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Abstract - Hyers-Ulam-Rassias stability theorem has been ap-
plied to several functional equations for studying stability in case
of approximation of a given functional equation in Banach spaces, Keywords - Intuitionistic
fuzzy Banach spaces etc. In this paper, we wish to study gener- fuzzy norm, Hyers-Ulam stabil-
alized Hyers-Ulam-Rassias stability regarding the approximation

ity, quadratic functional equa-
of the following quadratic functional equation oo f q

tion, Intuitionistic fuzzy Banach
fQx+y) = flz+2y) =3f(z) —3f(y) (1) spaces.

in intuitionistic fuzzy Banach spaces.

1 Introduction

The study of stability regarding approximation of a functional equation is related to
a question of Ulam [16], while delivering his speech at the University of Wisconsin in
1940, concerning the stability of group homomorphisms. In Banach spaces, first positive
answer to this equation of Ulam was provided by Hyers [6] in 1941. His exposition is
textured with equation that if 6 > 0 and f : F — FE; with F and E; Banach
spaces , such that ||f(z + v ) — f(x) — f(y)]] < 6 for all z, y € E, then there
exists a unique mapping g : EF — FE; such that g(z + y) = g(z) + g(y) and
| f(z) —g(x)]| < forallz,y € E.

The quadratic function f(z) = cx? fulfils the functional equation

flr+y)+flz—y)=2f(z)+2f(y) (2)
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which is why the equation is redefined as the quadratic functional equation. It is by
F. Skof [15] who justified the Hyers -Ulam stability theorem for (2)in favour of the
function f : EF — F; where E is a normed space at the same time F; is a Ba-
nach space. Replacing F/; by an abelian group, the Hyers -Ulam stability theorem for
(2) had been evidently established by P. W. Cholewa [3] and Czerwik [4]. Remarkable,
the outcome of it got more widespread perspective at the handle of Th. M. Rassias
[10], C. Borelli and G. L. Forti[2]. Subsequently the authors succeeding effort in the
paper of Jun [7] cast a rather bright radiance in term of the result for the new quadratic
functional equation (1). To define the situation marked with data uncertain, vague
or imprecise the fuzzy set theory can be utilized comfortable as an instrument. In a
certain status in which precisely objects are attached to a set, the intuitionistic fuzzy
set theory makes themselves easily operative by bestowing a degree of membership and
the non-membership to the object. Atanassov [1] is ascribed to be the introducer of
the concept of the intuitionistic fuzzy set, as a generalized perspective of fuzzy set [17].

A new vista was opened for further progress following the initiation of intuitionistic
fuzzy set and consequently several authors [13, 8] engaged themselves to make headway
upon it for last four decades. Afterwards, a new version by Shakeri [14] on the notion
of the intuitionistic fuzzy set come out for studying Hyers-Ulam-Rassias stability of
a Jenson type mapping in intuitionistic fuzzy Banach spaces. Considering the notion
of intuitionistic fuzzy Banach spaces due to Shakeri [14], here we apply generalized
Hyers-Ulam-Rassias stability theorem to approximate the quadratic functional (1) .

2 Preliminary

A new concept of intuitionistic fuzzy normed linear space was marked out by the author
S. Shakeri [14] by adopting the idea of the intuitionistic fuzzy metric space initiated by
Park [9] and Saadati-Park [11, 12]. In this section, first this definition of intuitionistic
fuzzy norm [14] and subsequently a few results have been enfolded, that would be
applied in the sequel.

Definition 2.1. : ([5]) Consider the set L* and the order relation <r- define by

Eo={(z1,29) : (71, 22) € (0,12 and zy + 29 <1},
(1, 22) <pr (Y1, 92) © 21 < y1, 022> Yo, V(@1,22), (Y1, 42) € L*
Then (L*, <p«) is a complete lattice.

Definition 2.2. : ([1]) Let E be any set. An intuitionistic fuzzy set A of E is an
object of the form A = {(x, pa(z),va(x)) : © € E}, where the functions ps :
E — [0,1]and va : E — [0, 1] denotes the degree of membership and the degree of
non-membership of the element x € E respectively and for every x € FE,

0 <pa(z)+wva(z) <1

We denote its units by O« = (0, 1) and 1z« = (1,0)

Definition 2.3. : ([5]) A triangular norm ( t-norm) on L*is a mapping
[ : (L*)? — L* satisfying the following conditions :
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(a) (Vxe L*)(I'(x, 1) = x) (boundary condition ),
(b) (V(z,y) e (L)) (TP (z,y) =T (y,x)) (commutativity),
(¢) (V(x,yz) e (L*)*)(T(z,T(y,z)) =T(T(z,y), 2)) (associativity ),

(d) (V(z,z',y,y") € (L)) (x < 2’ andy <p y' = T(z,y) <p-
C(z',y")) (monotonicity ).

If (L*, <p«,T) s an Abelian topological monoid with unit 11+, then T' is said to be
a continuous t-norm.

