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Abstract

Bell’s polynomials have been used in many different fields, ranging from number theory to operators theory.
In this article we show a method to compute the Laplace Transform (LT) of nested analytic functions. To
this aim, we provide a table of the first few values of the complete Bell’s polynomials, which are then used
to evaluate the LT of composite exponential functions. Furthermore a code for approximating the Laplace
Transform of general analytic composite functions is created and presented. A graphical verification of the
proposed technique is illustrated in the last section.
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1. Introduction

The common view that there is no formula for the Laplace Transform (LT) of composite analytic functions
is disproved using Bell’s polynomials [1, 5, 7, 10, 13], as in the case of the derivative of nested functions, for
which Bell’s polynomials are exploited.

The Bell’s polynomials are exploited in very different fields, ranging from number theory [11, 15, 16] to
operators theory [14], and from differential equations [10] to integral transforms |3, 12].

Email addresses: paoloemilio.ricci@uninettunouniversity.net (Paolo E. Ricci), d.caratelli@tue.nl (Diego
Caratelli), sandra.pinelas@gmail.com (Sandra Pinelas)

Received October 11, 2022; Accepted: January 04, 2028; Online: January 06, 2023.



P.E. Ricci, D. Caratelli, S. Pinelas, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 162—177. 163

The importance of the LT [8], and of the even more useful Fourier Transform [2], is well known and it is
not necessary to remind it here.
We use the classic definition

L(f):= /000 exp(—st)f(t)dt = F(s).

The LT converts a function of a real variable ¢ (often representing the time) to a function of a complex
variable s (representing the complex frequency). The LT can be applied to locally integrable functions on
[0, +00). It converges in each half plane Re(s) > a, where a is a constant (the so-called convergence abscissa),
depending on the behavior at infinity of f(¢).

Exploiting the Taylor’s expansion of the considered analytic function, and expressing the coefficients in
terms of Bell’s polynomials computed at the initial point, we approximate the LT of nested functions by a
series expansion, which is certainly convergent, if the considered LT exists.

We start from the easier case of the LT of a nested exponential function. To this aim, we show the first few
values of the complete Bell’s polynomials which are applied in this case. The result is a Laurent expansion
approximating the relevant LT.

Then we consider the case of the LT of general nested functions. The main problem is to provide a table
of Bell’s polynomials, which exhibit a highly increasing number of addends, but their evaluation at a fixed
point is an easy matter, using a suitable computer code.

Only in very few cases our results can be compared with the LT of nested functions appearing in the
literature. This is shown in equations (17) and (20).

In the last section, the proposed technique was verified also graphically, in the two cases of composed
functions whose transform and anti-transform are known (see [9]). All the numerical results were obtained
using the computer algebra program Mathematica®©.

The second-order Bell’s polynomials K?], representing the derivatives of nested functions of the type
f(g(h(t)) are then introduced, and two LT examples of this type of function are given.

In the last Section the computer program used in the applications is shown, and a table of second-order
Bell’s polynomials is reported.

2. Definition of Bell’s polynomials

The n-th derivative of the composite (differentiable) function ®(t) := f(g(t)), as computed by using the
chain rule, can be expressed in terms of Bell’s polynomials as follows

n
O, 1= DPO(t) = Yo(f1, 915 f2: 925 - fus n) = O Brk(91, 92 -+ Gnis1) fi (1)
k=1
where
fni= Dy f(@)la=gwys g = Dfg(t). (2)
The coefficients B,, ;,, for all K =1,...,n, are polynomials of the variables g1, g2, ..., gn—k+1, that are ho-

mogeneous of degree k and isobaric of weight n (i.e. they are a linear combination of monomials glflgl2€2 o ghn

whose weight is constantly given by ki + 2ka + ... + nk, = n).
The Bell’s polynomials satisfy the recursion

Yo = f1;
Yn+1(f1>gl; .. -;fnagn;fn+179n+1) =

n
n
= E <k> Yo—i(f2, 915 3,925 - - 5 fa—kt1s Gn—k) Ght1-
k=0
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and are given explicitly by Faa di Bruno’s formula (which has a high computational complexity)
{7
n!l 7 (4)

where the sum runs over all the partitions 7(n) of the integer n, r; denotes the number of parts of size 1,
and r =7y +r2 + -+ - 4+ 1y, is the number of parts of the considered partition [13].

n!

91 71 92 T2
Yalft, 905 f2 923 usgn) = 2 Sy Jr [1!] [21}
Wz(n) gl ! 7 LT !

The B, coefficients satisfy the recursion Vn
n — 1
B k(91,92, - - Gn—k+1) Z Bp-h—1k-1(91,92: -, Gn—k—h+1) Gh+1 -

3. Laplace transform of composed functions

Let f(g(t)) be a composite function analytic in a neighborhood of the origin, whose Taylor’s expansion
is given by

=Sy o= DGO (©
According to the preceding equations, it results
a0 = f(90)
i = DI Dm0 = 3" BuglOr,im - i) Far (02 1), "
k=1
where
fii= DEF@)lazgto) n= Dlg(t)li=o. ®)

This expansion can be used in computing the LT of analytic composite functions.

