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1. Introduction

Codes over commutative rings have received a great deal of attention since the discovery in the
early 1990s that certain non-linear binary codes were in fact the images under a Gray map of codes over
Z4. Very little work has been done yet on codes over non-commutative rings. In [11], J. Wood gave
foundational results for codes over commutative and non-commutative rings. Specifically, he showed that
Frobenius rings were the class of rings for which it was natural to study codes since both MacWilliams
theorems hold in this case. In [4], Dougherty and Leroy described some general theorems about self-dual
codes over non-commutative rings with respect to the Euclidean inner-product. In this work, we shall
study codes over a family of non-commutative Frobenius rings that are of great importance in the study
of algebraic topology. Namely, we study codes over the finite sub Hopf algebras of the Steenrod algebra.

We take a broader approach to duality in that we consider both the Euclidean and Hermitian inner-
products as well as duality based on the underlying additive group structure. We consider linear codes
as well as additive codes. Namely, linear codes are when the code is a submodule of the ambient space
and additive codes are when they are simply a subgroup of the ambient space in terms of the additive
operation.
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2. Definitions and notations

2.1. Steenrod algebra

In this paper, we shall use as our coding alphabet, the Steenrod algebra at the prime 2. We assume
throughout the paper that all computations in the Steenrod algebra and in the sub Hopf algebra are
done with the assumption that the prime is 2. For a complete topological discussion about the Steenrod
algebra see [10]. We shall now give an algebraic description of these algebras. We start our description by
defining the Steenrod squaring operations Sq*. By convention we have that Sq° = 1 and Sq* is assigned
grading k. The Steenrod algebra A is the free associative graded algebra generated by S¢* over the field
Fy subject to the following relations:

j j—1—1 jrk—iq i
SqFSq’ = Z (Jk Y ) S¢Pth-igy (1)
0<i<| 5]
for 0 < k < 2j. These relations are known as the Adem relations.

The Steenrod squares Sq* are group homomorphisms
Sq* : H(X;Zy) — H'H(X;Zy)

between the cohomology groups of a topological space X, for k,i > 0 satisfying the following (see [10] for
a complete description):

1. The square Sq° is an identity and if i < k, then S¢* = 0.
2. If k = i, then S¢Fz = 22 for all x € H'(X; Zs).

3. The square S¢*(z Uy) = Z Sq* (z) U Sq*2(y), where the operation U is the cup product of
k=k1+k2
the cohomology ring H*(X;Z2) := @) H™(X;Zz) and x,y € H*(X; Zs).
n>0

By utilizing Z4 as the coefficient group of the cohomology group, no sign problems occur.

The grading of the Steenrod square S¢* is k and for the monomial formed as the composition of
the Steenrod squares, S¢¥*Sq*2 - .- Sq¥i, is ky + ky + ... + k;. Formally, the Steenrod algebra A is the
graded associative algebra generated over the finite field o by the Steenrod squares subject to the Adem
relations and the identity homomorphism Sq°. The operations Sq° and Sq2*, k > 0, constitute a system
of multiplicative generators for A, see [9] for a complete description.

The Steenrod algebra has a Hopf algebraic structure (see [7]) and is the union of the finite sub Hopf

algebras A(n), for n > 0, where A(n) is generated by the squares Sq' for 0 < j < n and S¢°. Note that
A(n) C A(n+1) for all n > 0.

R. Wood [13] has defined the atomic squares which are of the form Sq2 21 where s > 0,t > 0
are integers such that s+t < n+1, to form a Z base system for the A(n) which can be extended to the
whole algebra.

The Z base system for A(n) is constructed as follows: Let
X, — Sq1-2"5q3»2"*15q7-2"*2 -~-Sq2n+1_1
and define
Zp = XpnXp1 - X1 Xo.

For instance,
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Z1 = Sq¢*Sq*Sq,
Zy = 5¢*54°Sq"Sq*Sq’Sq",
and Z3 = S¢®5¢'2Sq"5¢'°Sq*Sq¢®Sq" Sq?Sq¢3Sq’.

