
383 

 

Yuzuncu Yil University 

Journal of the Institute of Natural & Applied Sciences 
 

https://dergipark.org.tr/en/pub/yyufbed  

 

Research Article 

Approximation Properties of a Class of Kantorovich Type Operators Associated with 

the Charlier Polynomials 
 

Kerem GEZER, Mine MENEKŞE YILMAZ* 
  

Gaziantep University, Science and Arts Faculty, Mathematics Department, 27310, Gaziantep, Türkiye  

Kerem GEZER, ORCID No: 0000-0001-6715-845X, Mine MENEKŞE YILMAZ, ORCID No: 0000-0002-

9242-8447 
*Corresponding author e-mail: menekse@gantep.edu.tr 

 
  

Article Info 

 

Received: 11.10.2022 

Accepted: 13.01.2023 

Online August 2023 

 

DOI:10.53433/yyufbed.1187512  

 

Keywords 

Charlier Polynomials, 

Kantorovich type operators, 

Uniform convergence, 

Voronovskaya type theorem 

Abstract: In this paper, we introduce a kind of Charlier polynomial-based Szász-

Kantorovich type operator. We begin by using Korovkin's theorem to demonstrate 

the uniform convergence of these operators. Second, using mathematical 

techniques like Peetre’s 𝒦-functional notion and the common modulus of the 

operators, we evaluate the order of convergence of the operators. Third, we use 

the Voronovskaya type approximation theorem to derive an asymptotic formula 

for the operator we gave. Finally, we give a numerical example using Maple 

2022. 
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Düzgün yakınsaklık 

Kantorovich tipi operatörler,  

Voronovskaya tipi teorem 

Öz: Bu çalışmada, Charlier polinom tabanlı Szász-Kantorovich tipi bir operatör 

tanıtıyoruz. Bu operatörlerin düzgün yakınsamasını göstermek için Korovkin 

teoremini kullanarak başlıyoruz. İkinci olarak, Peetre’ ın 𝒦-fonksiyonel 

kavramı ve operatörlerin olağan süreklilik modülü gibi matematiksel teknikleri 

kullanarak, operatörlerin yakınsama oranını değerlendiriyoruz Üçüncüsü, 

verdiğimiz operatör için asimptotik bir formül türetmek için Voronovskaya tipi 

yaklaşım teoremini kullanıyoruz. Son olarak Maple 2022 kullanarak sayısal bir 

örnek veriyoruz. 

  

 

1. Introduction  

 

Otto Szász (1950) defined the following linear positive operators 

 

𝑃𝑛(𝑢; 𝑓) = 𝑒−𝑢𝑥 ∑

  
(𝑢𝑥)𝑘

𝑘!

∞

𝑘=0

𝑓 (
𝑘

𝑢
) , 𝑢 > 0. 

 

 

(1) 
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He presented a uniform approximation for continuous functions on [0, ∞). Several authors 

presented various types of these operators and gave their approximation properties in some functional 

spaces (Jakimovski & Leviatan, 1969; Păltănea, 2008; Aral et al., 2014; Atakut & Büyükyazıcı, 2010 

and 2016, Ağyüz, 2021; Aslan, 2022; Aslan & Mursaleen, 2022).  

Varma & Tasdelen (2012) presented a form of the Szász operators based on Charlier 

polynomials 𝐶𝑘
𝛼(𝑥) (Ismail, 2005) having the generating function of the form: 

 

𝑒−𝑎𝑤(1 + 𝑤)𝑥 = ∑
  𝐶𝑘

(𝑎)
(𝑥)𝑤𝑘

𝑘!

∞

𝑘=0

, 𝑎 ≠ 0, 
(2) 

 

and the explicit form of the Charlier polynomial is  

 

𝐶𝑘
(𝑎)(𝑥) =  ∑ (

𝑘

𝑛
)

𝑘

𝑛=0

 (
𝑥

𝑛
) 𝑛! (−𝑎)𝑘−𝑛. 