Theorem 3.1. Consider a composed function f(g(t)), analytic in a neighborhood of the origin, and such that
its growth to infinity is such that its LT exists. Let its Taylor series expansion be expressed by the equation

(6).
Then, for its LT the following equation holds

+oo q ° n o o o o
/0 f(g(t))eitsdt: f(§0) _|_Z <Z Bn,k(gl,gg,,,.,gn_kﬂ) fk) Sn% . (9)
n=1 \k=1

Proof. — We firstly note that the convergence of the series in the second member of equation (9) is a direct
consequence of the existence of the integral in the first member, which is a prerequisite for our computational
approach. Furthermore, using the uniform convergence of Taylor’s expansion, we can write

+oo T o n

" pgne e — 190 Bup (61,02, G i1 Jo et =
) glt))e T +; ) Z nk\I1s 92y ooy In—kt1) T oy € =

f9) (v g e ; U s
==t Z ZBn,k(gbg2a e Inkr1) i T dt,
n=1 \k=1 '

so that the conclusion follows by using the LT of powers.
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4. The particular case of the exponential function

In the particular case where f(z) = €®, that is equivalent to considering the function e9® and assuming
9(0) = 0; we then have the more simple form
n o o o o n o o o o o o
> Buk(91,92, - 9n-k1) Fy=>_ Buk(91,92, - 9n-k41) = Bu(91,92, ..., 9n) (11)
k=1 k=1

where B, are the complete Bell’s polynomials. 1t is Bo(go) := f(go), and the first few values of B, for
n=1,2,...,10, are given by

Bl = g1,

By = g} + g2,

Bs = g} + 39192 + g3,

By = g1 + 69292 + 49193 + 393 + 94,

Bs = g7 4+ 10g7ga + 159195 + 109793 + 10gag3 + 59194 + s,

Bg = g% + 15giga + 459392 + 1593 + 2093 g3 + 60919293 + 1092 + 159294 + 159294 + 69195 + g6,

Br = g] + 21g}g2 + 1059} g3 + 1059193 + 35193 + 21093 g2g3 + 1059393 + 709195 + 3593 ga+
105919294 + 359394 + 219795 + 219295 + 79196 + g7,

Bg = g} + 289892 + 210g1g3 + 4209795 + 10595 + 5697 g3 + 56097 gags + 840919593 + 2809793+
2809292 + T0g%g4 + 420929294 + 2109294 + 280919394 + 3592 + 56g3gs + 168919295+
569395 + 289296 + 289296 + 89197 + s,

By = g) + 369{ga + 3784795 + 12609795 + 9459195 + 849593 + 126091 gags + 3780979593+
12609393 + 84093 g3 + 2520919295 + 28093 + 12697 g4 + 126095 g2g4 + 189091 g5 g4+
126097 g3g4 + 1260929394 + 3159193 + 1269195 + 756979295 + 3789395 + 504919395+
1269495 + 8491 g6 + 252919296 + 849396 + 369797 + 369297 + 99198 + 9o,

Bio = g1° + 4541 g2 + 6309895 + 315091 g3 + 47259795 + 94595 + 1209]g3 + 252097 gaga+
12600939393 + 12600919593 + 2100g7 g5 + 12600939295 + 63009393 + 280091 g3+
210¢%g4 + 3150919294 + 9450929294 + 315093 g4 + 420093 g3g94 + 1260091 g2g3ga—+
21009294 + 1575923 + 15759292 + 25247 g5 + 252097 9295 + 378019395 + 252097 9395+
2520929395 + 1260919495 + 12692 + 21091 g6 + 126097 g2g6 + 6309396 + 840919396+
2109496 + 120g7 g7 + 360919297 + 1209397 + 4597 g8 + 459295 + 109199 + g10 -

The values of the complete Bell’s polynomials for particular parameter choices can be found in [11].
The complete Bell’s polynomials satisfy the identity (see e.g. [10])

n
n
Bn-‘rl(glv"'agn-f—l) - E <k>Bnk(gl7--~7gnk)gk+1- (12)
k=0

In this case equation (9) reduces to

o

1

+OO > [¢] [¢] [¢]
/ exp(g(t)) e dt = exps(go) + Z Bn(91,92 -, 9n) JrESEE (13)
0

n=1
In what follows we evaluate the approximation of the LT of nested functions. The reported results have
been obtained using the computer algebra program Mathematica®©.

4.1. Examples

We start considering the case of the L'T' of nested exponential functions

o Let f(x) =e” and g(t) =sint. Then g1 = 1,92 = 0,93 = —1,94 = 0, and in general g9, = 0, gop41 =
(-, h=1,2,3,....
According to the above table of By, it results

Bi(1) =1, By(1,0) =1, B3(1,0,—1) =0, B4(1,0,—1,0) = -3, B5(1,0,—1,0,1) = —8.
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Then
+ee 11 1 1
/ exp(sint) e dt = ~ + -+ % -8 + O <7> . (14)
0 s s s s

e Consider the complete elliptic integral of the second kind g(¢) := E(t) and the LT of the corresponding
exponential function. We find

+o0
/0 exp(E(t)) e dt =

7t — 1873 + 14772 — 5257 < 1 )
+0 )

e™/2 T 72 —3r 7w —97%2 4307

s —8$2+ 6453 51254

(15)

409655 56

5. The general case
Examples of the proposed method for approximating the LT of general nested functions are reported in
what follows.

e Assuming f(x) = arctan(z), g(t) = log(1 + ¢), it results

/+ooarctan[lo (1+t)}e_tsdtf 1 — i-|-E — 22 — @4_@ _ 5656+
0 s 2§ 6§70 S8

$9
(16)

9952 508320 o 1

gl Il sl2

A lot of further examples can be constructed using the above method and the most of them have not a
close expression in terms of special functions.

5.1. Graphical display in two known cases
e Test case #1
Considering the composed function cosh(varcsinh(t)), it results [9]

Sl’y(s)

+oo
L(s) = / cosh(varcsinh(t)) e *dt = , Rs > 0. (17)
0

where S1, denotes a special case of the Lommel function S, ,, [6].
Assuming v = 7, and using our approximation we have found

+oo 1 2 2012 _ 4
/ cosh[marcsinh(t)] e **dt = ~ + Ty m(n” —4)
0

s 83 s°
72 (4 — 2072 + 64) m2(7% — 567 + 78472 — 2304)
- 5 + (18)
s s
72 (78 — 12070 4 43687* — 5248072 + 147456) 1
11 +O0{ 43
S S
so that, by inverse Laplace transformation, one can readily conclude that
2 2(.-.2 2(.-4 2
SN o, mw(m—4) , 7 (r*—207m° +64) 4
l(t)_(1+2!t gt o 10+
2(6 4 2 208 6 4 2 (19)
m(n® — 567 + 7847 — 2304) 7w (n® — 120m° + 43687 — 524807° + 147456)
8! 10!