The element Z, is the top element for A(n) in terms of the grading. The set of 2(»+1)(n+2)/2
monomials obtained by selecting all subsets of atomic factors in Z,, in the given order, is an additive
basis for A(n) (see [13]). We note that the product of the top element in A(7) and the top element in
A(j) is 0 in the Steenrod Algebra, that is Z,Z; = 0, for all 4, j, since it exceeds the maximum grading
in A(n) where n = max{i, j}. See [T. Vergili, I. Karaca, A note on the new basis in the mod 2 Steenrod
algebra, in preparation, 2016] for a description of the basis of the Steenrod algebra. All computations

done in this paper for the Steenrod algebra where performed using the computational tool given in [6].
Throughout the paper, we shall denote Sq®Sq® by Sq®? for convenience.

2.2. Codes and rings
A code C of length m over a ring R is a subset of R™. If the code is a left module then we say that
C is left linear and if C is a right module then we say that C' is right linear.

Suppose R is a finite ring. Let M denote the character module Homgyz(M,C) where M is a module.
The following are equivalent for finite rings, see [11]:

e R is a Frobenius ring.
e As a left module, R ~r R.

e As a right module R~ Rp.

It is well known that A(n) is a Frobenius ring for all n, see [11] for example. Next, we shall define
an involution of the Steenrod algebra which also applies to the sub Hopf Algebras.

Define the map 7: A — A by

k
7(8¢°) = S¢°, and 7(Sq*) = Sq'r(S¢" ). (2)
i=1

The map 7 can be restricted to A(n) in a natural way as long as S¢¥ € A(n). It is well known that
7 is an anti-isomorphism, that is, 7 is additive and 7(ab) = 7(b)7(a) and that 72 is the identity map. We
note that 7 is often written as y in the literature, see [7], [14] and [10] for example, but we shall use x as
a generating character of the character module as is standard and use 7 for this anti-isomorphism.

2.3. Orthogonals

We shall now describe inner-products which can be used in A(n)™. In classical coding theory, the
Euclidean inner-product is the standard inner-product. However, it is often the case that the Hermitian
inner-product is used for specific applications. For example, it is used when self-dual codes over finite
rings are used to construct Complex and Quaternionic lattices, see [3] and [2] for example.

Define the two following inner-products. The Euclidean inner-product is defined as

[v,w] = szwz (3)

The Hermitian inner-product is defined as

[v,w]g = Zvﬂ(wl) (4)

143
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Let C be a code then the left Euclidean orthogonal is
LC) ={v | [v,w] =0, Vw € C} (5)
and the right Euclidean orthogonal is
R(C) ={v | [w,v] =0, Yw e C}. (6)

Let C be a code then left Hermitian orthogonal is
Ly(C)=A{v|[v,w]g =0, Yw e C} (7)
and the right Hermitian orthogonal is

Ru(C) = {v | [w,v]y =0, Yw € C. (8)

In [4], is shown that £(C) is a left linear code and R(C') is a right linear code. Of course, left linearity
does not imply right linearity nor does right linearity imply left linearity.

We note that the notion of Hermitian and Euclidean duality are not identical. For example, let
a; = az = Sq¢*>'. Then ajay = S¢*3! but a17(az) = S¢*'S¢® = 0. So ay € Ry(A(1)[a1]) but
az & R(A(1)[a1]).

Theorem 2.1. Let C be a code over A(n) then Ly (C) is a left linear code.
Proof. Let C be a code over A(n). Let v,w € Ly (C). Then
[av + ew,u]g = Z(avi + cw;)T(u;) = aZviT(ui) + CZU}Z‘T(UZ‘) =04+0=0.
Hence av 4+ cw € Ly (C) and it is a left linear code. O

Unlike in the Euclidean case, R(C) is not necessarily right linear, since

[u,va + welg = Z wi(T(via + wic)) = Z w;T(a)7(v;) + Z w; ()T (w;)

which may or may not be 0. However, we do have the following theorem, which again is unlike the
Euclidean case.

Theorem 2.2. Let C be a code over A(n). Then Lg(C) =Ry (C).

Proof. Let w e Ly(C). Then [w,v]g = 0 for all v € C. This implies that > w;7(v;) = 0 which gives
T(>_ w;T(v;)) = 7(0) = 0. Then, we have > 7(7(v;))7(w;) = 0 and finally > v;7(w;) = 0. This gives that

Let w € Ry(C). Then [v,w]yg = 0 for all v € C. This implies that Y v;7(w;) = 0 which gives
T(> - viT(w;)) = 7(0) = 0. Then we have Y 7(7(w;))7(v;) = 0 and finally > w;7(v;) = 0. This gives that

Example 2.3. Consider the two sided ideal A(1)[Sq>'] = (S¢>1, S¢*>t) in A(1). Then we have that
Ru(A)[S¢>]) = (S¢*, Sq¢3, Sq>1, Sq*2, S, Sq>31) = Ly (A(1)[Sq¢>1]) is also a two sided ideal in
A(1).