 

(3) 

 

They described a new sequence that involves Charlier polynomials as follows: 

 

𝐿𝑛(𝑓; 𝑥, 𝑎) = 𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

∑
  𝐶𝑘

(𝑎)
   (−(𝑎 − 1)𝑛𝑥)

𝑘!
𝑓 (

𝑘

𝑛
)

∞

𝑘=0

, 
(4) 

 

where 𝑎 > 1 and 𝑥 ≥ 0. And also, they gave a Kantorovich-type generalization of the operators 𝐿𝑛. 

They obtained some approximation properties and studied the order of approximation for the operators 

Equation 4. For some articles based on Charlier polynomials, see: Agrawal & İspir (2016); Wafi & 

Rao (2016); Kajla & Agrawal (2016); Çavdar (2017); Ayık (2018); Ansari et al. (2020); Al-Abied et 

al. (2021). 

Based on Equation 4 for 𝑛 ∈ ℕ, we define the operators, denoted by 𝐾𝑛(𝑓; 𝑥), as follows: 

 

Definition 1  Let 𝐾𝑛: 𝐶[0, ∞) → 𝐶[0, ∞). For (𝑛 ∈ ℕ) , 0 ≤  𝛼 ≤ 𝛽, 𝑛 + 𝛽 ≥ 1 and 𝑓 ∈ 𝐶[0, ∞), the 

operators 𝐾𝑛 defined by 

 

𝐾𝑛(𝑓; 𝑥) = 𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

(𝑛 + 𝛽) ∑
𝐶𝑘

(𝑎)(−(𝑎 − 1)𝑛𝑥)

𝑘!
∫ 𝑓(𝑠)𝑑𝑠

𝑘+𝛼+1

𝑛+𝛽

𝑘+𝛼

𝑛+𝛽

∞

𝑘=0

, 
 

(5) 

 

where {𝐶𝑘
(𝑎)

}
𝑘=0

∞
are Charlier polynomials that are positive for 𝑎 > 1 and 𝑥 ≥ 0. 

The goal of the present study is to establish some approximation properties of the 

Kantorovich-type operators including Charlier polynomials defined by Equation 5. 

The rest of this paper is structured as follows:  

In the next section, we give some auxiliary lemmas for the operators 𝐾𝑛(𝑓; 𝑥). In the third 

section, we investigate the uniform approximation of the sequence {𝐾𝑛(𝑓; 𝑥)}𝑛=0
∞ , and then we 

estimate the order of convergence of the operators 𝐾𝑛with the help of the usual modulus of continuity 

and the Peetre’s 𝒦-functional. In the fourth section, we give a Voronovskaya-type theorem for the 

operators given in Equation 5. 

 

2. Material and Methods Preliminaries 

 

In this section, we give the following lemmas which are used in the theorems.  

 

Lemma 1  For 𝑎 > 1 and the operators 𝐾𝑛(𝑓; 𝑥), we have the following equalities: 

 

𝐾𝑛(𝑒0; 𝑥) = 1, (6) 
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𝐾𝑛(𝑒1; 𝑥) =
𝑛

𝑛 + 𝛽
𝑥 +

2𝛼 + 3

2(𝑛 + 𝛽)
, (7) 

 

𝐾𝑛(𝑒2; 𝑥) =
𝑛2

(𝑛 + 𝛽)2
𝑥2 +

𝑛𝑥

(𝑛 + 𝛽)2
(

4𝑎 − 3

𝑎 − 1
+ 2𝛼) +

3𝛼2 + 9𝛼 + 10

3(𝑛 + 𝛽)2
, (8) 

 

 

 𝐾𝑛(𝑒3; 𝑥) =
𝑛3𝑥3

(𝑛 + 𝛽)3
+

𝑛2𝑥2

(𝑛 + 𝛽)3
(

15

2
+

3

𝑎 − 1
+ 3𝛼)

+
𝑛𝑥

(𝑛 + 𝛽)3
(

31

2
+

15 + 6𝛼

2(𝑎 − 1)
+

2

(𝑎 − 1)2
+ 3𝛼2 + 12𝛼)

+
2𝛼3 + 18𝛼2 + 20𝛼 + 37

4(𝑛 + 𝛽)3
 

(9) 

 

