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Abstract

The present work investigates the impacts of the Lorentz forces, porosity factor, viscous dissipation and
radiation in thermo-Marangoni convective �ow of a nano�uids (comprising two distinct kinds of carbon
nanotubes (CNTs)), in water (H2O). Heat transportation developed by Marangoni forces happens regularly
in microgravity situations, heat pipes, and in crystal growth. Therefore, Marangoni convection is considered
in the �ow model. A nonlinear system is constructed utilizing these assumptions which further converted
to ordinary di�erential equations (ODEs) by accurate similarity transformations. The homotopic scheme is
utilized to compute the exact solution for the proposed system. The study reveals that higher estimations
of Hartmann number and Marangoni parameter speed up the �uid velocity while the opposite behavior is
noted for porosity factor. Further, the rate of heat transfer shows upward trend for the Hartmann number,
Marangoni parameter, nanoparticle solid volume fraction, radiation parameter whereas a downward trend is
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followed by the Brinkman number and porosity factor. It is fascinating to take observe that contemporary
analytical outcomes validate the superb convergence with previous investigation.

Keywords: Marangoni boundary layer �ow SWCNTs/MWCNTs Lorentz forces Viscous dissipation
Porosity e�ect.
2010 MSC: 80A20,80A23,80A97.

Nomenclature:

A positive dimensionless constant
Br Brinkmann number
b0 width of magnets and electrode
cp heat speci�c capacity
j0 applied current density of electrodes
k∗ mean absorption coe�cient
L length of surface
M0 magnetization of the permanent magnets
M Marangoni parameter
Nux̂ local Nusstle number
ne exponent constant
Pr Prandtl number
Qh Hartmann number
q dimensionless quantity
Rs Radiation parameter
T Temperature of nano�uid
Tw Temperature of �uid at Riga plate
T∞ nano�uidic temperature far away from the Riga surface
Greek symbols
αnf nano�uid e�ective density
γT coe�cient of temperature by surface tension
g dimensionless temperature
σ∗ Stefen Boltzman constant
η similarity variable
ρnf nano�uid density
knf thermal conductivity of nano�uid
λp porosity factor
ν kinematic viscosity
σT temperature gradient of surface tension
δ surface tension
δ0 constant
∆T constant characteristic temperature
ϕn volume of solid fraction
ψ stream function

1. Introduction

An increased rate of heat transfer in numerous devices with high speed �ow is one of the major issues of
present-day innovation. Therefore, it is essential to ensure adequate cooling system due to its applications
in industry [1-2]. This problem can be solved by making use of nano�uids. The classical �uids' thermal
conductivity can be enhanced by nano�uids in �uid systems. [3] were the �rst analyst who introduced
the revolutionary idea of nano�uids comprising a base �uid with suspended nanoparticles. [4] highlighted
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the heat transportation process in nanoparticles of radiative heat �ux in nanomaterials. He analyzed that
suspension of the nanoparticles enhances the temperature and decreases the surface heat �ux. Rana et
al. [5] studied the nano�uidic �ow moving through a vertical plate and discussed the di�erent impacts of
nanoparticle by the use of revised model of Buongiorno. They noticed that the nanoparticles aggregation
drastically intensi�ed the temperature whereas the velocity become decreased. Swain and Mahanthesh [6]
observed the increasing behavior of magneto based three-dimensional radiating nanoliquid with di�erent
e�ects. Results suggest that the nanoparticles aggregation substantially enhances the thermal property and
impact of magnetism is greater in ordinary �uid �ow in comparison to classical nanoliquid. Mahanthesh et
al. [7] numerically solved the MHD �ow of nanoliquid past a bidirectional stretching plate. Sabu et al. [8]
explored the kinematics aggregation of nanoparticle on MHD- convective �ow of nanomaterial over a �at
surface with sensitivity evaluation. Results show that the �uid motion signi�cantly decreases as the plate's
inclination increases, while temperature is improved. Ahmed et al. [9] performed a numerical study of the
hydraulic driven thermal execution of nano�uids in a scraped channel stream utilizing hybrid nanoparticles.
Results witnessed that the high amount of nanoparticles's volume fraction, the rate of heat transfer and
pressing factor adopted an upward trend. In center of a square based chamber, an impact of volume fraction
and radiation on (CNTs) nanoliquid stream is inquired by Reddy et al. [10]. They investigated that the 5
percent amount of SWCNTs is added to base �uid, expanded up to 6 percent the nano�uid heat transfer
rate. Also, numerous investigations relevant to the nano�uids have been done in [11-15].