JOH(t),
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with H(-) denoting the classical Heaviside distribution.

The distributions of L(s) and L(s) along the cut sections w = Ss = 1 and 0 = Rs = 5 are reported in
Figures 1 and 2, respectively. As it can be noticed, the agreement between the exact transform (17) (for
v = m) and the relevant approximation (18) is very good especially as s — +oo. Conversely, the functions

I(t) and [(t) tend to match for ¢t — 07 as one would expect from theory (see Figure 3).

T 0. — —T—— —T— —r T
7 e
\ .
0.08f---> ek
N\ -0.4 =
0.07 ¥
\ p
R /
dite . -06 “F
N\ e / —— argiliosy
0.05 < =il -0.8 § A — — - arg{L(o+)}
0.04 - /
~~ -1.0p-- g
-~ /
0.03 T /
i A -1.2k
5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
g o

(a) (b)

Figure 1: Magnitude (a) and argument (b) of the Laplace transform of I(f) = cosh[rarcsinh(t)] as evaluated through the
approximant L(s) and the rigorous analytical expression L(s) for s = 0 + iw with w = 1.

. — .
7N —
/ =
0.10 3 1.0 <
r \ .
/ \ N
05 »
/ \
\
0.08 - ; 1
b N 0.0 S —— arg{L(10+i))
0.06 y \ g e (L1040 \ % - arg{L(10+ic}}
/ \ -05 -
/ 3 4
i X Q
0.04 ~ -10 s
7 . —
1 : =
-30 -20 -10 0 10 20 30 -30 -20 -10 0 10 20 30

Figure 2: Magnitude (a) and argument (b) of the Laplace transform of I(t) = cosh[rarcsinh(t)] as evaluated through the
approximant L(s) and the rigorous analytical expression L(s) for s = o +iw with o = 5.
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Figure 3: Distribution of I(¢) = cosh[rarcsinh(¢)] and the relevant approximant [(¢).
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e Test case #2
Considering the composed function J,(asinh(¢)) with Ra > 0, Rv > —1, it results [9]
+oo
: —ts 1
L(s) = /0 J,(asinh(t)) e "dt = JUTJrs (%) K% (%), Rs>—3, (20)
where J, and K, are Bessel functions.
Assuming v =0, and a = 1, we find the LT
+o0
L(s) = /O Jo(sinh(t)) e™dt = Js (3) K5 (3), Rs > —3. (21)
Using our approximation, we have found
. too 11 13 13
~ _ . —ts _
L(S) =~ L(S) == /0 JO(Slnh(t))e dt = ; — 2733 - g — ]_657
(22)
9827 i 309649 1
12859 = 256s11 si3 )7’
so that, by inverse Laplace transformation, one can readily conclude that:
~ 1 1 1 2 4
I(t) ~ <1— Yo Ba 13 4, 9827 5 50949 t10> H(), (23)

4 192 11520 5160960 928972800

with H(-) denoting the classical Heaviside distribution.

0.09f- -

0.08f----
\

0.07

0.06

Lo+

0.05 — == |L(o#i)|

0.04

0.03

(a) (b)

—— arg{L(o+i)}
— — - arg{l(o+i)}

Figure 4: Magnitude (a) and argument (b) of the Laplace transform of I(t) = Jo(sinh(t)) as evaluated through the approximant

L(s) and the rigorous analytical expression L(s) for s = 0 + iw with w = 1.

The distributions of L(s) and L(s) along the cut sections w = Ss = 1 and 0 = Rs = 5 are reported in
Figures 4 and 5, respectively. As it can be noticed, the agreement between the exact transform (21) and the
relevant approximation (22) is very good especially as s — +o0. Conversely, the functions [(¢) and [(¢) tend

to match for ¢ — 0T as one would expect from theory (see Figure 6).
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Figure 5: Magnitude (a) and argument (b) of the Laplace transform of [(t) = Jo(sinh(#)) as evaluated through the approximant
L(s) and the rigorous analyticalexp =~ 7" 7 o i
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Figure 6: Distribution of I(t) = Jo(sinh(¢)) and the relevant approximant I(¢).

6. An extension of the Bell’s polynomials

We consider the second-order Bell’s polynomials, Yﬁ(fl,gl, hi; f1,91,h1;5 .25 foy Gn, hy), defined by the
n-th derivative of the composite function ®(¢t) := f(g(h(t))).

Consider the functions = = h(t), z = g(x), and y = f(z), and suppose that h(t), g(x
times differentiable with respect to their variables, so that the composite function ®(t) :=
differentiated n times with respect to ¢, by using the chain rule.

We use, as before, the following notations:

(I>j = ng)(t)v In = Dgi/lf(y)‘y:g(x)a 9k = Dl;g(x”x:h(t)a hy == D;h(t)

), and f(z) are n
f(g(n(t))) can be

Then the n-th derivative can be represented by
@, = YA (f1, 91, b5 2, 92, has -3 s G Bn) = Y f, 9, B]n)

where the Y}?} are defined as the second order Bell’s polynomials.
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The first few polynomials are as follows.
YPU(f,9,0)1) = fronha;

Y([f, 9, hlo) = figiha + frgah? + fag?h;

Y3,[2]([f797 hls) = figihs + figsh} + 3fig2hihe + 3fag1g2h3 + f3g3hi;

YZL[Q}([f’gv hls) = Jcﬁlgilhzll + 6f39%92hz11 + 3f29%h411 + 4f29193h11 + f194h‘11 + 6fgg:13h%h2 +

+ 18 f2g192h3ha + 6 f1g3h3ha + 3f292h2 + 3f192h3 + 4 f2g?hihs + 4 figah1hs + figiha; (24)

Y5[2}([f7g, hl5) = f597h5 + 10f1g3g2h3 + 153919503 + 10f393g3h3 + 10 fagagsh? +

+ 5f29194h% + f1g5h} 4+ 10193 h3hg + 60 f3g2gah3ha + 30 f2g2h3ha + 40 fog1gsh3hy +

+ 10f194h3ha + 15 f3g3h1h3 + 45 fog1goh1h3 + 15 f1gzh1h3 + 10 f3g5h3hs + 30 fogigah2hs +

+10f193h3 3 + 10 fogihahs + 10 f1g2hohs + 5 fagihiha 4 5 figahiha + figihs .