Since the left and right Hermitian orthogonals are equal this gives that Ry (C) is left linear but it
may not be right linear.

Example 2.4. Let C be the code of length 1 over A(1) defined by A = A(1)[Sq*> + S¢>']. Then C =
(S@?+Sq>t, Sq3, Sq?3, St +Sq*>3 L, S¢?3 1Y), Then Ry (C) = (Sq?,Sq¢%3, Sq*31). We have that Ry (C)
is not right linear since S¢®>Sq' ¢ Ry (C).
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For any ring R let J(R) denote the Jacobson radical of R, which is defined as the intersection of all
maximal left ideals in R.

Theorem 2.5. Let A(n) be the sub Hopf algebra and let by, by, . .., b; be the basis elements with by = Sq°
and by = Z,,. The ring A(n) is a left and right local ring with unique two sided maximal ideal M(n) =

A(n)[ba, bs,...,b] = T(A(n)). We have that L(M(n)) = R(M(n)) = Soc(A(n)) = A(n)[b] = {0, Z,,}.
Proof. We know that bib; = b;b, = 0 for all 4, 1 < i < t. Therefore A(n)[b:] = [b:]A(n) = {0, Z,} and
by € L(I) for all left and right ideals I C A(n),I # A(n). Therefore R(L(I)) = I C R(A(n)[b:]) and

L(R(I))=1C L(A(n)[b]). Then we have that
R(A(n)[b]) = L(A(n)[bs]) = A(n)[b2, b3, ..., b = [b2,bs,...,b]A(n) = M(n).

Hence A(n)[b:] is the unique minimal ideal and its left and right dual is the unique maximal ideal.
Therefore Soc(A(n)) = A(n)[b] = {0, Z,} and J(A(n)) = A(n)[ba, bs, ..., b O

This leads naturally to the following corollary.
Corollary 2.6. The two sided ideal {0, Z,} is contained in all non-trivial ideals of A(n).

3. MacWilliams relations

The MacWilliams relations are one of the foundational results of algebraic coding theory. They
relate the weight enumerator of a linear code with the weight enumerator of its dual. The critical part
q\f finding specific MacWi/l\liams relations for a code over a ring R is to find a generating character for
R. Namely, if ¢ : R — R is a right R-module isomorphism then the generating character is ¢(1). A
generating character was given for A(1) in [12].

Theorem 3.1. Let by,...,b; be a basis for A(n) with by = Z,,. Define x : A(n) — C* by

Zaz i) — a (9)

where the a; € Fo. Then x is a generating character of A(n).

Proof. It is immediate that x is a homomorphism and hence a character of A(n). We know from
Corollary 2.6 that b, € I for all non-zero left ideals I in A(n). Also we have that x(b;)) = —1 so x
contains no non-zero ideals in its kernel. By Lemma 3.1 in [11], which states that a character is both
a left generating and right generating@aracter if it contains no non-trivial ideals in its kernel, we have

that y is a generating character for A(n). O

Notice that the generating character for A(n + 1) is not an extension of the generating character for
A(n). We are not claiming that there is a unique generating character. To the contrary, any character
whose kernel contains no non-trivial ideal is a generating character. We are simply identifying a useful
generating character.

We know that A(n) and A(n) are isomorphic (although not canonically). Let x, be the character
associated with the element a, then we have that x,(c) = x(ac), where x is the generating character for

—

A(n).

Definition 3.2. For a code over an alphabet A = {ag,a1,...,as—1}, the complete weight enumerator is
defined as:

cwec (Tagy Tays -y Taa_y) Z H x”’(c) (10)
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where there are n;(c) occurrences of a; in the vector c.

Let T be the |A(n)| by |A(n)| matrix defined by T, . = x(ac). For a matrix M and vector v we let
M -v = (Mv")" so that the result is a row vector. In [11], Wood establishes the MacWilliams relations
for codes over Frobenius rings.

Theorem 3.3. If C is a left submodule of A(n)™, then
1
cwee (o, T1,. .., ) = mcwemc) (T" - (wg,21,- -, 2k)).