Interfacial phenomena are one of incredible areas of heat transfer processes. The interfacial boundary
(the boundary between two phases), has very distinct characteristics compared to the bulk phase and has
importance in a variety of chemical engineering procedures. The interface between two phases may control
the transportation process, for instance, the reaction at the interface, adsorption, heterogeneous catalysis,
and liquid-liquid extraction. One of the sophisticated techniques which focuses on the interface between
di�erent phases is Marangoni (thermo-capillary) convection. The Marangoni convection implies the mass
exchange because of gradients of the surface tension among �uids (gas-gas or gas-liquid) interfaces. In 1855,
this fascinating idea is initially presented by James Thomson a physicist as "tears of wine". There is numerous
viable utilization of Marangoni convection like adjustment of cleanser �lms, utilized in the manufacturing of
an incorporated circuit, Benard cell or convection cell and to dry the silicon wafer [16-19]. Gul et al. [20]
worked on the MHD based �lm stream of lamp oil contains nano�uid a�ected by Marangoni convection.
They observed the upward trend in a �uid motion for the larger amount of the Marangoni number. Zhang
et al. [21] investigated heat and �ow transference in a Maxwell �uid �ow in the presence of Marangoni
convection. They noticed that enhancing the Marangoni convection brings a decline in the �lm thickness.
Gul et al. [22] studied the Marangoni convective �ow based on Graphyne Oxide nano�uids by integer and
non-integer orders. Qayyum et al. [23] elucidated the dynamical hybrid nano�uid related �uid �ow with
existence of Marangoni convection. The study reveals that high performance is found in heat transfer rate
for a larger amount of Marangoni number.

The behavior of electrically controlled �uids for instance, plasma, �uid metals, and electrolytes can be
controlled and altered by introducing magnetic �elds in the �ow. This kind of �ow, traditionally called
as electro-magnetohydrodynamic (EMHD), assumes an important part in �eld of science and modern ap-
proaches, for instance, in designing, astronomy quakes, and sensors. However, in some EMHD �ows, where
the magnetic �eld does not induce strong currents in the �ow, the external electric powers are applied. For
this purpose, a researcher named Gailitis [24] introduced the power agent known as Riga plate which put
together the magnetic/electric �elds at the same time and, accordingly, which can make a divider correspond-
ing to the Lorentz forces in leading liquids. Vaidya et al. [25] looked into the e�ect of nano�uid �ow with
mixed convection past a stretching Riga surface. Results show that For better amount of Hartmann number,
the �uid speed enhances and temperature suppresses. Khashi'ie et al. [26] explored the phenomenon of the
stagnation point �ow with suction property of hybrid nano�uid over a Riga plate. They determined that
the temperature was increased for the larger amount of EMHD parameter, mixed convection, and suction
parameter. Nazeer et al. [27] addressed the scale analysis numerically for the Powell based Eyring nano�uid
over a stretching Riga plate in the presence of an internal resistance and entropy generation. They imple-
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Figure 1: Flow con�guration.

mented the Shooting method for accurate results and fast convergence. Bhatti and Michaelides [28] worked
on Riga plate of Arrhenius activated energy with thermo-bio-convective nano�uid. It is observed from the
consequences that the bio-convection Rayleigh number and magnetic �eld weaken the velocity pro�le. Iqbal
et al. [29] addressed the heat transfer with melting phenomenon with erratic thickness of the nano�uidic
model towards a Riga plate. They employed the Keller Box scheme to simulate the highly nonlinear problem.
Also, some other relevant fantastic studies can be seen in the literature [30-34].

In heat �ux related problems, the in�uences of di�erent types of nano�uids have been studied with distinct
systematic approaches by the researchers. However, To the quality of the authors expertise, no enterpriser
has yet been indorsed to use the Marangoni convection over a porous Riga plate. Mostly, the researchers give
preference to deal with �ow �eld through moving surfaces, while the novelty of present research is to observe
the e�ects of Lorentz forces generated by Riga plate and porosity phenomena in Marangoni convection.
Hence, a new model of two types of nanoliquid (i.e., Water- SWCNTs and Water- MWCNTs) because of
Marangoni convective �ow on a porous Riga surface when solar radiation and viscous dissipative phenomena
are constructed and simulated through homotopy analysis method (HAM) in literature [35-40] to achieve
the above-highlighted �ow characteristics. Additionally, the validity of HAM solution is crystal clear in
comparison to Galerkin Finite Element Method (GFEM) for concerned liquid parameters.