𝐾𝑛(𝑒4; 𝑥) =
𝑛4𝑥4

(𝑛 + 𝛽)4
+

𝑛3𝑥3

(𝑛 + 𝛽)4
[12 +

6

𝑎 − 1
+ 4𝛼]

+
𝑛2𝑥2

(𝑛 + 𝛽)4
[46 +

36 + 12𝛼

𝑎 − 1
+

11

(𝑎 − 1)2
+ 30𝛼 + 6𝛼2]

+
𝑛𝑥

(𝑛 + 𝛽)4
[64 +

46 + 30𝛼 + 6𝛼2

𝑎 − 1
+

24 + 8𝛼

(𝑎 − 1)2
+

6

(𝑎 − 1)3
+ 4𝛼3

+ 24𝛼2 + 62𝛼] +
5𝛼4 + 30𝛼3 + 100𝛼2 + 185𝛼 + 151

5(𝑛 + 𝛽)4
, 

(10) 

 

where 𝑒𝑚(𝑠) = 𝑠𝑚 ∈ 𝐶[0, ∞), 𝑚 = 0,1,2,3,4. 
 

Proof  One shall obtain the desired results by using the generating function of Charlier polynomials 

directly in the equations. 

 

𝐾𝑛(𝑒0; 𝑥) = 𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

(𝑛 + 𝛽) ∑
  𝐶𝑘

(𝑎)
   (−(𝑎 − 1)𝑛𝑥)

𝑘!

∞

𝑘=0

∫ 𝑑𝑠

𝑘+𝛼+1

𝑛+𝛽

𝑘+𝛼

𝑛+𝛽

= 𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

(𝑛 + 𝛽)𝑒 (1 −
1

𝑎
)

−(𝑎−1)𝑛𝑥 1

𝑛 + 𝛽
= 1 

(11) 
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𝐾𝑛(𝑒1; 𝑥) = 𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

(𝑛 + 𝛽) ∑
  𝐶𝑘

(𝑎)
   (−(𝑎 − 1)𝑛𝑥)

𝑘!
∫ 𝑠𝑑𝑠

𝑘+𝛼+1

𝑛+𝛽

𝑘+𝛼

𝑛+𝛽

∞

𝑘=0

 

= 𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

(𝑛 + 𝛽) ∑
  𝐶𝑘

(𝑎)
   (−(𝑎 − 1)𝑛𝑥)

𝑘!
 [

𝑘

(𝑛 + 𝛽)2
+

2𝛼 + 1

2(𝑛 + 𝛽)2
]

∞

𝑘=0

 

= 𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

(𝑛 + 𝛽)  𝑒 (1 −
1

𝑎
)

−(𝑎−1)𝑛𝑥

(𝑛𝑥 + 1)
1

(𝑛 + 𝛽)2
 

+ 𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

(𝑛 + 𝛽)  𝑒 (1 −
1

𝑎
)

−(𝑎−1)𝑛𝑥 2𝛼 + 1

2(𝑛 + 𝛽)2
 

=
𝑛

𝑛 + 𝛽
𝑥 +

2𝛼 + 1

2(𝑛 + 𝛽)
. 

(12) 

 

We may similarly prove other cases. 

 

Lemma 2  For 𝑛 ∈ ℕ, the central moments for the operators 𝐾𝑛(𝑓; 𝑥) are given as follows: 

 

𝐾𝑛(𝑒1 − 𝑥; 𝑥) = (
𝑛

𝑛 + 𝛽
− 1) 𝑥 +

2𝛼 + 3

2(𝑛 + 𝛽)
 (13) 

 

 

𝐾𝑛((𝑒1 − 𝑥)2; 𝑥) = 𝑥2 (
𝑛

𝑛 + 𝛽
− 1)

2

+ 𝑥 (
𝑛

(𝑛 + 𝛽)2
(

4𝑎 − 3

𝑎 − 1
+ 2𝛼) −

2𝛼 + 3

(𝑛 + 𝛽)
) 

+
3𝛼2 + 9𝛼 + 10

3(𝑛 + 𝛽)2
. 