Definition 2.4. : ([5]) A continuous t-norm I' on L* is said to be continuous t-
representable if there exists a continuous t-conorm ¢ on [0, 1] such that for all

T = (xlan)v Yy = (y1,y2) €L,

C(z,y) = (x1 %y, x2 © X))

We now define a sequence I'™ recursively by I'' = T and

o () 2@) o 4Dy = T (Tn=1) (1) 4(2) . g(n)) | plnt1)),
Vn > 2 20 e L*.

Definition 2.5. Let u and v be membership and non-membership degree of an intu-
itionistic fuzzy set from X x (0, 00) to [0, 1] such that 0 < p, (t) + v, (t) < 1
for all x € X and t > 0. The triple (X, P, ,,T) is said to be an intuitionis-
tic fuzzy mormed space (briefly IFN-space ) if X is a vector space, T is a continuous
t-representable and P, ,, is a mapping X x (0, co) — L* satisfying the following con-
ditions :

forallx,y € X andt,s > 0,

(i) Puo(2,0) = 0+

(it) Py, (x,t) =1 ifand onlyifz = 0;

(iii) Py, (ax,t) = P,, (x, ﬁ) forall a # 0;
(iv)P,,(x+y, t+s) > I'(Pu(x,t), Pu(y,s)).
In this case, P, , is called an intuitionistic fuzzy norm. Here,
Py (e, t) = (pa(t), va(t)) = (pn(z, t), v(z, 1))
Example 2.6. Let (X, ||.|) be a normed linear space. Let

M(a,b) = (minf{ay, b1}, max{as, ba})

foralla = (ay,as), b = (by,by) € L* and fora,b € [0, 1] and u, v be the
membership and the non-membership degree of intuitionistic fuzzy set define by

P (2, 1) = (o (1), v (1)) = (e bty ), where k> 0,




Journal of New Results in Science 10 (2016) 52-59 55

and for allx € R™. Then (X, P M) is an IFN-space.

v

Definition 2.7. (1) A sequence {x,} in an IFN-space (X, P, ,, M) is called a
Cauchy sequence if for any e > 0 andt > 0, there exists ng € N such that

Poo(xn —xm,t) >+ (1 —e,¢e),Vn,m > ng

(2) The sequence { x,} is said to be convergent to a point x € X if

P,,(x, —x,t) — 1« asn — oo for everyt > 0.

(3) An IFN-space (X, P, ,, M) is said to be complete if every Cauchy sequence in
X is convergent to a point x € X.

3 Stability Result

Theorem 3.1. Let X be a linear space, (Z, P', ,, M) be a IFN-space, ¢ : X x X —
Z be a function such that for some 0 < a < 4,

Pl(¢(22,0),t) > P (ag(z,0),1) (3)
(x e X,t>0)
and nlgglo Pl (¢p(2"x,2™),4") = 1« forallz,y € X andt > 0. Let (Y, P, M)

be a complete IFN-space. If f : X — Y is a mapping such that
Puu(f(2z +y) — flz +2y) = 3f(z) +3f(y),1)

e Plu(o(z,y), t) (4)

(x e X,t>0)
and f(0) = 0. Then there exists a unique quadratic mapping @ : X — Y define by
Q(z):=P,,— lim % for all x € X satisfying

n—oo

Pu(f(z) = Q(x),t) 21 Plyy(o(z,0), (4 — a)i) ()

Proof: Putting y
Puo(f(22) —4f(x

= 0 in (4) we get
)i t) 21 Py (6(,0), 1)
x)

o, P (P20 () 1) 2pe Pl (6(2, 0), 41) (6)

4

Replacing = by 2"z in (6)
ntlyg n

PMV(f(an ) _ g0 m),t) > P, (6(202,0), 4 x 47¢)

> Plu,u(an¢(x> 0)7 4 % 4nt>7u8ing (3)

4><4”t> (7)

an

ZL* Plu,u(¢(x7 0)7

Since % — f(z) = > <f(i:ix) - f(i:x)> we have
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" n—1 oF
Pu,u(%_f(x)7tzm>:P%V( (
k1, k n_1 ok
= PMV <@ ( ) + Z (f(Zk+1 - f(ikz)> ) i + 1 Z 4><4k)
z n_l k+1 g kg =l o
ZL* M (Pu7y<f(j ) - f(l')7 £>7PIMV( Z <f(jk+l ) - f(ik )>’t Z 4><Zk)>

k=1 k=1
n— 2x a 22 ¢ 2x al
2 M P (H8 — f (o)t ) P (B2 - 182 1)
f(2%z f(2%x o> f(2"x f(2n g an—1
Pu»V( (43 L — (42 : t4><42> ) ""PM:V< (4n L — 4n—1 )7t4><4"*1>}

1

0), 15 x t4:4o) Pl (0(2,0), 5 x )
) ’ < (.T O) 4><:Lln11 Xt4>o<l4n 1)} (

ZL*M"_l{ P’ ( (z
P'u,y<q§(a: 0), 25 x t;

= L*P/M»V(Qb(x’ 0)’ t)

n g n—1
o P, (M )t z—) > 1Pl (6(2,0), 1)

2" x t
OI',P%V(%—][(LE),t) ZL*P/M,V ¢(x70)7T (8)
ak
4x 4k
k=0
Replacing = by 2™z in (8) we have
ntm g 2 x t
Pu,u<f(4n+m >—f(4m ),t) > P’ Cb(l“,o),W (9)
Y w
k=m
Thus {f(%;m) } is a Cauchy sequence in (Y, P, ,, M). Since (Y, P, ,, M) is a

complete IFN-space, the sequence converges to some point Q(x) € Y. So we can
define a mapping @ : X — Y by Q(z) := P, , — hm (2 ) for all n € N.

