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Abstract

The main purpose of covering this article has been to examine the hybrid numbers defined through Fibonacci and Lucas number components
{ﬁu,n} and {I-AIV7,1} and their binomial transforms {bI-AIU’n} and {beIvJ,}7 respectively. Firstly, general sum formulas, binomial identities,
which are not in the literature yet, about hybrid numbers {I—AIUJ,} and {I-Alv,,1} are discussed. Then, the recurrence relation is obtained for
{bHy »,} and {bHy ,} and some results have been found for the new sequence.

Keywords: Binomial transforms, Hybrid numbers, Lucas sequences of first and second kind.
2010 Mathematics Subject Classification: 11B37, 11B39, 11B65, 11R52.

1. Introduction

The sequences
U, =Un(P,6]) :pUn—l 7qUn—2 (1.1)
Vi = n(paq) =pVn-1 7‘1Vn—2

for n > 2 with initial values Uy = 0,U; = 1,V =2 and V| = p are defined with p and ¢ that are non—zero integers such that D = p?—4q 0.
The sequences U,, and V,, are called the (first and second) Lucas sequences with parameters p and g. The characteristic equation of U, and V,,

is x> — px+¢q = 0. Also the roots are o = 2 +2\@ and =2 72\5 . So their Binet formulas are
o — B
U, = B
a—p
Vo = o'+p"

for n > 0 respectively. Moreover, o> = pot — g and B% = pB —gq.
The generating functions of U, and V,, are

X

U = — 1.2
(x) T (1.2)
2_
V) = —— P
1 — px+qx?
respectively.
Fibonacci, Lucas, Pell and Jacobsthal numbers can be derived from (1.1). In addition to, for p = 1 and ¢ = —1, the numbers U,, = U, (1,—1)
are called the Fibonacci numbers, while the numbers V,, = V,,(1,—1) are called the Lucas numbers. Similarly, for p =2 and g = —1, the

numbers U, = Uy,(2,—1) are called the Pell numbers, while the numbers V,, = V,,(2,—1) are called the Pell-Lucas numbers (for further
details see [1]). Also it follows that &> = pot — ¢ and B2 = pB — g. If we generalize this situation even more o = aU, — qU,_; and

" = BU, — qU,_ for all n is integer. In addition to the terms of these sequences can be extended to negative subscripts as U_,, = —¢""U,
and V_, = ¢~ "'V}, (see [2]). Various articles on these sequences are available, one of which is [3].
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The Horadam numbers, which are the generalizations of Fibonacci, Lucas, Pell and Jacobsthal numbers are defined as follows:

Wy =pWy1—qWy—2 (1.3)
for n > 2 with initial values Wy = a, W; = b. Here, a, b, p, and ¢ are integers. In addition to, Binet formula for the Horadam numbers is
Ao — BB"
, _ Aa’—BB"
a-p
/12 _ 2 _

where also o = w and § = pfp“q are the roots of the characteristic equation for the sequence. We also know that A and B are
A = b—aP (1.4)
B = b—ax

(see [4, 5]).

Ozdemir define a new generalization of complex, hyperbolic and dual numbers different from another generalizations. This is a generalization
that presents a system of such numbers that consists of all three number systems together that has to be four-dimensional. The set H of
hybrid numbers z, has the form

H={z=a+bi+ce+dh; a,b,c,d € R} (1.5)
where i, €, h are operators such that

?=—1,"=0, ih=—hi=¢g+i.

The conjugate of hybrid number z is defined by

Z=a+bi+ce+dh=a—bi—ce—dh.

The multiplication of hybrid numbers is not commutative, but it has the property of associativity. The set H of hybrid numbers forms a
non-commutative ring with respect to the addition and multiplication operations. The real number C(z) = Z =7z = a? +b* —2bc —d?
is called the character of the hybrid number z and the real number /|C(z)| will be called the norm of the hybrid number z and it will be
denoted by ||z||. For more information about these operators see [6].

Now we summarize briefly, the relevant known facts about hybrid numbers. In [7], Fibonacci hybrid numbers were mentioned for the first
time in the literature. Jacobsthal and Jacobsthal-Lucas hybrid numbers are studied by Liana and Wloch [8]. In [9, 10], the authors have
adverted the special identities of the Horadam hybrid numbers. In [11], modified k—Pell hybrid sequence is defined and also some identities
are obtained. In addition to Polatli in [12], he defined hybrid numbers with Fibonacci and Lucas hybrid number coefficients. In [13], hybrid
numbers created by using tribonacci and tribonacci-Lucas numbers, which are an integer sequences with a third order recurrence relation,
have been investigated.

In [14], given a sequence A = {ay,ay,-- - }, its binomial transform B is the sequence B(A) = {b, } defined as follows:

L (n
by=Y <,)a,. (1.6)
i=0 \!