(14) 

 

 

𝐾𝑛((𝑒1 − 𝑥)4; 𝑥) = (
𝑛

𝑛 + 𝛽
− 1)

4

𝑥4 +
𝑛3

(𝑛 + 𝛽)4
(

12𝑎 − 6

𝑎 − 1
+ 4𝛼) 𝑥3 

+ (−
4𝑛2

(𝑛 + 𝛽)3
(

15𝑎 − 9

2𝑎 − 2
+ 3𝛼) +

6𝑛

(𝑛 + 𝛽)2
(

4𝑎 − 3

𝑎 − 1
+ 2𝛼) −

4𝛼 + 6

𝑛 + 𝛽
) 𝑥3

+ (
𝑛2

(𝑛 + 𝛽)4
[46 +

36 + 12𝛼

𝑎 − 1
+

11

(𝑎 − 1)2
+ 30𝛼 + 6𝛼2]

−
4𝑛

(𝑛 + 𝛽)3
(

31

2
+

15 + 6𝛼

2(𝑎 − 1)
+

2

(𝑎 − 1)2
+ 3𝛼2 + 12𝛼)

+
6𝛼2 + 18𝛼 + 20

(𝑛 + 𝛽)2
) 𝑥2 

+ (
𝑛

(𝑛 + 𝛽)4
[64 +

46 + 30𝛼 + 6𝛼2

𝑎 − 1
+

24 + 8𝛼

(𝑎 − 1)2
+

6

(𝑎 − 1)3
+ 4𝛼3 + 24𝛼2 + 62𝛼]

−
2𝛼3 + 18𝛼2 + 20𝛼 + 37

4(𝑛 + 𝛽)3
) 𝑥 

+
5𝛼4 + 30𝛼3 + 100𝛼2 + 185𝛼 + 151

5(𝑛 + 𝛽)4
. 

(15) 
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Proof  Due to the linearity property of the operators 𝐾𝑛 provides the following equality: 

 

 𝐾𝑛((𝑒1 − 𝑥)4; 𝑥) =  𝐾𝑛(𝑒4; 𝑥) − 4𝑥 𝐾𝑛(𝑒3; 𝑥) 

+6𝑥2 𝐾𝑛(𝑒2; 𝑥) − 4𝑥3 𝐾𝑛(𝑒1; 𝑥) + 𝑥4 𝐾𝑛(𝑒0; 𝑥). 
(16) 

 

Using Equation 6-10, we get Equation 13. Similarly, using the linearity property of  𝐾𝑛 , we obtain 

Equation 14 and Equation 15. 

 

Theorem 1  Let 𝐸: = {𝑓: [0, ∞) →  ℝ, |𝑓(𝑥)| ≤ 𝑐𝑒𝑏𝑥 , 𝑐 ∈  ℝ , 𝑏 ∈ ℝ+}. 

 If 𝑓 ∈ 𝐶[0, ∞) ∩ 𝐸, then 

 

lim
𝑛→∞

𝐾𝑛(𝑓; 𝑥) = 𝑓(𝑥) , (17) 

 

and the operators 𝐾𝑛 converge uniformly in each compact subset of [0, ∞). 

 

Proof  Considering Lemma 1, the following holds uniformly in each compact subinterval of [0,∞): 

 

lim
𝑛→∞

‖𝐾𝑛(𝑒𝑚; 𝑥) − 𝑥𝑚‖ = 0 for 𝑚=0,1,2. (18) 

 

 

According to Korovkin’s theorem (Korovkin, 1953), we obtain the desired result. 
 

3. Results 

 

3.1. Order of approximation 

 

 In this section, we establish the order of approximation of the operators 𝐾𝑛 to f with the aid of 

the modulus of continuity and Peetre’s 𝒦-functional. We begin this section by defining the concepts 

we will use in the theorems. 

 Let �̃�[0,∞) be the space of uniformly continuous functions on [0,∞). For 𝛿 > 0, the usual 

modulus of continuity 𝜔(𝑓; 𝛿): [0, ∞) → ℝ defined by 

 

𝜔(𝑓; 𝛿) ≔ sup
𝑥,𝑦∈[0,∞)
|𝑥−𝑦|≤𝛿

|𝑓(𝑥) − 𝑓(𝑦)|, (19) 

 

with the following properties 

 

|𝑓(𝑥) − 𝑓(𝑦)| ≤ 𝜔(𝑓; 𝛿) (1 +
|𝑥 − 𝑦|

𝛿
). 