A more extended table is given in the last Section.
The connections to the ordinary Bell’s polynomials are expressed below.

]

Theorem 6.1. For every integer n, the polynomials YTEQ are represented in terms of the ordinary Bell’s ones

by the following equation

YAQ}(flvglahl; . ';fnagnahn) =
=Y, (f1,Y1(91, h1); f2, Ya(g1, h13 92, h2)s - . o5 [y Yu (g1, has 92, has o5 Gny )

(25)

Proof. — Using induction, we have that (28) is true for n = 1, since

Y (frg1, ) = fr gt b = fi Yilgi, ) = Ya (f1, Yi(g1, ) -
Then assuming that equation (28) is true for n, it follows that
Yﬂﬂfl,gl,hl; s Fasts Gty hnit) = Dy Y (F1, g1, B Fu Gy n) =

=D Y, (f1,Y1(91,h1)i- -5 frs Ya(g1, hai g2, hos - -5 gns Bn)) = (26)
=Y, 1 (f1,Y1(91,h1)5 -5 fogt, Yar1(g1, a5 g2, hos oo gngts Bng1))

Consequently, we have the following theorem:

Theorem 6.2. The second-order Bell’s polynomials verify the recursion

Yo = fi;
12 e by =N (M)y o
n-l,-l(fl?glv 17"'7fn+1vgn+17 n+1)_z k nfk(f%gla 17f37927 25 - (27)
k=0
e 3 framkt1s Gn—ks Pn—k) Yer1(91, has -5 g1, b))
Proof. — By means of (28) we express Yrgi}_l(fl,gl,hl;...;fn+1,gn+1,hn+1) in terms of

Yoi1 (f1,Ya(91,h1); - o5 fat1, Yar1(91, P15 - -5 g1, Ant1))- Then, by using the recurrence relation (3) and
again (28), we obtain the expansion (30).
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7. Laplace transform of nested functions

Let be f(g(h(t))) be a composite function analytic in a neighborhood of the origin, so that it is expressed
by the Taylor’s expansion

Fla((h)) =) an% » - an = DY[f(g((h(t)))]i=0 - (28)
n=0

According to the preceding equations, it results

] o o o o o (29)
an = DPLF(g((h(O))]li=o = Y (f1.90.h15 -5 Fus O h) . (0> 1),
where
Fo=DsfWlyeg(o) k= DFg(®)lon(o), hri= Djh(t)|i=o (30)

This expansion can be used in computing the LT of analytic nested functions.

Theorem 7.1. Considering a nested function f(g((h(t))), which is analytic in a neighborhood of the origin,
and can be represented by the Taylor’s expansion in (31). For its LT the following expression holds

+oo ’ e °© o o °© o o _t"
/ Flalh)edt = L0 £ S V1 b1 hs i Fos o) et =
0 S f—t n:

f > °© o o © o o 1
- ?O—f_zyr?](fhglvhlv7fn7gn7hn)8nﬁ .

n=1

Proof. — 1t is a straightforward application of the definition of second-order Bell’s polynomials.

7.1. Example 1
e Assuming f(z) = e* 1, g(y) = cos(y), h(t) = sin(t), it results

1 1 8 127 3523 146964 1
0 () (32)

+oo
. —ts _
/0 eXp[COS(SlIl(t)) - 1] e dt = ; - 5*3 + ; - 877 + ST - T Sﬁ

The corresponding inverse LT is approximated by

1 127 3523 12247
()~ (1=t ¢t — =46 S 10 H(t
(t) ( 2 3 720" T 10320 302400 ®)

with H(-) denoting the classical Heaviside distribution.

7.2. Example 2
e Assuming f(z) =log (1+ %), g(y) = cosh(y) — 1, h(t) = sin(t), it results

teo cosh(sin(t)) — 1 1 9 27 1169 5869 1
log |1 s - e — = — — —— + 0| == ] . 34
/0 ©8 [ + 2 ¢ 258 4 257 | Bs% 2511 ( ) (34)

The corresponding inverse LT is approximated by

- 1 3 3 167 5869
()~ [t — — 4 =6 — 18 t10) H(¢ 35
(*) <4 32 T 160 16030 T 7257600 ®), (39)

with H(-) denoting the classical Heaviside distribution.



P.E. Ricci, D. Caratelli, S. Pinelas, Adv. Theory Nonlinear Anal. Appl. 7 (2023), 162—177.

172

7.8. Erample 3
e Assuming f(z) = €%, g(y) = J1(y), h(t) = sin(t), it results

1 1 1 3 27 7

“+oo
Ti(sin(t)] e tdt = = — — L
/0 expli(sin(t)]e s 22 TIB T I 16w + 3256

. 1227 n 385 82663 439229 . 6754489 n 1
64s7  128s8  256s° 512510 1024s!!

The corresponding inverse LT is approximated by

11

I(t) ~ lptptp L 9 T 5, 409 6 t7—
B 278 8 128 ' 3840 15360 18432

11809 o 62747 o 964927
— - 4 = 10} H(p),
1474560 26542080 530841600

with H(-) denoting the classical Heaviside distribution.