The binomial transforms of sequences can be defined, and many authors have studied this topic [15]. Actually few of them was studied
by Chen [16] and later was studied by Falcon in [17], and also binomial transform of quadrapell quaternions in [18]. In [19], the authors
obtained new quaternion sequences by using binomial transform and iterated binomial transform for quaternion sequences and obtained
some results about these sequences. In recent years, another work done for binomial transform is [20]. Again, another author of binomial
transforms for balancing polynomials is Yilmaz [21].

There are also some nice relationships between the transforms for example, the binomial transform and the inverse binomial transform. For the

sequence A, the inverse binomial transform of A is defined to be the sequence B~ (A) = c,,, where ¢, is givenby ¢, = Y. (7)(—1)""'a;. They

have been applied to the k—Fibonacci sequence in Falcon and Plaza [17]. The information in this article is as follows: Binomial transform
b =Y () F,i, falling k-binomial transform fy , = Y-, (}) k"' Fy.;, rising k-binomial transform z, = ¥, () k'F ;, k—binomial
transform wy , = ¥ (’l’) k"Fy ;. For k = 1, these four transforms coincide and therefore when applied to the classical Fibonacci sequence,
produce the bisection sequence of the classical Fibonacci sequence. There are articles that reveal the relations of binomial transforms with
different disciplines. For example [22] is one of them.

2. Hybrid Numbers Defined Through Fibonacci and Lucas Number Components

Definition 2.1. Hybrid numbers defined through Fibonacci and Lucas number components {Hy , } and {Hy ,} are defined by

Hynio = Upial +Upgsi+ Upra€+Upysh,
I:IV,n+2 = Vn+2 1+ Vn+3i +Vipag+ Vn+5h

where U, are called the first Lucas sequences and V,, are called the second Lucas sequences with parameters p and q, respectively. Initial
conditions are

ﬁU.O = (0:17P7P2_Q)
Ayy = (Lp,p*—q,p° —2pq)
and
Hyy = (2,p,p*—2q,p° —3pq)

Ayy = (p,p*—2q.p° = 3pq,p* —4p*q+24°).
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Furthermore, recurrence relations for these numbers are

Hynir = pHynp1—qHy, 2.1)
Ayno = pHy,p —qHy,. 2.2)

Also

_ptVP -4 P—VP*—4q
2

04} 2

and op =

which are the roots of the characteristic equation. Note that,
o+ = p,

aio = g

also

A=y —op=1/p*—4q.

In addition to @ and o defined as @) = 1 +iq —I—ealz +ha13, o =1+in +80622 —l—hocg.

The Horadam hybrid numbers will now be mentioned in a moment. Because the following results were found in [9, 10] and the hybrid
numbers defined through generalized Fibonacci and Lucas numbers are actually included in Horadam hybrid numbers. Note that, the definition
of Horadam hybrid numbers is reduced to {I-AIU,,,} and {[:IV,n} depending on the choice of the parameters. If we choose a =0,b=1,p=p
and g = ¢ in equation (1.3), it means that, these hybrid numbers are called hybrid numbers defined through Fibonacci number components
{Hy ,,}. Similarly for hybrid numbers defined through Lucas number components {Hy, } if we choose @ =2,b = p,p = p and ¢ = g, the
same is true.

In [9], n—th Horadam hybrid number H,, is defined as
Hy =W, +iW, 11 +eW, 10 +hW,43.

W, passing here, defined by the recursive equation (1.3).
Let’s take a look at some of the properties found for the sequence.

Theorem 2.2. [9] The generating function for Horadam hybrid numbers is

iH o Ho+1(Hi — pHo)
" 1—pt+qr*

Theorem 2.3. [9] Binet’s formula for Horadam Hybrid numbers is
Aaa™ — BB B"
H, = —
o—p
where oo = 1 +ia+ ea® + ha, B=1+ip +&B2 +hB3 and also A and B are denoted from equation (1.4).
Theorem 2.4. [10] For every positive integer n, the sum of Horadam Hybrid numbers is

n

1
ZHf = (Hp11 — qHy — Hy + qHy).
p p—q—1

Theorem 2.5. [10] The exponential generating function for Horadam hybrid numbers is

Aae™ —Béeﬁt
a—p

where o and E are denoted from Theorem 2.3.

Ge(t) =

Theorem 2.6. [10] (Vajda’s identity) For any integers n,r and s, the Vajda’s identity for the sequence is
HyrHyrs — HyHpgrys = ABqnur(zUs —ug¥ — VS(UO + qn))

where © = 1+q— pq—q° and N = —iuy + €(qu; — up) + huy . Here for a = 1,b = p Horadam sequence is {U,} and a = 2,b = p Horadam
sequence is {V,}.

With the Vajda identity in above theorem, Catalan’s identity, Cassini’s identity and d’Ocagne identity have also been shown.