(20) 

 

and 𝜆 > 0, 
 

𝜔(𝑓; 𝜆𝛿) ≤ (1 + 𝜆)𝜔(𝑓; 𝛿) ≤ (1 + 𝜆2)𝜔(𝑓; 𝛿). (21) 

 

(Barbosu, 2004). 

Let 𝐶𝐵[0, ∞) be the space of real-valued functions defined on [0, ∞) which are bounded and 

uniformly continuous with the norm ‖𝑓‖𝐶𝐵
= sup

𝑥∈[0,∞)
|𝑓(𝑥)|. 

Peetre’s 𝒦-functional of the function 𝑓 ∈ 𝐶𝐵[0, ∞) is defined as  

 

𝒦(𝑓; 𝛿) ∶= inf
𝑔∈𝐶𝐵

2[0,∞)  
{‖𝑓 − 𝑔‖𝐶𝐵

+ 𝛿‖𝑔‖𝐶𝐵
2} , (22) 
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where 𝐶𝐵
2[0, ∞) ≔  {𝑔 ∈ 𝐶𝐵[0, ∞): 𝑔′, 𝑔′′ ∈ 𝐶𝐵[0, ∞)} with the norm 

 
‖𝑔‖𝐶𝐵

2 ≔ ‖𝑔‖𝐶𝐵
+ ‖𝑔′‖𝐶𝐵

+ ‖𝑔′′‖𝐶𝐵
. (23) 

 

Teorem 2  If 𝑓 �̃�[0, ∞) ∩ 𝐸, then  

 

|𝐾𝑛(𝑠, 𝑥) − 𝑓(𝑥)| ≤ 2𝜔(𝑓; √𝐾𝑛((𝑒1 − 𝑥)2; 𝑥)). (24) 

 

Proof Assume that 𝐼𝑛 ≔ |𝐾𝑛(𝑠, 𝑥) − 𝑓(𝑥)|. We know that (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥
≥ 0 and 

 ∑
  𝐶𝑘

(𝑎)
   (−(𝑎−1)𝑛𝑥)

𝑘!
∞
𝑘=0 ≥  0, and also from Lemma 1, we have 𝐾𝑛(1; 𝑥) = 1. The following 

inequality is clear from these facts:  

 

𝐼𝑛 ≤ (𝑛 + 𝛽)𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

∑
  𝐶𝑘

(𝑎)
   (−(𝑎 − 1)𝑛𝑥)

𝑘!

∞

𝑘=0

∫ |𝑓(𝑠) − 𝑓(𝑥)|𝑑𝑠

𝑘+𝛼+1

𝑛+𝛽

𝑘+𝛼

𝑛+𝛽

. 

 

 

 

Using Equation 20 and Equation 21, we get the following: 

 

|𝑓(𝑠) − 𝑓(𝑥)| ≤ 𝜔(𝑓; 𝛿−1|𝑠 − 𝑥|) ≤ (1 + 𝛿−2(𝑠 − 𝑥)2)𝜔(𝑓; 𝛿). (25) 

 

Using Lemma 2, we obtained the following form: 

 

𝐼𝑛 ≤ 𝑒−1 (1 −
1

𝑎
)

(𝑎−1)𝑛𝑥

(𝑛

+ 𝛽) ∑
  𝐶𝑘

(𝑎)
   (−(𝑎 − 1)𝑛𝑥)

𝑘!

∞

𝑘=0

∫ (1 +
|𝑠 − 𝑥|2

𝛿2
) 

𝑘+𝛼+1

𝑛+𝛽

𝑘+𝛼

𝑛+𝛽

𝜔(𝑓; 𝛿)𝑑𝑠 

(26) 

 

𝐼𝑛 ≤ {𝐾𝑛(𝑒0; 𝑥) + 𝛿−2𝐾𝑛((𝑒1 − 𝑥)2; 𝑥)} 𝜔(𝑓; 𝛿) 

≤ {1 + 𝛿−2𝐾𝑛((𝑒1 − 𝑥)2; 𝑥)} 𝜔(𝑓; 𝛿), 
(27) 

 

for any 𝛿 > 0 and each 𝑥 ∈ [0, ∞).  