7.4. Example J
e Assuming f(z) = arctan(z), g(y) = y'/3, h(t) = cosh(t), it results
/+OO arctan[(cosh(t))/?]e dt = — + — — — 4 — — - 4 2
0 4s = 6s3  3s>  18s7  9s%  18sll

The corresponding inverse LT is approximated by

- 1 1 4 1 1852
l(t):<ﬁ+t2 fy BB 09 5, 18529 t10> H(t) ,

4 127 72 12960 181440 65318400

with H(-) denoting the classical Heaviside distribution.

7r 1 1 43 338 18523 O( 1 )

(36)

(37)
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8. The used Mathematica® code and Yn[z] polynomials up to n =9
8.1. An example of the used Mathematica® code

Here we report the Mathematica® code used to evaluate the approximation of the LT of composite
functions through Bell’s polynomials.

1= glt_] = Cosh[t];
n 1= F[X_] = Log[x] 3

mn 1= g0[n_] = SeriesCoefficient[n! g[t], {t, 0, n}]

{l Mod[n, 2] ==0&&n >0
Out[~]=
0 True

1= FO[N_] = SeriesCoefficient[n! f[x], {x, g[0], n}]

outf-J=

(-1)¥*"Gamma[n] n=1
0 True

o= ALN_] i= ZBellY[n, k, Table[g0O[m], {m, 1, n-k+1}]] - FO[K]
k=1

mj= N =103
n1= Table[g@[n], {n, 0, N}]

our- {1,0,1,0,1,0,1,0,1, 0,1}

= Table[fO[n], {n, 0, N}]
our- {0,1, -1,2, -6, 24, -120, 720, -5040, 40320, - 362 880}

1= Table[A[n], {n, O, N}]
ouf - {0, 0,1, 0, -2,0, 16, 0, -272, 0, 7936}

A[n]

S n+l

flgreylr &
= LIs_] = & + Z
-1 S

Outf+ J=

+ — - + —
7 3

7936 272 16 2 1
s s° s

sll 59
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8.2. Table of second-order Bell’s polynomials

n
mep= Y[N_] = Z (BellY[n, k, Table[hy, {m, 1, n-k+1}]] gk)
k=1

n

mer= Y2[N_] t= Z (BellY[n, k, Table[Y[m], {m, 1, n-k+1}]] fx)
k=1

mep= Y2[1] // FullSimplify // Expand

ourel= f1 g1 hy

mep= Y2[2] /7 FullSimplify // Expand
oupel- 5 g7 T+ Frgohl« figih,

o= Y2[3] // FullSimplify // Expand
Outfo}= f3g§ hi+3fzg182 hf+f1g3 hi+3 fzgih1h2+3 figohihy+f1g1hs

= Y2[4] // FullSimplify // Expand
ouper Fagihi+6fsgighi+3fgahi+afgigshifigihteefsgdhih,+18Ff,gigohihy+
6f1g3hih2+3fzgih§+3flgzh%+4fzgih1h3+4f1gzh1h3+f1glh4

mer= Y2[5] // FullSimplify // Expand

Outfo]= fsgihi+10f4gig2hi+15fgglg%hi+lof3g%g3hi+l®f2g2g3hjs_+5f2g1g4hi+f1g5hi+
10f,gihih,+60fsgig,hih,+30F, g2hdh,+40f,gigshih,+ 10 Ffigahdhy
15fsgih h3+45f, g, g,hih3+15F, gshy h2+10 f3gih2hs+30 f, g1 g, h2 hy +
10f;gshihy+10 fog2hyhs+10fi g hohs+5F, g2 hyhy+5f gy hy hy+ f1 g1 hs

1= Y2[6] // FullSimplify // Expand

oul- Fegdhb+15fsglgah8+45f,g2 g h8+15F,g3hb+20f, 8 gsh®+60fsg  gg3h5+
10f2g%hf+15f3gfg4hf+15'Fzgzg4hf+6f2g1g5h§+flg6hf+15fsgih‘{hfr
150 f, gl g, hjhy+ 225 f3 g g2 hth, + 150 Ffagigshthy + 156 fo gy gahthy + 75 Ffo g ga hhy o+
15f;gshihy+45 fogth?h3+270 f3g2 g, h2h2+135f,g2h2h2+180 f, g1 gshihd+
45 f1gahih3+15Ff;gih3+45f, g1 g h3+15F; gshd+20 f,gi hd hy+120 f5 g2 go hd hy +
60 f, g2 hihy;+80 f, g1 g3 h3hy+20 fy gy hdhs+60 f3g3hy hyhs+180 f, g1 g hy hyhg +
60 fygshihohy+ 10 f,g2h3+10f g h2+15F; g3 hih, +45f, g1 g, hihy+
15figahihy+15f, g2 hohg+ 15 figohohy+ 6 fo gl hyhs+6f1 gy hy hs + f1 g1 hg
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1= Y2[7]1 // FullSimplify // Expand

oupel F7 81 h! +21 fg g5 go hl +105 fs g3 g2 h +105 f, g1 83 hl +35 f5 g7 g hl +210 f4 g2 g2 83 h! +
105 f;g2gshl + 70 f3g,85h] +35f, 85 g4 h! +105 f3 818,840l +35 F, g5 g4 hl +
21f3gigsh{+21f,g,85h] +7fag186h) + frgrhl+21 fsgihlhy+315f5g7 g, hfhy+
945 f, g2 g2 hS hy+315 fagihi hy +420 fo g gahl hy + 1260 fa gy g gz hl hy +
210 f, g3 hihy, +315 f3 g2 gahShy, + 315 f, g gahS hy + 126 F5 g1 gs h hy + 21 f1 g hS hy +
105 f5 g2 h3 h?+ 1050 f, g3 g hih3 + 1575 f3 g g2 hd h? 4+ 1050 f5 g2 gs hdha+
1050 f, g gshd h2+ 525 f, g1 gahd hs + 165 f1 gs h®h3+ 105 f, g7 hy h3 + 630 fs g2 g, hy hd +
315 f, g hy h3 +420 f, gy g3 hy h3 + 105 f1 g4 hy h3 + 35 f5 g3 hT hs + 350 f4 g5 g, h hs +
525 f3 gy g2 hf hy+350 f3 g7 ga hy hy +350 f, 8, 83 h ha + 175 f, 81 g4 hT hs + 35 f1 gs hf hg +
210 f4 g7 h?hy hy + 1260 f5 g2 g, hihy hy + 630 f5 g2 hihy hy + 840 f5 g1 g3 h? hy hg +
210 f; gah? hy hy+ 105 f3 g3 hs hy +315 f, gy go h ha + 105 L ga hd hy+ 70 f3 g3 hy h2 +
210 f, g1 8,y h3+ 70 f gshy h3+35f, g1 hi hy+210 f3g2 g, hihy+105 F, g2hd hy +
140 fo gy gshihy + 35 F; g4 hdhy+ 105 f3gd hy hy hy 315 F, g5 g, hy hy hy +
105 f; gshyhy hy+35F, g2 hshy +35f; gohshy+21 f3 g h? hs +63 f, g1 85 h2 hs +
21figahihs+21fogihohs+21 figohohs+ 7 fyg2hyhg+ 7F1gyhyhe+ figrhy