If C is a right submodule of A(n)™, then

1

cwec(xg, T1, ..., T) = mcweﬁ(c) (T (zo,x1,---,Tk))-

Let Ty be the |[A(n)| by |A(n)| matrix with (Thy)e = x(a7(c)). We notice that (Ty)e,. is not
identical to T, .. Let a = S¢3, ¢ = S¢3. Then ac = S¢*>*! = Z; and ar(c) = 0. Thus x(ac) = —1 but
x(ar(c)) = 1. While T # T" in general, we do have the following for T4.

—

Theorem 3.4. Let (Ty)a.c = Xx(at(c)) where x is the generating character for A(n). Then Ty = T} .

Proof. We note that the anti-isomorphism 7 preserves the grading of A(n), so x defined as (—1)* for
the element > a;b; with b; the basis of A(n), satisfies x(a) = x(7(a)).

Then
(Tr)a,c = x(a7(c)) = x(7(a7(c)) = x(c7(a)) = (TH)e,a-

O

A similar proof to Theorem 3.3 applies to the Hermitian dual although it is not stated in [11]. Namely
we have the following.

Theorem 3.5. If C' is a left submodule of A(n)™, then

1
cwee (o, @1, .., Tg) = mcwen(c)(Tg (0, X1, X))
If C is a right submodule of A(n)™, then
1
cwec (o, T1,. .., Tp) = maweﬁ(c)(TH (T, 1, ., TE))-

The standard proof, setting x; = 1, gives the following corollary.

Corollary 3.6. If C is a left linear code over A(n) then |C||Ru(C)| = |A(n)|™ and if C is a right linear
code over A(n) then |C||Lg(C)| = |A(n)|™.

Example 3.7. We continue with Example 2.4. Let C be the code of length 1 over A(1) defined by
A = AW)[Sq? + S¢>1]. Then C = (S¢* + Sq>t,5¢3,5¢*3,Sq>! + Sq¢*31,5¢%31). Then Ry (C) =
(Sq3,8q¢%3,S¢*3Y). Then |C| = 2% and |Ru(C)| =22 and 2523 = |A(1)|.
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4. Self-dual and Hermitian self-dual codes

Self-dual codes are one of the most widely studied families of codes, for both codes over rings and
fields. They have interesting applications to designs, lattices and invariant theory. In a recent text [8]
a very broad view of self-dual codes have been given with respect to various dualities and interesting
connections to invariant theory have been given. In this section, we shall study self-dual codes over the
finite ring A(n). We begin with the definition for a self-dual code over a non-commutative ring.

Definition 4.1. A linear code C is said to be Fuclidean self-dual if C = L(C).

It is shown in [4] that a code C' that is equal to £(C) must also be equal to R(C). This implies that
C' is both left linear and right linear when it is self-dual. This implies that a self-dual code must be a
bimodule.

Definition 4.2. A linear code C is said to be Hermitian self-dual if C = Ly (C).

We know that L (C) = Ru(C) so a Hermitian self-dual code satisfies C = L (C) = Ru(C).

We now investigate some results about self-orthogonality and self-duality. In [4] it is shown that if

V1i,Va,..., Vs are vectors over A(n) such that [v;,v;] = 0 for all ¢ and j, then
[Vi,va,...,vs]A(n) C R(A(n)[v1, va,..., V). (11)
Notice that we do not necessarily have that A(n)[vy,va,...,vs] € R(A(n)[vi,va,...,vs]) as we would

have for commutative rings. For example, if a = S¢' and ¢ = S¢? then a? = 0 but (ca)? = (ca)(ca) =
Sq?31 #£ 0. So the code A(1)[a] € R(A(1)[a]). This means that more must be considered when generating
a self-orthogonal code. Specifically, it is shown in [4] that if vy, va,..., v, are vectors in R"™, where R
is any Frobenius ring, then [v;,av;] = 0 for all 4,5 and o € R if and only if (vq,ve,...,vs) is a
self-orthogonal code.

Theorem 4.3. There exists Euclidean and Hermitian self-dual codes of length 2 over A(n) for all n.
Proof. Consider the code C = A(n)[(S¢°,S¢")]. Then v € C implies that v = (a,a) which gives

[(a,a), (¢, ¢)] = ac+ac = 0. Hence it is both left and right self-orthogonal. Then |C| = |A(n)| = v/|A(n)|?
and so the code is Euclidean self-dual.