Since 𝐾𝑛((𝑒1 − 𝑥)2; 𝑥) ≥ 0 for each 𝑥 ∈ [0, ∞), we may choose 𝛿: =  √𝐾𝑛((𝑒1 − 𝑥)2; 𝑥) 

then we have the desired result. 

 We give the following estimation theorem involving Peetre’s 𝒦-functional, similar to the 

theorem in Sucu (2022). 

 

Theorem 3  If 𝑓 ∈ 𝐶𝐵
2[0, ∞), then 

 

|𝐾𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 2𝒦(𝑥; 𝜗𝑛(𝑥)), (28) 

 

where 𝜗𝑛(𝑥): =
1

2
{𝐾𝑛(𝑒1 − 𝑥; 𝑥) + 𝐾𝑛((𝑒1 − 𝑥)2; 𝑥)} and 𝒦 is the Peetre’s 𝒦-functional of 𝑓. 
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Proof  From the Taylor formula of 𝑔, the linearity property of operators 𝐾𝑛 and Lemma 1, we may 

write the following: 

𝐾𝑛(𝑔; 𝑥) − 𝑔(𝑥) = 𝑔′(𝑥)𝐾𝑛(𝑠 − 𝑥; 𝑥) +
𝑔′′(𝜂)

2
𝐾𝑛((𝑠 − 𝑥)2; 𝑥),      𝜂 ∈ (𝑥, 𝑠). (29) 

 

Also, we may reach the following inequality using Equation 23 in Equation 29: 

 

|𝐾𝑛(𝑔; 𝑥) − 𝑔(𝑥)| ≤ ‖𝑔′‖𝐶𝐵
|𝐾𝑛(𝑒1 − 𝑥; 𝑥)| +

1

2
‖𝑔′′‖𝐶𝐵

|𝐾𝑛((𝑒1 − 𝑥)2; 𝑥)|

≤ ‖𝑔‖𝐶𝐵
2 {|𝐾𝑛(𝑒1 − 𝑥; 𝑥)| +

1

2
|𝐾𝑛((𝑒1 − 𝑥)2; 𝑥)|} 

≤ ‖𝑔‖𝐶𝐵
2𝜗𝑛(𝑥). 

(30) 

 

By applying Equation 30, we get the following: 

 
|𝐾𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ |𝐾𝑛(𝑓 − 𝑔; 𝑥)| + |𝐾𝑛(𝑔; 𝑥) − 𝑔(𝑥)| + |𝑓(𝑥) − 𝑔(𝑥)|

≤ 2‖𝑓 − 𝑔‖𝐶𝐵
+ |𝐾𝑛(𝑔; 𝑥) − 𝑔(𝑥)| 

≤ 2{‖𝑓 − 𝑔‖𝐶𝐵
+ ‖𝑔‖𝐶𝐵

2𝜗(𝑥)}. 

(31) 

 

If we take the infimum over all 𝑔 ∈ 𝐶𝐵
2[0, ∞), Equation 31 implies the following result:  

 

|𝐾𝑛(𝑓; 𝑥) − 𝑓(𝑥)| ≤ 2𝒦(𝑥; 𝜗𝑛(𝑥)) 

 

(32) 

which finishes the proof. 

 

3.2. Voronovskaya-type theorem 

 

Lemma 3  For fixed 𝑥0 ∈ [0, ∞), we have 

 

lim
𝑛→∞

𝑛𝐾𝑛(𝑒1 − 𝑥0; 𝑥) = −𝛽𝑥0  +
2𝛼 + 3

2
, 

(33) 

 

lim
𝑛→∞

𝑛𝐾𝑛((𝑒1 − 𝑥0)2; 𝑥) = 𝑥0 (1 +
1

𝑎 − 1
). 

(34) 

 

Proof Applying Equation 13 and Equation 14, the desired result is achieved. 