Fix x € X and put m = 0in (9) we get o
2"z , t
PW(% _ f(x),t) > P | 6(e,0), —1— (10)

P

and so for every 0 > 0 we have

Pu(Q(z) = f(z),t+7)
> M (Puy (Q) = 252 ,5) Py (f () = 25220 1))
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EL*M Pu,u (Q('T)_—75>7P/,u,1/ ¢($70)7+ (11)

take n — oo in (11) we get

Pu(Q(x)— f(z),t+0)> Py, (qb(x,O), 4Tt>,0 <a<4

> Pluy(¢(2,0),t(4 — a)) (12)

Since 0 is an arbitrary, taking 6 — 0 in (12) we get

P(Q(x) = f(x),t) > Py (6(2,0),t(4 - a))
Now we show that @ () satisfies (1)
From (4) we have

Puy(f(2z +y) — fle+2y) =3f(x) +3f(y),t) 20 Pl (o(z,y), 1)
Replacing x, y by 2" x and 2" y respectively we get

P,,(f(22"2x+2"y) — f(2"2+22"y) —3f(2"x) +3f(2"y), t)

20 Pluy (0(2"2,2%y), 1)

or, Py (f(2"(fnx+y)) L @Met2)) | 3(2e) | 3@ %)

> Pl (9(202, 2%y ), t)

or, P, (f(2"(42nw+y)) o [N(aa2y)) _ 3S(20e) 4 3I(2) t)

> Pl (¢(20x,2"y), 47t)

forallz,y € X andt > 0.
Since JLHC}OP/“’”((NQ”L 2"y), 4"t) = 1p«, therefore taking limit n — oo we have
P, (Q(2z +y) - Q(xr+2y) =3Q(x) +3Q(y), 1) > 11

e, Q(2z +y) — Q(z +2y) =3Q(z) —3Q(y).
Hence Q satisfies (1), 1. e. , Q is quadratic.

Uniqueness : Let T' : X — Y be an another quadratic mapping which satisfies
(5). Fixx € X and using Q(2"z) = 4"Q(x) and T(2"z) = 4"T (z) for all
r e X.

Now we have by using (5)

P, (Q(z)—T(z),t)= P#,,,<Q(j:x) _ T(z:x)’t>

ot (P (A2 SE) 1) (T 12 1)

4n 4n 72 4n gn 72

)

N |+

> Py ((;S(Z”:C,O), 4" (4 — )
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4" (4 — ) t
ZL*Plu,v(¢(5ﬁao)7T§)
Since, 0 < a < 4, so lim % = 00, we get
JLIEOPI“=V<¢(JZ>O)74n(3"_a)‘% = 1z

Therefore P, , (Q(x) — T (xz),t) = 1z for all ¢ > 0 and hence Q (z) = T (x).

Corollary 3.2. Let 6 > 0 and p be a non-negative real number and X be linear space,

(Z,P',,, M) be an IFN-space, (Y , P', ., M) be a complete IFS-space. If f :
X — Y is a mapping such that
Puw(f(2z +y) = f(z+2y) =3f(x) +3f(y),t) 20 P/ (6 Cllzl” + [lyll?) , t)

(x,ye X,;t>0,0€ 7)

with f(0) = 0, then Q(z) := P, , — lim % exists for each v € X and define

a unique quadratic mapping @ : X — YT} szoch that
Pu,(f(z)=Q(x),t)> P, (0 |||, (4 —2P)t) forallz € X and t > 0.

Proof : Define ¢ (z,y) = 6 (||z]|” + [|y||”) and it can be proved by similar way
as theorem 3.1 by a = 27

Corollary 3.3. Let§ > 0, € > 0 and X be linear space, (Z, P', ,, M) be an IFN-
space, (Y, P', ., , M) be a complete IFS-space. If f : X — Y is a mapping such that

Puv(f(2e+y) = fle+2y) =3f(2) +3f(y), t) 2. Pl (€6, 1)

(z,y e X, t>0,0 € 7)
with f(0) = 0, then Q(z) := P, , — lim LQ72) erists for each x € X and define

a unique quadratic mapping Q@ : X — Y such that
P,,(f(z)=Q(x),t)> «P',,(€0,t) forallz € X and t > 0.

Proof : Let ¢ : X x X — Z be define by ¢ (x,y) = €6, then the proof is
followed by Theorem 3.1 by o = 1
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