For the Hermitian dual of C, we have [(a,a), (¢, ¢)|g = at(c) + ar(c) = 0 and the remainder of the
proof is identical. O

Using the standard techniques we have the following corollary.

Corollary 4.4. There exist Euclidean and Hermitian self-dual codes for all even lengths over A(n) for
all n.

Proof. 1If C and D are self-dual codes (Euclidean or Hermitian) of length m and m’ respectively then
C x D is a self-dual code of length m + m’. This gives the result. O

Theorem 4.5. Let C be a binary self-dual code of length m, then reading 1 as Sq°, we have A(n)[C] is
a Fuclidean and Hermitian self-dual code.

Proof. The code C has a basis of vectors v; over Fo. We note that m must be even for a binary
self-dual code to exist. Then |A(n)[vi,va,...,va]| = [A(n)|2

2. Then
[Z a; Vi, Z CjVj} = [Z a; Vi, Z VjCj] = Z a; [Vi7 Vj]Cj = 0, (12)
4,9

since the elements in the coordinates of v; commute with all of the elements of A(n). Therefore the code
is Euclidean self-dual.
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Next consider
[Z a; Vi, Z ijj]H = [Z a; Vi, Z Vjcj]H Z ai[vi, Vj]HCj = 0, (13)
i,

since the Hermitian inner-product and the Euclidean inner-product are identical for vectors with coordi-
nates containing only 0 and Sq°. O

The key to this result was that 0 and Sq” are in the center of the ring. If we take a self-orthogonal
code over a subring which is not in the center the proof would not apply and the code over the larger
ring generated by the code over the subring may not be self-orthogonal.

Theorem 4.6. Let C be a non-trivial code of length 1 over A(n). Then Z, € R(C),Z, € L(C) and
Zn € Ru(C) = Lu(C),

Proof. The codes L(C), R(C), and Ly (C) = Ru(C) are left linear or right linear regardless if C' is
linear. Therefore, as non-trivial ideals, {0, Z,} is a subset of all of them by Corollary 2.6. O

Theorem 4.7. 1. Let C = A(n)[vi,va,...,vs] and C' = A(n + t)[v1,va,...,vs], t > 0. Then
R(C) CR(C") and Ru(C) C Ru(C").

2. Let C = [v1,Va,...,Vs]A(n) and C' = [vi,va,...,Vvs]A(n+1t), t > 0. Then L(C) C L(C") and
Ly(C)C Ly(C).

Proof. We prove only the first item, the second follows similarly. Let w € R(C). Consider the following
inner-product:

[a1v1 + agva + -+ - + agvs, W] = a1[vy, W] + ag[va, W] + - -+ + as[vs, w] = 0. (14)

Therefore w € R(C’).
For the second part of the statement, let w € Ry (C). Consider the following inner-product:

[a1vi +agvo + -+ asve, Wy = a1[vi, W]y + ax[ve, W]y + - - + as[ve, Wy = 0. (15)

Therefore w € Ry (C"). O

5. Code over A(n) and binary codes

(n+1)(n+2)
(n+1)(n+2) ( )
2 | =92 2

Recall that A(n) has a canonical basis with 2 elements. Then |A(n) . For
example, A(1) has 8 basis elements and 2% elements. For A(2), the algebra has 2° basis elements and 264
elements.

We now fix a basis by, b, ..., b for A(n) with ¢ = () et g € A(n) = > a;b;. Define the
map ¥ : A(n) — F% by

U(a) =D aib;) = (a1, az,...,a). (16)
Note that the map ¥ is dependent on the basis by, ba, ..., b; for A(n) and so we keep this ordering of the
basis elements throughout the remainder of the paper.

By the definition of addition in A(n) we have that ¥ is an additive map. We extend C to A(n)™ by
allowing it to act on each coordinate.

Definition 5.1. A code C over A(n) is an additive code if for all v,w € C, v+ w € C.
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We see that an additive code is a subgroup of (A(n))™ but it may not be a submodule. That is, a
linear code is necessarily additive, but an additive code may not be linear.