2. Flow model

A steady, incompressible 2D, Marangoni (thermo-capillary) convection of nano�uids (CNTs−H2O) on a
Riga plate is taken into account. A Marangoni boundary constraint is considered as for this proposed model.
(x̂, ŷ) is a system of cartesian coordinate (x̂, ŷ) is considered, where �ow direction towards x̂− axis and per-
pendicular direction of �ow is taken by ŷ− axis. Two �uids are immiscible at an interface and the thermal
layer thickness decreases because of Riga plate therefore, free surface is assumed to be �at. T̂w = T̂∞+Ax̂ne+1

is considered as the temperature variable on the interface, where the outer �ow temperature is T̂∞. Heat
transfer rate is studied with the �lm subjected to dissipated viscous �lm and thermal radiative phenomena.
The porosity impact on the �uid �ow are also part of the proposed model and its physical structure can be
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evoked in Figure 1. Under all assumptions, the mathematical structure of present �ow can be written as

Conservation of Mass [40-43]

∂v̂

∂ŷ
= −∂û

∂x̂
, (1)

Conservation of Linear Momentum [40], [43]

û
∂û

∂x̂
= −v̂ ∂û

∂ŷ
+
µnf
ρnf

∂2û

∂ŷ2
−
µnf
ρnf

û

k̃0
+
πM0j0Exp[

−π
b0
ŷ]

8ρnf
, (2)

Conservation of Energy [40-41]

û
∂T̂

∂x̂
= −v̂ ∂T̂

∂ŷ
+

µnf
(ρcp)nf

(
∂û

∂ŷ
)2 +

knf
(ρcp)nf

∂2T̂

∂ŷ2
− 1

(ρcp)nf

16σ∗T̂ 3
∞

3k∗
∂2T̂

∂ŷ2
, (3)

Boundary conditions [40-43]

∂û

∂ŷ
= − 1

µnf

∂T̂

∂x̂

dδ

dT̂
, T̂∞, û→ ∞, at ŷ → ∞, v̂ = 0,

T̂ = T̂w at ŷ → 0,

(4)

Here, the cartesian velocity coordinates are (û, v̂) in directions of x̂ and ŷ, µnf is the nano�uid dynamical
viscosity, ρnf is the nano�uid density, k̃ is porosity parameter, j0 is the density of applied current inside
the electrodes, M0 is the permanent magnetization, b0 is the electrode and magnets width, knf is thermo-
conductivity , (cp)nf is heat capacity, σ

∗ is Boltzman Stefan constant, and k∗ is absorption mean coe�cient,

T̂ is �uid temperature, T̂∞ is an external �ow temperature, T̂w is wall temperature, δ is the surface tension

and δ = (T̂ − T̂∞)
γ
T̂
2 + δ0 where, δ0 is constant with positive values, γ

T̂
= − ∂δ

∂T̂
|
T̂=T̂∞

and µnf
∂û
∂ŷ = − dδ

dT̂

∂T̂
∂x̂

denotes Marangoni condition at the interface.

ψ is the stream function where û = ∂ψ
∂y and v̂ = −∂ψ

∂x is presented in Equations (1)-(4) to achieve

−∂ψ
∂x

∂2ψ

∂y2
=− ∂ψ

∂y

∂2ψ

∂x∂y
+
µnf
ρnf

∂3ψ

∂y3
−

−
µnf
ρnfk0

∂ψ

∂y
+
πM0j0e

[ −π.η

b0x̂
ne−1

3 (
σ
T̂
∆Tρf

Lne+1µ2
f

)
1
3

]

8ρnf
,

(5)

∂ψ

∂y

∂T̂

∂x̂
=
∂ψ

∂x

∂T̂

∂ŷ
+

µnf
(ρcp)nf

(
∂2ψ

∂ŷ2
)2 +

+
knf

(ρcp)nf

∂2T̂

∂ŷ2
− 1

(ρcp)nf

16σ∗T̂ 3
∞

3k∗
∂2T̂

∂ŷ2
,

(6)
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µnf
∂2ψ

∂ŷ2
= −

d((T̂ − T̂∞)
γ
T̂
2 + δ0)

dT̂

∂T̂

∂x̂
,

∂ψ

∂x
= 0,

T̂ = T̂w at ŷ → 0,

T̂ → T̂∞,
∂ψ

∂y
→ ∞, at ŷ → ∞.