 

Lemma 4  For each fixed 𝑥0 ∈ [0, ∞), there is a positive constant 𝑀(𝑥0), depending only on 𝑥0 such 

that and 

 

𝐾𝑛((𝑒1 − 𝑥0)4; 𝑥0) ≤ 𝑀(𝑥0)
1

(𝑛 + 𝛽)2
, 

(35) 

 

for all 𝑛 ∈ ℕ. 
 

Proof By Equation 15, we can find a boundary for 𝐾𝑛((𝑠 − 𝑥0)4; 𝑥0). 
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𝐾𝑛((𝑠 − 𝑥0)4; 𝑥0) ≤ (
1

𝑛 + 𝛽
− 1)

4

𝑥0
4 +

1

(𝑛 + 𝛽)2
{4 +

6

𝑎 − 1
+

11

(𝑎 − 1)2
} 𝑥0

2 

+
1

(𝑛 + 𝛽)3
{64 +

46 + 30𝛼 + 6𝛼2

𝑎 − 1
+

24 + 8𝛼

(𝑎 − 1)2
+

6

(𝑎 − 1)3
+ 4𝛼3 + 24𝛼2 + 62𝛼

−
2𝛼3 + 18𝛼2 + 20𝛼 + 37

4(𝑛 + 𝛽)3
} 𝑥0 

+
1

(𝑛 + 𝛽)4
{

5𝛼4 + 30𝛼3 + 100𝛼2 + 185𝛼 + 151

5
} 

≤
1

(𝑛 + 𝛽)2
[𝑥0

4 + (4 +
6

𝑎 − 1
+

11

(𝑎 − 1)2
) 𝑥0

2

+ (64 +
46 + 30𝛼 + 6𝛼2

𝑎 − 1
+

24 + 8𝛼

(𝑎 − 1)2
+

6

(𝑎 − 1)3
+ 4𝛼3 + 24𝛼2

+ 62𝛼 −
2𝛼3 + 18𝛼2 + 20𝛼 + 37

4
) 𝑥0

+
5𝛼4 + 30𝛼3 + 100𝛼2 + 185𝛼 + 151

5
] 

≤
1

(𝑛 + 𝛽)2
 𝑀(𝑥0). 

(36) 

 

Theorem 4  If 𝑓 ∈ 𝐶𝐵
2[0, ∞), then 

 

lim
𝑛→∞

𝑛[𝐾𝑛(𝑓; 𝑥) − 𝑓(𝑥)] =
𝑥

2
(

𝑎

𝑎 − 1
) 𝑓′′(𝑥) + 𝑓′(𝑥) (−𝛽𝑥 +

2𝛼 + 3

2
), 

(37) 

 

for every fixed 𝑥 ∈ [0, ∞). 

 

Proof  For a fixed point 𝑥0 ∈ [0, ∞), we write the Taylor formula as follows: 

 

𝑓(𝑠) = 𝑓(𝑥0) + (𝑠 − 𝑥)𝑓′(𝑥0) +
1

2
(𝑠 − 𝑥0)2𝑓′′(𝑥0) + 𝑔(𝑠; 𝑥0)(𝑠 − 𝑥)2, 

(38) 

 

where 𝑔(𝑠: 𝑥0) is the Peano form of the remainder and 𝑔(. ; 𝑥0) ∈ 𝐶[0, ∞) with lim
𝑠→𝑥0

𝑔(𝑠; 𝑥0) = 0. 

By Equation 3 and Equation 19, we get 

 

𝑛[𝐾𝑛(𝑓; 𝑥0) − 𝑓(𝑥0)] = 𝑓′(𝑥0)𝑛𝐾𝑛(𝑒1 − 𝑥0; 𝑥0) +
1

2
𝑓′′(𝑥0)𝑛𝐾𝑛((𝑒1 − 𝑥0)2; 𝑥0) 

 

+𝑛𝐾𝑛(𝑔(𝑠; 𝑥0)(𝑒1 − 𝑥0)2; 𝑥0), 

 

 

(39) 

 

for every 𝑛 ∈ ℕ. 

