < /(n —1)E,F,_;.
Corollary 2.4. Let Gy =a =2 and G; = b =1 be in the theorem. Then
(i) If |r| > 1, then

V=D P+ DL +2),
VEnLn 1 T2 < | Alo < min§ /(= D2 + DLl — 1),

V(LnLy—1+2)(LpLy—1 — 1).

(i1) If |r] < 1, then

|7'| V LnLn—l + 2 S ||A||2 S \/(n + 3)(LnLn—l - 1)

Theorem 2.5. Let A be the matriz defined in (3). Then
(i) If |r| > 1, then

a?(14 F—oF,_1) + 2abF2%_| + b’F, F, 1, n odd
|All2 >

\/a2(1 + FpoF, 1)+ 2ab(F?_, — 1) + b2F, F,,_1, n even

(i1) If |r| < 1, then

|r|\/a2(1 + Fy gFy 1) + 2abF2_| + 2F,F,_1, n odd
All2 >

|r|\/a2(1 + FpoF,_1) +2ab(F?_; — 1) + b?F,F,_1, n even
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Proof. We have,

n—1
> Gh =Gn1Gn—GiGy+ G}
k=0

|
—_

n n—1 n—1 n—1

= (aFy1 +b0Fp)> =a®> F7 | +2abY Fp1Fp+0° > FL.
k=0 k=0 k=0 k=0

As

n—1 n—1

ZF]?_1:FTL—1FTL—2+17ZFI?:FnFn—l

k=0 k=0
and

F?_,, n odd

n—1
Z Frp 1F, =
k=0

2
F; 1 —1, neven

The proof of Theorem 2.5 become trivial.

Theorem 2.6. Let A be the matriz defined in (3). Then
(i) If |r| > 1, then

\/a2(1 4 Fy_sFp_1)+2abF2_, + b2F, F,_,.

Vi =1)[r?+1,

\/(121?«“n,21vn,1 + 2abF?_ + b2F,F_y + 1.

T V=P e

\/a2(1 4 Fy_oFy 1) +2abF2_| + B2 F,F,_;.
\/aQFn,an,l +2abF2_| + b2F, Fp_y + 1.

n odd

[A]l2 <

\/a2(1 + Fo9Fp1) +2ab(F2_, — 1) + B2F, F_y.

Vi =1)[r?+1,

\/(121?«“n,21vn,1 +2ab(F2_, — 1) + b2F, Fp_y + 1.

min (n — 1)\r|2 T, n even

\/a2(1 4 Fy_oFy 1) +2ab(F2_| — 1)+ b2F,F,_,.
\/CLQFn,an,1 +2ab(F2_, —1) + b2F, Fy_1 + 1.
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(i) If |r] < 1, then

\/n(a2(1 4 Fo_9Fy_1) + 2abF2_, + b2F,F,_1),

\/a2Fn,21«“n,1 + 2abF?_, + b2F,F_y + 1.

min Vin—1)+a, n odd

\/a2(1 4 Fy_oFp 1) +2abF2_| + B2F,F,_,.

(TL - 1) + (127
| All2 <
\/n(a2(1 + Fo_9Fy_1) +2ab(F?_, — 1) + b2F, F,_1),
\/aQFn_QFn_l +2ab(F2_, — 1) + b2F, F_1 + 1.
min (n—1)+ a2, n even
\/a2(1 4 Fo_oFp_1) + 2ab(F2_, — 1) + B2F, F,_;.
V(n—1)+ a2
Proof. As
n—1 n—1
ZFlg_l :Fn—an—Qa ZFkQ :FnFn—l
k=1 k=1
and
n—1 ngl, n odd
> FiaFy =
=1 F? | —1, neven
The proof of Theorem 2.6 become trivial. O

Corollary 2.7. Let Go =a =2 and Gy =b =1 be in the theorem. As F,F,,_1 >n—1, Yn >0 and as
we have F, F,,_1 = F,i1 + F,,_oF,_1, then, we obtain

(i) If |r| > 1, then
VO, Fu1 + 4 < ||All2 < /(n = D[r2+ 4)(5F,F,—1 + 1), n odd
VO, Fo1 < ||All2 < V/((n = D[r2 +4)(5F, F—1 — 3), n even

(i1) If |r] < 1, then
[7|\/BFnFrn_1+4 <|Al2 < Vn(bF,Fn_1+4), nodd
[7)\/BFnFro1 < ||All2 < V/n(bFnFr-1), n even
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