(7)

Here, µnf
∂2ψ
∂ŷ2

= −d((T̂−T̂∞)
γ
T̂
2
+δ0)

dT̂

∂T̂
∂x̂ shows the Marangoni term.

The main di�erence among natural and thermocapillary (Marangoni �ow) convection is that in natural
convection, the �uid motion is encouraged by natural way while, in thermocapillary convection, the �uids
motion is encouraged by temperature-induced surface tension gradients means [42-49].

Nano�uid properties [20], [43], [50]

(1− ϕn)
2.5µnf = µf ,

k̆nf = ln
k̆CNT + k̆f

2k̆f
.k̆f

2ϕn
k̆CNT

k̆CNT−k̆f
+ (1− ϕn)

2ϕnln
k̆CNT+k̆f

2k̆f

.
k̆f

k̆CNT − k̆f
+ (1− ϕn),

(ρcp)nf = (ρcp)f (1− ϕn) + ϕn(ρcp)CNT .

(8)

Similarity transformations [40], [51]

ψ(x̂, ŷ) = x̂
ne+2

3 f(η)(
σ
T̂
∆T̂ µf

Lne+1ρ2f
)
1
3 , η = x̂

ne−1
3 ŷ(

σ
T̂
∆T̂ ρf

Lne+1µ2f
)
1
3 ,

T̂w =
∆T̂

Lne+1
x̂ne+1g(η) + T̂∞.

(9)

Here, ψ is known as stream function, σ
T̂
is for surface tension, ∆T̂ is temperature characteristic, L is surface

length, respectively.

Transformed system of ODEs

(1− ϕn)
−2.5f

′′′
+ (

ρCNT
ρf

ϕ+ 1 + ϕ)[
ne + 2

3
ff

′′ − 2ne + 1

3
f

′2]−

−(1− ϕn)
−2.5Mλpf

′
+Qhe

[−qη] = 0,

(10)

(
knf
kf

+Rn)g
′′ − [

(ρcp)CNT
(ρcp)f

ϕn + 1− ϕn](ne + 1)gf
′
+

[(ρcp)CNT ((ρcp))
−1
f ϕn + 1− ϕn]Pr(ne + 2)3−1fg

′

+(g
′′
)2.(1− ϕn)

−2.5Br,

(11)

f = 0, f ′′ = −(1− ϕn)
2.5(1 + ne), g = 1, at η = 0,

f ′ → 0, g → 0, η → ∞.
(12)

Here, λp is the porosity factor, M is Marangoni number, Rs is radiation, Pr is well-known Prandtl pa-
rameter, Br is Brinkmann parameter, Qh is Hartmann number, and q is the dimensionless positive constant,
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Table 1: Thermal physical values for selected nanoparticles and proposed base �uid

Sha�q et al. [43]

Physical characteristics H2O SWCNTs MWCNTs
ρ̆(kg/m3) 9971

10 2600.0 1600.0
c̆p(J/kgK) 04179 425.0 796.0

k̆(W/mK) 613
1000 6600.0 3000.0

respectively. Mathematically, the variables are

λp =
µ

4
3
f

k0
, M =

L
2ne+2

3

σ
2
3
T∆T

2
3 ρ

2
3
f

, Rs =
4σ ∗ T 3

∞
kfk∗

,

Pr =
νf
αf
, Br =

σT∆Tµ
−12
f

4
3

kfL
(ne+1)

3

x̂
−1+ne

3 ,

Qh =
µ

2
3
f L

(ne+1)
3 πM0J0

8σ
4
3
T∆T

1
3

, q =
π

b0
(
Ln+1µ2f
σT∆Tρf

)
1
3 .

(13)

Further, the thermal physical characteristics of H2O/CNTs are presented in Table 1.

In a �uid, the ratio between convection to conduction at a boundary is the Nusselt number. Convection
comprises both di�usion and advection. The physical coverage of engineering interest is Nusselt value, which
is stated as Chaudhary et al. [40].

Nux̂ = −(Rs +B)(
σT∆Tρf
Lne+1µ2f

)
1
3 x̂

ne+2
3 g

′
(0). (14)

Here, Rs = 4σ∗T 3
∞

kfk∗ is for radiation and B =
knf

kf
is ratio between the nano�uid and base �uid's thermal

conductivity.

3. Analytical solution

The homotopy analysis method is selected to obtain the series solution of underlying model [44-45]. This
procedure starts by considering initial base functions, which can be written as Noeiaghdam et al. [46].

f̂0(η) = (1− exp(−η))(1 + ne)(1− ϕn)
2.5, ĝ0(η) = exp(−η), (15)

the solution cannot exist properly without the following nonlinear operators by Chen et al. [47].