By applying the Cauchy-Schwarz inequality to the third term on the right-hand side of 

Equation 39, we have 

 

𝑛𝐾𝑛(𝑔(𝑠; 𝑥0)(𝑒1 − 𝑥0)2; 𝑥0) ≤ {𝐾𝑛(𝑔2(𝑠; 𝑥0); 𝑥0)}
1

2{𝑛2𝐾𝑛((𝑒1 − 𝑥)4; 𝑥0}
1

2. 
 

(40) 
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The function ℎ(𝑠, 𝑥0) = 𝑔2(𝑠; 𝑥0), 𝑠 ≥ 0, we get ℎ(𝑠, 𝑥0) ∈ 𝐶[0, ∞) and lim
𝑠→𝑥0

ℎ(𝑠, 𝑥0) = 0.  

 

Hence  

 

lim
𝑠→𝑥0

𝐾𝑛(𝑔2(𝑠; 𝑥0); 𝑥0) = lim
𝑠→𝑥0

𝐾𝑛(ℎ(𝑠; 𝑥0); 𝑥0) = lim
𝑠→𝑥0

ℎ(𝑥; 𝑥0) = 0. (41) 

 

uniformly concerning 𝑥0 ∈ [0, ∞).  

Using Equation 35 in Equation 40, we get 

 

𝑛𝐾𝑛(𝑔(𝑠; 𝑥0)(𝑒1 − 𝑥0)2; 𝑥0) ≤ (𝐾𝑛(𝑔2(𝑠; 𝑥0); 𝑥0))
1

2 (𝑛2𝑀(𝑥0)
1

(𝑛 + 𝛽)2
)

1

2

. 
 

(42) 

 

It results that lim
𝑛→∞

𝑛𝐾𝑛(𝑔(𝑠; 𝑥0)(𝑒1 − 𝑥0)2; 𝑥0) = 0. 

Finally, by Equation 33 and Equation 34, we have the desired result as follows: 

 

lim
𝑛→∞

𝑛(𝐾𝑛(𝑓; 𝑥0) − 𝑓(𝑥0)) =
𝑥0

2
(1 +

1

𝑎 − 1
) 𝑓′′(𝑥0) + (−𝛽𝑥0  +

2𝛼 + 3

2
) 𝑓′(𝑥0). 

(43) 

 

3.3. Numerical example 

 

In this part, we support our results giving an example with the help of the modulus of 

continuity, 𝜔(𝑓; 𝛿), by using Maple 2022. 

 

Example 5  The approximation of 𝐾𝑛 to 𝑓(𝑥) =
𝑥2

√1+𝑥2
  on [0, ∞) for fixed  𝛼 = 1, 𝛽 = 1 𝑎 = 2   is 

shown in Table 1. Let 𝐸𝑛 ≔ |𝐾𝑛 (𝑓; 𝑥) − 𝑓(𝑥)|. 
 

Table 1. The error estimation of 𝑓(𝑥) =
𝑥2

√1+𝑥2
 using 𝜔(𝑓; 𝛿) 

𝑛 𝐸𝑛 

102 0.0574922114 

103 0.0064708796 

104 0.0011087936 

105 0.0003054410 

106 0.0000950418 

107 0.0000300062 

 

When we examine the Table 1, we notice that the approximation errors of the operators 𝐾𝑛 

decrease as n increases. 

 

4. Discussion and Conclusion 

 

In the article by Varma & Tasdelen (2012), the positive linear operator was defined using 

Charlier polynomials under certain conditions. With the idea of this study, we have defined a new 

operator based on Charlier polynomials and proved the uniform convergence of these operators with a 

Korovkin-type approximation. We have used the usual modulus of continuity, Petree’s 𝒦-functional 

to estimate the order of the convergence by operators 𝐾𝑛. We have obtained an asymptotic formula for 

the operators 𝐾𝑛. Finally, we have obtained error estimations for operators 𝐾𝑛 with the help of the 

modulus of continuity 𝜔(𝑓; 𝛿) and then we have presented the numerical results via the table. 
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For further studies, one may obtain the order of convergence of these operators in terms of the 

modulus of smoothness in weighted spaces. In addition, the q analogue and convergence properties of 

these operators can also be a subject of study. 
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