mnper= Y2[8] // FullSimplify // Expand

oupel- fagdhl+28F,g%g, W8 +210 Fgglgihf+420fsg2gshd+105F,ghd+56f;g]gshl+
560 f5 g5 g, 85 h8+840 fogr gl gsh8+280 F, gl gihd+280fyg,g5h8+70fsg) gl
420f,g2 g, gah®+210 f3g2 g, h8+280 fagrgsgahd+35f,g2h8+56f, gl gshd+
l68f3glg2gsh§+56f2g3g5h§+28f3gig6h§+28f2g2g6h§+8f2glg7h§+f1g8h§+
28 fr gl hS h, + 588 f5 g5 g, h§ hy + 2940 f5 g5 g2 h® h, + 2940 f, g1 g3 hS h, + 980 f5 g7 gz h8hy +
5880 f4 g2 g, 83 S hy +2940 f3 g2 gz hS hy + 1966 f5 g1 g2 h®hy + 980 f4 g3 g hS hy +
2940 f3 8182 84 h? h2 +980 fz 83 84 h? h2 + 588 f3 g% &5 h? h2 +588 fz g2 85 h? h2 +
196 f, g1 g hS hy, + 28 1 g7 h8 h, + 210 5 g8 h h3 + 3150 f5 g} g, h] h2 + 9450 f, g2 g2 hT hi+
3150 f5 g3 hT h?+ 4200 f, g3 gz h] h3 +12600 f; g, g, g5 T h3 +2100 f, g3 hf hi+
3150 3 g7 g4 h h3 + 3150 5 g, g4 hj h3 + 1260 f, g3 gs hy h3 + 210 f; g h h3 + 420 f5 g3 h h3 +
4200 4 g3 go h2 h3 + 6300 f3 g, g2 h? h3 + 4200 3 g2 gsh? h3 + 4200 f, g, gz h? hs +
2100 f, gy gah2h3 420 fy gs h2h3+ 105 f, g7 h3 + 630 f5 g2 g, hs + 315 f, g2 hy
420 f, g1 gz hy + 105 f1 g, h3 + 56 fg g5 h3 hy + 840 5 g7 g, h] hy + 2520 f4 g2 g2 hS hs +
840 f3 g3 h hs + 1120 f, g5 g3 h5 hs + 3360 3 g5 g5 g3 h3 hs +560 f; g2 h3 hs +
840 f3 g% g4 hi h3 + 840 fz gz g4 hi h3 + 336 fz gl gs h;jl h3 + 56 fl ge hi h3 + 560 f5 gi hi hz h3 +
5600 f4 gi gz hi h2 h3 + 8400 f3 gl g% hi hz h3 + 5600 f3 g% g3 hi h2 h3 + 5600 fz gz g3 hi h2 h3 +
2800 fz gl g4 hi hz h3 +560 fl g5 hi hz h3 + 840 f4 g;_‘r hl h% h3 + 5040 f3 gi gz hl h% h3 +
2520 f, g5 hy h3 hs + 3360 f5 g1 g3 hy h3 hs + 840 f1 g4 hy h3 hy +280 f, gf hi hl+
1680 f5 g2 g, h2h3 + 840 f, g2 h2h3 + 1120 f, g3 g5 h3 h%+ 280 fy g4 h2 h2 4286 f5 g3 hy hi+
840 f, g1 g2 hy h3 +280 1 gshy h3 + 70 f5 g5 ht hy + 700 f, g5 g, hf hy + 1050 f3 g1 g2 ht hy +
700 f3 gi g3 h‘I h4 + 700 f2 g2 83 hi h4 + 350 fz g1 84 hi h4 +70 fl g5 hi h4 + 420 f4 gi hi hz h4 +
2520 f3 g2 g, h2hy hy + 1260 f, g3 h? hy hy + 1680 5 g3 gz h? hy hy +420 1 gohihy hy +
210 f3 gi h% h4 + 630 fz gl gz h% h4 +210 fl g3 h% h4 + 280 f3 g? hl h3 h4 + 840 f2 gl gz hl h3 h4 +
280flg3 hl h3 h4+35 fzgihi+35 flg2h421+56 f4 g?hi h5+336 f3 gigz hi h5+
168 fz g% h?_ h5 + 224 'Fz gl g3 hi h5 + 56 fl g4 hJ3_ h5 + 168 f3 gi hl h2 h5 + 504 fz 81 gz hl h2 h5 +
168 f1 gz hy hy hs + 56 5, g2 hy hs+ 56 F1 g, hy hg+ 28 f3 g2 h2 hg + 84 f, gy g, h2 hg +
28 fygah?hg+28 F,g2hyhg+28 fr g, hohg+ 8 f,g2hy hy+ 8 Fy gy hy hy+ Fygq hg
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mer= Y2[9] // FullSimplify // Expand