L
f̂
(f̂) = −df̂

dη
+
d3f̂

dη3
, Lĝ(ĝ) = −ĝ + d2ĝ

dη2
, (16)

along with (Chen et al. [47])

L
f̂
[M1 + J2e

η +M3e
−η] = 0, Lĝ[M4e

η +M5e
−η] = 0. (17)
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Here, Mi are arbitrary values, where i = 1 − 5. The zero order problem can be presented in the following
way

L
f̂
[f̂ − f̂0].(1− p) = pℏ

f̂
L
f̂

[
f̂
]
, (18)

∂f̂

∂η

∣∣∣∣∣
η = 0

= 0,
∂2f̂

∂η2

∣∣∣∣∣
η =0

= − (1 + ne)

(1− ϕn)2.5
,

∂f̂

∂η

∣∣∣∣∣
η →∞

= 0, (19)

Lĝ[ĝ.(1− p)− ĝ0] = pℏĝLĝ
[
ĝ, f̂

]
, (20)

ĝ|η = 0 = 1, ĝ|η→∞ = 0. (21)

The operators which are nonlinear can be stated as

L
f̂
(f̂) = (1− ϕn)

−2.5f̂
′′′
+ (1 +

ρCNT
ρ
f̂

ϕn)(
ne + 2

3
)f̂ f̂

′′−

(1 +
ρCNT
ρ
f̂

ϕn + ϕn)(
2ne + 1

3
)f̂

′2

−(1− ϕn)
−2.5λpMf̂ ′ +Qhe

−qη,

(22)

Lĝ(f̂ , ĝ) = ĝ
′′
(Rs + knf (kf )

−1)+

+((ρcp)CNT ((ρcp)f̂ )
−1ϕn + 1− ϕn)Pr(

ne + 2

3
)f̂ ĝ

′

−(
(ρcp)CNT
(ρcp)f̂

ϕn + 1− ϕn)ĝ
′
(ne + 1)f̂

′
+Br(ĝ

′′
)2(1− ϕn)

−2.5

(23)

Here, 0 ≤ p ≤ 1 and ℏ
f̂
and ℏĝ are auxiliary values which are zero free.

The mth order model is
L
f̂
[f̂m − χmf̂ ] = ℏ

f̂
Nf̂m, (24)

∂f̂m
∂η

|η→∞ = 0, f̂m|η=0 = 0
∂2f̂m
∂η2

|η=0 = 0, (25)

Lĝ[ĝm − χmĝm−1] = ℏĝNĝm, (26)

ĝ|η→∞ = 0 , ĝ|η=0 = 0, (27)
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Nf̂m = (1− ϕn)
−2.5f̂

′′′
m−1+

+(
ρCNT
ρ
f̂

ϕn + 1 + ϕn)(
ne + 2

3
)
m−1∑
k=0

f̂kf̂
′
m−1−k−

−(
ρCNT
ρ
f̂

ϕn + 1 + ϕn)(
2ne + 1

3
)

m−1∑
k=0

f̂
′′2
k −

−(1− ϕn)
−2.5Mλp

m−1∑
k=0

f̂
′
k +Qhexp[−qη],

(28)

Nĝm = (
knf
kf

+Rs)ĝ
′′
m−1+

+(
(ρcp)CNT
(ρcp)ĝ

ϕn + 1− ϕn)Pr(
ne + 2

3
)f̂m−1−kĝ

′
k−

−[((ρcp)f̂ )
−1(ρcp)CNTϕn + 1−

−ϕn](ne + 1)ĝm−1−k

m−1∑
k=0

[rf̂
′
k + (1− ϕn)

−2.5
m−1∑
k=0

Brĝ
′′

k2 ,

(29)

where

χm̂ =

{
0.0 if m̂ ≤ 1,
1.0 if m̂ > 1.