Theorem 5.2. Let C' be an additive code over A(n) of length m. Then W(C) is a linear binary code of

length 2((n+1)2("+2>)m
Proof. We already have that ¥ is an additive map. Then the theorem follows by noting that an

additive code over FFq is linear over Fo. O

Example 5.3. Let C be the code of length 1 over A(1) defined as C = A(1)[Sq¢*! + Sq¢?]. Then ¥(C) is
the linear binary code generated by

00011000
00000100
0000001O0
00000001

The following theorem has a proof similar to the one of Theorem 5.2.

Theorem 5.4. Let C be a linear code over Fy of length () . Then U=1(C) is an additive code
of length m over A(n).

Example 5.5. Let C be the binary Hamming code of length 8. Then ~1(C) is a subgroup of A(1) but
not a submodule. For example, the elements Sq¢° + Sq' + Sq® + Sq¢*>31 and S¢* + Sq® + Sq¢?3 + Sq>31
are both elements of W~1(C) but their product Sq®> + Sq>! is not. It is easy to see that this element is
not in the code since its corresponding vector in F would have Hamming weight 2 whereas the minimum
Hamming weight of the length 8 Hamming code is 4.

We can define an orthogonality relation for additive codes that will correspond to the orthogonality
for binary codes. Let G(n) be the additive group of A(n). Order the elements of G(n) by g1, 92, .., s,

(n+1)(n+2) ~
where s = 22 2 ). Fix a character table TG for G defined by

TGy g0 = —11¥(g1),¥(g2)], (17)

where [U(g1), ¥(g2)] indicates the usual binary inner-product. Then x4, corresponds to the row of TG
given by x(gig;) where j goes from 1 to s.

Definition 5.6. Let v,w € A(n)™. Define [v,w]g =[] xv, (w;).

We note that the result of this inner-product is either 1 or —1. If C' is an additive code over A(n)
define the orthogonal to be

C* ={(c1,¢2,-..,¢m) | chi(vi) =1, for all (v1,va,...,vm,) € C}. (18)
Theorem 5.7. If C is an additive code in A(n)™, then
1
cwec(xo, 21, . .., 2k) = T—cwec (TG - (xo, 21, ..., 71)). (19)

|G|

Proof. It follows from the standard MacWilliams relations for codes over groups. Namely, the matrix
TG serves as a duality for the underlying additive group of the ring. O

Theorem 5.8. Let C be a code over A(n) then U(C*) = ¥(C)*t.

Proof. Let v,w € A(n)™. The following are equivalent statements:

149
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1. [v,wlg =1

2. [T xw, (wi) =1

3. H (—1)[‘1’(”1‘)1‘1’(74&')] =1
4. [¥(v), ¥(w)] = 0.

This gives that [v,w]g = 1 if and only if [¥(v), ¥(w)] = 0. O

The next corollary follows immediately from Theorem 5.8.

Corollary 5.9. A code C in (A(n))™ is self-dual with respect to the duality TG if and only if (C) is
a binary self-dual code.

Corollary 5.10. Self-dual codes exists for all lengths over A(n) with respect to the duality TG.

Proof. Since 9 g even, for all n > 0, there exists binary self-dual codes of all lengths
(n+1)(n+2)
2 2

m. Then apply Corollary 5.9. O

Note that we can replace the duality TG with a different duality for the group, which may or may
not correspond directly to the binary orthogonality.

6. Codes over the Steenrod algebra

Just as we described codes over A(n) we can extend these ideas to the infinite ring A. This was done
in a similar way for codes over the p-adics in [1] and [5]. A code here is a subset of A™ and it is left linear
or right linear if it is a left submodule or right submodule of A™. Similarly, we can define £(C), R(C),
Ly (C) and Ry (C) as in the finite case. We cannot define the group orthogonality since the underlying
additive group is infinite and the technique no longer applies. Notice that in this infinite case, we have
that L (C) =Rpu(C) as it is in the finite case.

We can now define a projection to A(n). Let C' be a code over A, then let
Cn,=Cn(A(n)™. (20)

Theorem 6.1. Let C be a left (right) linear code over A then Cy, is a left (right) linear code for all n.

Proof. Assume C is left linear. Let v,w € C and a,c € A(n). Then av+cw € C since C is left linear.
Each coordinate of v and w is an element of A(n) so av + cw € (A(n))™ since the ring A(n) is closed
under addition and multiplication. Then av + cw € C N (A(n))™ = C,, and C,, is left linear.