oup-j= o gl h? +36 g gl g, hd +378 f7 g3 g3 h + 1260 fg g5 g3 h? + 945 f5 g5 g5 h +
84 f7 gf g3 i + 1260 fe g1 8> g3 hi + 3780 fs g g5 gs hy + 1260 fy g5 ga hl +
840 5 g7 g3 hy + 2520 f, g1 g, g3 ] + 280 3 g3 h] + 126 f5 g ga h] + 1260 fs g5 g, ga h] +
1890 4 g1 g3 g4 h) + 1260 f4 823 g3 g4 h] + 1260 f3 82 g3 g4 hJ + 315 f3 g5 g3 h +
126 f5 g3 g5 h] + 756 4, g2 g2 85 h) + 378 fa g2 g5 h] + 504 f3 g1 gz g5 h + 126 Fo g4 g5 h +
84f4gig6h?+252f3g1g2g6 h?+84f2g3gGh91’+36f3gig7hf+36f2g2g7h?+
9f,g188h]+f1gohl+36Fsglh] hy+1008 f; gl g, hlhy+7560 fsg)gsh]hy+
15120 fs g2 g2 h] h, + 3780 f, g3 h! h, + 2016 5 g3 gz hl h, + 20160 f5 g2 g, g5 hl hy +
30240 f, g1 8585l hy + 10080 f4 g2 g2 hl h, + 10080 f3 g, g2 h] hy + 2520 f5 g7 g4 hl hy +
15120 f4 g2 g, g4 hl h, + 7560 3 g3 g4 hl h, + 106080 f5 g1 g3 84 h] hy + 1260 f, g3 hl h, +
2016 f, g2 gs hl hy + 6048 f3 81 g5 g5 h] hy + 2016 f5 g3 g5 h] hy + 1008 3 g2 g h] hy +
1008 f, g, g hl h, + 288 f, gy g7 h! hy + 36 1 gghl h, + 378 f7 g7 h] h3 + 7938 fg g5 g, h] h2 +
39690 f5 g2 g2 hl h2+39690 f, g g2 hSh3 + 13230 f5 gt gz h3 hl + 79380 f, g2 g, gz h®h3 +
39690 f3 g2 g3 hS h3+ 26460 f3 g, g2 hl h2 + 13230 f, g2 g, h®h3+39690 f3 g, g, 843 h2 +
13230 f, g3 g4 hS h3 + 7938 f3 g2 gs h3 h3 + 7938 f5 g, gs h] h2 + 2646 f, g; gs h hZ +
378 f1 g7 hl h% + 1260 f5 g8 h3 h3 + 18900 f5 g} g, h3 h3 + 56700 f, g2 g2 h3hs +
18900 f3 g3 h3h3+ 25200 f, g3 gsh3h+75600 f;g; g, gsh3h3+12600F,g2h3nd+
18900 f3 g2 ga h3h3 + 18900 f, g, g4 hd h3 + 7560 f, g, gs h3 hd + 1260 f; gs h h +
945 f5 g hy hf + 9450 f, g5 g, hy h + 14175 f5 g1 g2 hy h3 + 9450 5 g2 g3 hy hi +
9450 f, g, g3 hy hs + 4725 f, g1 gahy hy + 945 fy gshy hd + 84 f, gl h8hy + 1764 f5 g5 g, h8 hs +
8820 f5 g3 g3 hS hy + 8820 f, g1 g5 hS hy + 2940 fs gf gz hS hy + 17640 f, g2 g g3 h hs +
8820 f3 g2 g3 h® hy + 5886 f3 g1 g2 hS hs + 2940 f, g5 g, hS hs + 8820 f3 g1 g2 g4 hS hs +
2940 f, gz g4 h8hy + 1764 f3 g2 gs hS hy + 1764 f, g, gs hS hy + 588 5 g1 gg hS hy +
84 1 g; h hsy + 1260 f5 g8 h hy hs + 18900 f5 gf g, h hy h; + 56700 f, g2 g2 h hy hs +
18900 f3 g3 ht hy hs + 25200 f, g2 gsht hy hs + 75600 f3 g1 g, gs hy hy hs +
12600 f, g2 ht hy hs + 18900 f5 g2 g4 h hy hy + 18900 f, g5 g, hT h, hy + 7560 f, g3 g5 hi hy hy +
1260 f; gg hT hy hy + 3780 f5 g5 h2 h3 hy + 37800 f, g3 g, h? h2 hs + 56700 3 g1 g2 h2 h3 hs +
37800 f5 g2 gz h2h? hy + 37800 f, g, g3 h2 ha hy + 18900 f, g3 g4 h2 h3 h; + 3780 f1 gs h2 h3 hy +
1260 f4 g7 h3 hs + 7560 f3 g2 g, h3 hs + 3780 5 g2 h3 hs + 5040 f, g1 g3 h3 hs + 1260 f; g4 h3 hs +
840 fs gl hi h3 + 8400 f, g5 g, h] h3 + 12600 f3 g3 g2 hi h3 + 8400 3 g3 gahi hl +
8400 f, g, g3 h3 h2 + 4200 f, g1 g4 hd h+840 f; gs h3 h3 + 2520 f, g1 hy hy, h2+
15120 f3 g2 g, hy hy h2 + 7560 f, g3 hy h, h2 + 10080 f, g5 g3 hy hy h3 + 2520 f1 gy hy hy 3+
280 f5 g3 h3 + 840 f, g1 g, h3 + 280 f1 g3 h3 + 126 f5 g h] h, + 1890 f5 gf g, h3 hy +
5670 f, g2 g3 h3 hy + 1896 f5 g3 h3 h, + 2520 f4 g3 gz hS hy + 7560 f3 g, 8, g3 hS hy +
1260 f, g2 hSh, + 18906 f3 g2 g4 h3 hy + 1890 f, g, g4 hl hy + 756 F5 g1 gs hS hy +
126 f1 g6 h hy + 1260 f5 g5 h hy hy + 12600 4 g3 g, h3 hy hy + 18960 f3 g1 g2 h3hy hy +
12600 f3 g2 gz h3hy hy + 12600 f, g, g5 h3 h, hy + 6300 f, g g4 h3 hy hy + 1260 1 gs h h, hy +
1890 f, gj hy h3 h, + 11340 f3 g2 g, hy h3 h, + 5670 f, g3 hy h2hy + 7560 f, g1 g5 hy h3 hy +
1890 1 g, hy h3 hy + 1260 f, gi h? hy hy + 7560 5 g2 g, h? hy hy + 3786 f5 g2 h?2 hy hy +
5040 f, g1 gz h2hs hy + 1260 f1 g4 h? hs hy + 1260 f3 g5 hy hs hy + 3780 f5 g1 g2 ho hs hy +
1260 fy g3 hy hg hy +315 3 g5 hy h3 + 945 5 g, g, hy h2 + 315 f; g3 hy h2 + 126 f5 g3 ht hg +
1260 f4 g5 g, h] hs + 1890 f5 g1 g2 h] hs + 1260 f5 g2 g5 hf hg + 1260 f, g, gz hi hs +
630 f5 g1 g4 ht hs+ 126 f1 gs h$ hs + 756 f4 g3 h? hy hs + 4536 fs g2 g, h2 hy hs +
2268 f, g2 hi h, hg + 3024 f, g1 g3 h hy hs + 756 f1 g4 h? hy hs + 378 f5 g5 hZ hs +
1134 f, g1 g, h2 hs + 378 f1 g3 h2 hs + 504 5 g5 hy hy hs + 1512 f, g1 g2 hy hs hs +
504 f1 gz hy hs hs + 126 f5 g7 hy hs + 126 f; g5 hy hs + 84 f, g7 h3 hg + 504 f5 g7 g, h3 hg +
252 f,g2h3heg+336f, g1 g3hdhe+84 f1gahdhg+252f3g3hyhyhg+756F, g1 g5 hyhy hg +
252 f gshihyhg+84f,g2hshg+84F, g, hshg+36Ff;gih2h; +108 f, 81 8, hZhy+
36 figahih,+36f,g2hohy +36 f1 g, hohy +9 fy g2 hy hg + 9 fy gy hy hg + F1 g1 hg
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9. Conclusion