(30)

For p = 0.0,

f̂ = f̂0, ĝ = ĝ0, (31)

For p = 1.0,
f̂ = f, ĝ = ĝ. (32)

f̂ and ĝ are the problem solutions which is change from the initial solutions f̂0 and ĝ0(η) to terminal solutions
f̂ and ĝ, respectively. In addition, Taylor's series is:

f̂ =
∞∑
m=1

f̂mp
m + f̂0, f̂m = (m!)−1∂

mf̂

∂pm
|p=0, (33)

ĝ =

∞∑
m=1

ĝmp
m + ĝ0, ĝm = (m!)−1∂

mĝ

∂pm
|p=0. (34)

It is necessary to choose proper auxiliary parameters for the above series solutions convergence. Thus,

f̂ =
∞∑
m=1

f̂m + f̂0, (35)
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Figure 2: ℏ-curves for the SWCNTs based nano�uid

∞∑
m=1

ĝm + ĝ0 = ĝ. (36)

The general form of a solutions for the proposed model (f̂m, ĝm) with the help of a special kind of functions
(f̂@m, ĝ

@
m) are

f̂m = f̂@m +M1 +M2exp(η) +M3exp(−η), (37)

ĝm = ĝ@m +M4exp(η) +M5exp(−η). (38)

Here, arbitrarily constants are Mi(i = 1− 5).

3.1. Convergence

The HAM convergence authenticity is based on auxiliary parameters, which are ℏf and ℏg. These
parameters work for derived series solution to adjust the convergence. Therefore, Figure 2 and Figure 3 are
illustrated to present ℏ− curves for various liquid parameters. A convergence era of ℏf -curve and ℏg-curve
estimators for SWCNTs based nano�uid is −3.5 ≤ ℏf < 3.5 and −6.0 ≤ ℏg < 7.3, respectively. Likewise,
the convergence of ℏf -curve and ℏg-curve estimators for MWCNTs based nano�uid is −5.1 ≤ ℏf < 4.7 and
−2.0 ≤ ℏg < 2.0, respectively.

4. Physical description

The velocity, temperature pro�les, and heat transfer rate is committed to analyze in this section by means
of involved appropriate boundaries for both types of nano�uid. For this reason, Figures 4-13 are illustrated.

5. Velocity

For a detailed observation of velocity �elds f(η) against relevant parameters for di�erent CNTs, Figures
4-8 are developed. Figure 4 illustrates the e�ect of Marangoni parameterM (�ow of a liquid due to gradients
in the surface tension of the liquid) on the speed function for both kinds of nano�uids (Water-SWCNTs
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Figure 3: ℏ-curves for the MWCNTs based nano�uid

and Water-MWCNTs). It is noted that motion of �uid speeds up because of higher values of Marangoni
parameter for both nano�uids. Physically, this is happening due to high gradients generated in �uid motion
which in turns upsurges the �uid motion. In addition, it is seen that Water-MWCNTs has a better per-
formance than Water-SWCNTs nano�uids. Figures 5 deals with the impact of nanoparticles solid volume
ϕn ( the ratio among the volume of a constituent and all mixture constituents initial to mixing) against the
velocity �eld for both kinds of nanoparticles. Velocity f(η) shows a downward behavior for higher variation
in nanoparticle solid volume fraction ϕn = 0.01, 0.02, 0.03. Physically, to develop the dynamical viscosity,
strong nano-particles are suspended into the framework. The superb observation has been found for Water-
SWCNTs nano�uid as compared to Water-MWCNTs nano�uid due to the high density of SWCNTs.
Figure 6 demonstrates the features of the velocity pro�le against the porosity factor λp (the volume of pores
divided by bulk rock volume). It is noted that magnitude of velocity declines for the larger amount of λp
for each Water-SWCNTs and Water-MWCNTs. Physically, this is due to the fact that the outcomes are
high dependent to frictional based forces which create deceleration in a �uid velocity. Although in compari-
son to SWCNTs, the MWCNTs performs better. Figure 7 shows the trend of velocity against Hartmann
value Qh (the electromagnetic based force divided by viscous force) for both types of nano-structures. Here,
f(η) rises for larger estimations of Qh, which is an increasing function of Lorentz forces for both types of
nano�uids. Physically, the internal resistance of �uid particles increases due to enlargement in Qh. One can
see that Water-MWCNTs has an excellent performance with respect to Water-SWCNTs. In Figure 8, the
velocity pro�le is drawn against the exponential index ne. One can observe a growing behavior of ne for
Water-SWCNTs as well as for Water-MWCNTs. Aditionally, it is seen that nanoparticle's performance in
Water-SWCNTs is more than as compared to Water-MWCNTs because MWCNTs based nanoparticles
have more density than SWCNTs. Further, Table 2 presents −f ′′(0) values for each Water-SWCNTs and
Water-MWCNTs with respect to di�erent parameters. Water-SWCNTs nano�uid has a better performance
than Water-MWCNTs due to high density of SWCNTs.
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Figure 4: f ′(η) versus M .
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Figure 5: f ′(η) versus ϕn.
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Figure 6: f ′(η) versus λp.
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Figure 7: f ′(η) versus Qh.
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Figure 8: f ′(η) versus ne.