The proof in the right linear case is similar. O

In general we have Cy CC; C--- C C.
Theorem 6.2. Let C be a code over A.
o IfC C L(C) then C,, C L(Cy).
o If C CR(C) then C,, C R(Cy).
o IfC C Ly (C)=Ry(C) then C,, C LK (Cy) =Ru(C).
Proof. We prove the first case and the rest are similar. If ¢ C L(C) then C,, C C C £(C) and

Cn C LC) N (A(n))™ C L(Cn). N
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In this sense self-orthogonality projects down but self-duality may not. For example, let C; =
A(1)(Sg*>! + S¢3), which is self-dual. But Co N A(0) = {0} is not self-dual.

Lemma 6.3. Let G be a binary matriz in standard form (I |M) and let C = A[G]. Then C,, = A(n)|[G].

Proof. If v.e CN(A(n))™ then the coefficients of the rows in the linear combination resulting in v
must all be from A(n) since the first part of the matrix is the identity. O

Theorem 6.4. Let G be a matriz in standard form that generates a self-dual binary code, then A[G] is
a self-dual code over A.

Proof. The proof of Theorem 4.5 shows that the code must be self-orthogonal. However, it does not
show self-duality since it uses a cardinality argument.

Assume there exists v € L(C) with v € C. Then for some n, we have that v € A(n)™. This implies
that C,, = A(n)[G], by Lemma 6.3, has an element v € £(C,,),v ¢ C,, which contradicts Theorem 4.5.
Therefore the code is self-dual. O

Let G generate a binary self-dual code of length m and let C = A[G]. Then C is self-dual and C,, is
self-dual for all n. This gives infinite families of self-dual codes for all even lengths.

We shall now investigate some codes over A which we can then project down.

Lemma 6.5. For all o € A we have that ZiaZ, = 0.

Proof. Any a in A can be written as a sum of atomic squares so it is sufficient to prove the result for
atomic squares.

o If «v is one of the atomic squares in A(1) then the claim is true since Z; is the top element of A(1).
e Next, we consider the case for atomic squares with an odd power. Let a = qutl for t > 3 then
Sq'S¢®* ' =0 (21)
since 2! — 1 is an odd number and the result follows from the Adem relations. Hence Z,aZ; = 0.

e Next, we consider the case for atomic squares where the power of the atomic square is a power of
2. Let a = Sq* for s > 2. First we multiply Z; and «. Note that if k is an even integer then from
the Adem relations we have that

Sq'Sqk =S¢kt (22)
Then we have
Zia = S¢2S¢*Sq' S¢* = S¢*SqPSqg* . (23)

For s > 2, 3 < 2(2° 4 1), we then apply the Adem relations to Sq¢>Sq¢> +! which gives
L2k
20 30,2+ _ @2 - 2 44—k g k
Sq*Sq’Sq —Sq[kzo(3_2k)5q Sq*]

2° s 2% —1 s
_ SqQ[( 5 )Sq2 +4_|_ < ) )Sq2 —0—35(]1].

15
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The first term will be 0 since the binomial coefficient is an even number. Hence Zija0 =
Sq2Sq3Sq? Tt = Sq2Sq* t38q¢t. Since 2 < 2(2° + 3) for s > 2, we can apply the Adem rela-
tions to Sq2Sq¢* 3, which gives

1

, 20 42—k e

S¢*Sq* 2Sq" = > ( 92— 2% )Sq2 7k 5q*]Sq"
k=0

25 49 . 2541
= [( 5 )Sq2 4 ( 0 )Sq2 "58¢'18q"
_ Sq25+5sq1 + Sq25+45q15q1
_ Sq28+55q1-
Now we have Zia = S¢* T2Sq'. If we multiply these with Z; from the right we have

ZvaZy = S 98¢ S¢*Sq*Sqt = Sq25+5(5q35q35q1) =S¢ *tP0 =0. (24)

e Next we consider the remaining two cases of atomic squares. Let a = S¢2('~1 where ¢ > 2. From
the Adem relations we have that S¢?Sq®Sq' = S¢°Sq'. Then