We have presented a method for approximating the integral of analytic composite functions. We started
from the Taylor expansion of the considered function in a neighborhood of the origin. Since the coefficients con
be expressed in terms of Bell’s polynomials, the integral is reduced to the computation of an approximating
series, which obviously converges if the integral is convergent. Then this methodology has been applied to
the case of the LT of an analytic composite function, starting from the case of analytic nested exponential
functions. The relevant Mathematica© code is provided. In the last Section the LT of analytic nested
functions is considered, and the second-order Bell’s polynomials used in this approach are reported. We
want to stress that, even if we dealt with a basic subject, we have not found in the literature any general
method for approximating this type of L'Ts, a gap which, in our opinion, has been now filled up. A graphical
verification of the proposed technique, performed in the case when both the analytical forms of the transform
and anti-transform are known, proved the correctness of our results.

Conflict of interest. The authors declare no conflict of interest.
Author Contributions. The authors have contributed equally to this work.
Funding. This research received no external funding.

References

[1] E.T. Bell, Exponential polynomials, Annals of Mathematics, 1934, 35, 258-277.
[2] R.J. Beerends, H.G. Ter Morsche, J.C. Van Den Berg, E.M. Van De Vrie, Fourier and Laplace Transforms, Cambridge
Univ. Press, Cambridge, 2003.
[3] D. Caratelli, C. Cesarano, P.E. Ricci, Computation of the Bell-Laplace transforms, Dolomites Res. Notes Approx., 2021
14, 74-91.
[4] C. Cassisa, P.E. Ricci, Orthogonal invariants and the Bell polynomials, Rend. Mat. Appl., 2000 (Ser. 7) 20, 293-303.
[5] L. Comtet, Advanced Combinatorics: The Art of Finite and Infinite Expansions, D. Reidel Publishing Co., 1974; available
online at https://doi.org/10.1007,/978-94-010-2196-8.
[6] A. Erdélyi, W. Magnus, F. Oberhettinger, F.G. Tricomi, Higher transcendental functions, Vol II, McGraw-Hill Book
Company, Inc., New York-Toronto-London, 1953.
[7] F. Faa di Bruno, Théorie des formes binaires, Brero, Turin, 1876.
[8] A. Ghizzetti, A. Ossicini, Trasformate di Laplace e calcolo simbolico, (Italian), UTET, Torino, 1971.
[9] F. Oberhettinger, L. Badii, Tables of Laplace Transforms, Springer-Verlag, Berlin-Heidelberg-New York, 1973.
[10] R. Orozco Loépez, Solution of the Differential Equation y*) = e, Special Values of Bell Polynomials, and (k,a)-
Autonomous Coefficients. J. Integer Seq., 2021 24, Article 21.8.6
[11] F. Qi, D-W. Niu, D. Lim, Y-H. Yao, Special values of the Bell polynomials of the second kind for some sequences and
functions, J. Math. Anal. Appl., 2020 /91 (2), 124382.
[12] P.E. Ricci, Bell polynomials and generalized Laplace transforms, Integral Transforms Spec. Funct., (2022);
doi.org/10.1080,/10652469.2022.2059077.
[13] J. Riordan, An Introduction to Combinatorial Analysis, J. Wiley & Sons, Chichester, 1958.
[14] D. Robert, Invariants orthogonaux pour certaines classes d’operateurs, Annales Mathém. pures appl., 1973 52, 81-114.
[15] S.M. Roman, The Faa di Bruno Formula, Amer. Math. Monthly, 87 (1980), 805-809.
[16] S.M. Roman, G.C. Rota, The umbral calculus. Advanced in Math., 1978 27, 95-188.