Table 2: −f ′′(0) data for the speci�ed parameters.

ne λp Qh ϕn M SWCNTs MWCNTs

0.1 0.1 0.2 0.1 0.1 0.691949 0.78408
0.3 0.778863 1.00737
0.5 0.98263 0.845264
0.1 0.0 0.2 0.1 0.1 0.856912 0.696652

0.2 0.694957 0.70241
0.4 0.700847 0.708013

0.1 0.1 0.0 0.1 0.1 0.845277 0.845277
0.1 0.618459 0.629774
0.2 0.691949 0.5746

0.1 0.1 0.2 0.2 0.1 0.661779 0.449839
0.3 0.517881 0.344886
0.4 0.400143 0.603713

0.1 0.1 0.2 0.1 0.2 0.355283 0.70241
0.3 0.697923 0.705231
0.4 0.700847 0.708013
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6. Temperature

Impact of Brinkmann number Br (the heat generated viscous dissipation divided by molecular conduction
based heat transported), radiation parameter Rs (the relative contribution of conduction heat transfer to
thermal radiation transfer), nano�uids solid volume fraction ϕn (the volume of a constituent divided by the
volume of all constituents of the mixture prior to mixing), porosity parameter λp (the pores volume divided
by the bulk rock volume), and exponential index ne on temperature pro�les for each type of nano�uids can
be seen in Figures 9-13. Since, SWCNTs and MWCNTs are water based nano�uids therefore, the value of
Pr is considered as 6.2. Figure 9 depicts behavior of the temperature pro�le far away from surface for higher
values of Br. It can be seen that temperature declines for both types of nano�uids. However, the �uid's
temperature enhances near to the wall, and there is the intersecting point between �uid temperature line
and di�erent CNTs based nano�uids. For physical point of view, this situation can be clari�ed as in process
of dissipation; thermo-boundary layer suppressed in �uid �ow zone by viscosity of �uid and deformative
�exibility. Further, Water-SWCNTs based nano�uid performed well as compared to Water-MWCNTs
nano�uid because SWCNTs is more conductive than MWCNTs. Figure 10 con�rms the variation of g(η)
against radiation parameter Rs. The temperature declines for higher estimations of Rs whereas temperature
increases near the interface and then turn to intersect at η = 1 for both nanoliquids. Actually� this has
happened due to the wavelength of peak emission in a �uid. Moreover, one can note that Water-MWCNTs
perform excellent than Water-SWCNTs due to more heat volume of MWCNTs. The signi�cance of the
fraction of solid volume for either kinds of nanoparticles on temperature is sketched in Figure 11. The
temperature of �uid decays for higher ϕn while the initial temperature adopts the upward trend and intersects
at η = 1 for both CNTs based nano�uids. Physically, an increase in ϕn causes an increase in momentum
di�usion rate which implies diminishing of the temperature. Further, it is observed that Water-SWCNTs
nano�uid adopted upsurge trend as compared to Water-MWCNTs nano�uid. Figure 12 delineates the
e�ect of λp porosity factor against temperature pro�le. One can observe that initially, a downward trend
in temperature is followed for larger λp, soon after for η > 1, an opposite trend is observed in terms of
temperature for either types of nano�uids. Physically, this is attributed to the fact that an increase in
permeability means more �uid is allowed to pass far away from surface sheet hence getting heated. This
in turn results in enhancement in overall �uid temperature. Finally, Figure 13 depicts the in�uence of ne
exponential index against temperature for SWCNTs and MWCNTs based nano�uids. Results witnessed
that the temperature boosts up for higher values of ne for η > 1 but near the wall the opposite behavior can
be seen and for η = 0.8 for both nano�uids perform same. This has happened on account of the thickness of
thermal boundary layer shoot up for increasing values of exponential index, which enhances the temperature
pro�le. Further, Water-MWCNTs based nano�uid shows higher than Water-SWCNTs due to multiple
concentric layers of graphene are comprising in the structure of MWCNTs.