Zio = SqQSqBSqlSqQ(Qt_l) = Sq5Sq15q2(2t_1) = SqE’quHl_l. (25)
Since 5 < 2(2!*1 — 1) for ¢t > 2, we can apply the Adem relations to Sq5qut+1*1 which gives
qusqztﬂ_l _ 22: ( 2”51 - ;ck— 2 ) Sq2t+1+4—ksqk
k=0
_ ( o+l _ 9 ) 52Ty ( ot+1 _ 3 ) S gy
5 3
N < 2“’11— 4 ) ST 2842 = 0,
since the binomial coefficients are always even numbers. Hence we get Zia = 0 so ZiaZ; = 0.
e We now consider the final case. Let o = SqQS(Qt_l) where s,t > 2. We have that
Zio = quSqBSqlSqQS(zt*D _ Sq5SqlSq2S(2t’1) _ Sq55q25(2t—1)+1. (26)

Since 5 < 2(2%(2" — 1) + 1) for s,t > 0, we can apply the Adem relations to quSqQS(Qt_l)‘|r1 which
gives

2

siot_ 25(2t —1) — k s(2t— -

Sq5sq2 (2t=1)+1 — E ( (5_2]){: )Sq2 (2°=1)+6 ksqk
k=0

_ ( 28(2;— 1) ) P ( 95 (2! _31) -1 ) S DG

N ( 95 (2! 71 1)—2 ) S DGR,

The first and the last term are zero since the binomial coefficients are even. For the second term
if the binomial coefficient is 0 then Zya = 0 and Z;aZ; = 0. Otherwise it will be 1 and then
Zia = SqQS(Qt*I)JF‘E’LS'q1 and then Z;aZ; will again be 0 as in the third case when the powers of the
atomic squares were a power of 2.
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This does not say that «aZ; is necessarily 0 for all a. For example, Z;5¢* = S¢”! and S¢*Z; =
Sq7%! + S¢% but Z,5¢*Z, = 0.

Theorem 6.6. Let C = A[Z1,Zs,...] and D = [Z1,Z5,...]A. Then C and D are Hermitian self-
orthogonal codes.

Proof. For the left linear code C, we need to show that [aZ;,cZ;]g = 0 for all integer 4,5 > 1. We
have that [aZ;,cZ;lp = aZ;7(cZ;) = aZi7(Z;)71(c) = aZ; Z;7(c) = a(0)7(c) = 0. This gives that C is
Hermitian self-orthogonal.

We note that Z;, = vZ; and Z; = §Z; for some v, 6 € A(n), n = max{i, j}. For the right linear code
D, we need to show that [Z;a, Z;c|y = 0 for all integers i, j > 1. We have that [Z;a, Z;clg = Z;ar(Z;c) =
Zi(at(c))Zj = v(Z1(at(c)6)Z1) = 0 by Lemma 6.5. This gives that D is Hermitian self-orthogonal. [

Similarly, we have the following theorem.

Theorem 6.7. Let C = A[Zy,Z5,...] and D = [Z1,Z5,...]A. Then C and D are Fuclidean self-
orthogonal codes.

Proof. As in the previous proof, we let Z; = vZ; and Z; = §Z; for some v, 6 € A(n), n = max{s,j}.

For the left linear code C' we need to show that [aZ;,cZ;] = 0 for all integers ¢,j > 1. We have that
[aZ;,cZ;] = aZ(cZ;) = ayZ186Z1 = ay(Z1(86)Z1) = 0 by Lemma 6.5. This gives that C' is Euclidean
self-orthogonal.

For the right linear code D, we need to show that [Z;a,Zjc] = 0 for all integers i,5 > 1. We
have that [Z;a, Z;c] = vZ1a6Z1¢ = v(Z1(ad)Z1)c = 0 by Lemma 6.5. This gives that D is Euclidean
self-orthogonal. O

This leads naturally to the following corollary.
Corollary 6.8. Let C = A[Zy,Zs,...], D = [Z1,Z3,...]A, C, = C N (A(n))™ and D, = DN (A(n))™
then C,, and D,, are both Euclidean and Hermitian self-orthogonal codes for all n.

Proof. The results follow directly from Theorem 6.6, Theorem 6.7 and Theorem 6.2. O

The code C = A[Z1, Zs, . ..] is not self-dual. If it were then £(C) would be equal to R(C'). However,
SqtSq®Zy = Sq*3t £ 0 but Z, = vZ1 = vS¢*°S¢3Sq* is Z,Sq' = 0 and Sq* ¢ L(C) but Sq' € R(C).
In terms of the Hermitian inner-product, Sq' is in both duals but S¢' is not in C, hence the code is not
Hermitian self-dual. Similar results hold for D = [Z;, Zs, ... ]A.
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