6.1. Nusselt number

Table 3 outlines the e�ects of exponential index ne, porosity factor λp, Hartmann number Qh, nanopar-
ticle solid volume fraction ϕn, radiation parameter Rs, Brinkmann number Br, and Marangoni convective
parameter M , on Nusselt number/rate of heat transfer Nux̂. Here, one can clearly observe that Nux̂ is
seen high for increased value of ne, Qh, ϕn, Rs, and M , respectively. However, alternate response is noted
in Nux̂ for higher estimations of λp and Brinkmann number Br. It means that Lorentz forces, radiation,
nanoparticle solid volume fraction, and Marangoni parameter are prominent on the heat transfer rate. One
can observe that by the variation of ϕn, λp and Rs, the MWCNTs based nanoparticles transfer more heat
from the �uid rather than the SWCNTs based nanoparticles. Physically, this is due to high speci�c heat
capacity of MWCNTs based nanoparticles than SWCNTs based nanoparticles. Further, SWCNTs have
less surface defect in comparison to MWCNTs during functionalization. Table 4 is introduced for a parallel
comparative analysis and to look over the legitimacy of our solutions. The obtained solutions via HAM have
a fantastic agreement with selected parameters for either kinds of nanoliquids; although, the outcomes of
GFEM are a bit speci�c however the version trend is comparable in all of situations.
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Figure 9: g(η) versus Br.
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Figure 11: g(η) versus ϕn.
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Figure 13: g(η) versus ne.

Table 3: Nusselt number numerical data for the speci�ed parameters.

Re
−1
2

x̂ Nux̂
ne λp Qh ϕn Rs Br M SWCNTs MWCNTs

0.1 0.1 0.2 0.1 0.2 0.4 0.2 4.4576 3.84545
0.3 4.81999 4.16894
0.5 5.14929 4.4703
0.1 0.0 0.2 0.1 0.2 0.4 0.2 4.57225 3.91481

0.2 4.35214 3.78034
0.4 4.16561 3.66203

0.1 0.1 0.0 0.1 0.2 0.4 0.2 3.80422 3.4942
0.1 4.13296 3.67012
0.2 4.4576 3.84545

0.1 0.1 0.2 0.2 0.2 0.4 0.2 6.31326 5.4951
0.3 7.71553 6.79265
0.4 8.74407 7.73593

0.1 0.1 0.2 0.1 0.3 0.4 0.2 4.57038 3.95305
0.5 4.79127 4.16424
0.7 5.5467 4.37022

0.1 0.1 0.2 0.1 0.2 0.2 0.2 4.0694 3.87436
0.6 4.00917 3.81654
0.8 3.97905 3.78763

0.1 0.1 0.2 0.1 0.2 0.4 0.1 6.12326 5.9451
0.3 7.17553 6.97265
0.5 8.47407 7.37593



Islam Zari. et al., Adv. Theory Nonlinear Anal. Appl. 7 (2023), 61�81. 79

Table 4: Comparative data of −g′(0) with GFEM [40].

ne ϕn λp Qh Rs Br M SWCNTs MWCNTs

GFEM HAM GFEM HAM

0.1 0.1 0.2 0.1 0.50 0.1 0.0 1.4334266 1.40118 1.5338833 1.59703
0.04 1.9510110 1.8684 2.0119659 2.34384
0.1 0.4 - 1.81845 - 1.52405

0.2 0.1 0.0 1.4334266 1.40118 1.5338833 1.59703
3.0 1.2928663 1.24689 1.379143 1.30881
0.50 1.0 1.3230864 1.36729 1.4214820 1.41694

7. Concluding remarks

The e�ects of Lorentz forces, porosity factor, viscous dissipation, thermal radiation, and Marangoni con-
vection in nanoliquid with di�erent types of CNTs based nanoparticle aggregation such as Water-SWCNTs
and Water-MWCNTs are investigated in this research. The governing equations are coupled due to the
presence of Marangoni (thermocapillary) convection. The observation indicated that the pro�le of velocity
seems to be an upward trend via Hartmann number Qh and Marangoni parameterM for both SWCNTs and
MWCNTs based nanoliquid in �uid �ow. The velocity pro�le shows decline behavior for the larger amounts
of ne, λp, and ϕn for SWCNTs and MWCNTs based nano�uid. The presence of Qh, ϕn, Rs, and Br show
decrease in the temperature pro�le for either kinds of nanoparticles. The temperature pro�le boosts up for
growing amount of porosity term λp and exponent term ne for each kind of nano�uids. Further, the rate of
heat transfer speeds up for Hartmann number Qh, fraction of solid volume of nanoparticles ϕn, Radiation
Rs, exponential term ne, and Marangoni parameter M while the opposite trend is for Brinkman number Br
and observe porosity factor λp for SWCNTs as well as for MWCNTs nanoparticles.
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