As we tried to explain above, all results in the above theorems given by Horadam hybrid numbers are valid for the sequence {Flu,n} and
{I—A]V,L} which we are studying in this study, because Horadam sequence provides results that include all of them. We will try to find different
results for the hybrid numbers defined through Fibonacci and Lucas number components, that support the above theorems.

Now, in the two following theorems, different binomial identities will be given.
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Theorem 2.7. For k € N and s € Z and also hybrid numbers {Hy , } and {Hy,}, we obtain

" n s .

Y (k) q" "Hypirs = Hunts
=0

" n\ A .

Y ()  Ayoees = Ayns
o \k

respectively.

Proof. 1f the Binet formula and binomial formula is used again with the same think
oo n n Nk X
Y {Z (k)q Hy k+s o

o X" — A X"
ni —
<r;)q P ) (ingU,Zn-&-s nl )

xn) (oo AU()CI(Xlzn+SBUo62(X22’1+Sx">

n
= A n!

Considering the binomial part,

A n=0 n! A n=0 n!
i a0 — ooy
&5 A n!’
we get the result. Similar proof is made within {I:IV’,,}. O

Theorem 2.8. For k € N and s € Z and also hybrid numbers {Hy ,,} and {I:IVT,, }, we obtain

n AN A
Z (k) (_q)n kHU,k+S = HU,2n+s

k=0

n I AUN A
Z (k) (_q)n kHV,kJrs = HV,2n+s
k=0

respectively.

Proof. The proof will be made with the help of Binet’s formula, which is the most useful method we use to find such identities.

o A x"
Z HU,2n+s*,
=0 nl

) ﬂa%n-ﬁ—s _%a2n+s o

2
= X A n

n=0

2 2
Raje’ — mpage®”
A
P G L L

Let’s continue the proof using the expansion of ¢*,

I
YN
(aok
N
=
S
SR
N——
PR
s
§>
=
N
=
— =&

Il
gl
1=

sy
= 3
N—
T
=)
=
i
»
ES
N——
%
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So
“ (n PN N
) (k) (—@)" Ay jss = Ay 2nss-
k=0
With the help of the operations performed, the result is clear. Similar proof is made within {Hy,}. O

Theorem 2.9. For k,n € N and also hybrid numbers {ﬁy,n} and {ﬁv,n}, we obtain

o S oo — ag oyt
Hy xHyn+1 —qHyx1Hun = —a
A . A . ﬂZOC{CJrn 7%2065+"
HyHyp1 —qHyx1Hy,, = —

respectively.
Proof. With the help of Binet formula, we get

ﬂu,kﬂU n+1 — q[:IU kfll:IU n

B oot —maf\ (ol — ool
N A A

a A A :

Then we calculate the result

Hy «Hy n+1 —qHy - 1Hu n

| a an+k+l — o OCQOC{( n+1 + o3 an+k+l
k pyn+1 qOC2 n+k

= 5 —mado] '+ gy oczoc{‘ o

A n+k—1 k—1 yn

qaza +qopou 05 of

1 oo — L) —ayaar o (o —q)
- A2 k—1 2 n+k q

A2 | —opo o ol (oo —q) — oy (—on+ o)

2 k+n k+n
a2 o
B A
Similar proof is made within {Hy, }. O

In this theorem a general formula for all sums will be found.

Theorem 2.10. For all n € N and m,s € Z and also hybrid numbers {Hy ,} and {Hy ,}, we obtain

LA q"Hy mnts — HU,mk+m+x - quU.,sfm +Hy
Z Hy mk+s = m m m 1
fr q" = (of' +ad") +

LN quV,anrs - HV,mk+m+s - quV,sfm + HV,s
Z HV,mkH =

qm—(a;”+a§”)+1

respectively.

Proof. Using the Binet formula, we have

n
Z HU,mk+s
k=0

n mk+s _ mk+s
(0404 [0242%)

-y &4 =

k=0

% Otf - mk (X2(X§ < mk
= A Z o = A Z 5]

k=0 k=0
] i 01O 00 o o — ol
T (W o)+ 1 " e
— m & pazh “1 i
q 1 2 —q n <

qmﬁu,mn+s - I:IU,karers - qmﬁU,sfm + ﬁU,s
q"— (o +od) +1

Similar proof is made within {Hy,, }. O
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3. Binomial Transforms for Hybrid Numbers {H, ,} and {Hy,}

In this section, a new hybrid number sequence will be obtained by using the relations (2.1) and (2.2). First, the recurrence relation of this
new sequence will be found, and then after the Binet formula is obtained, general results will be passed. Some of these general results will be
created in parallel with the results given for {I-AIUJ,} and {I—AIV,,,} so that the relationships between them can be seen more clearly.

The binomial transforms of {Hy ,} and {Hy,,} are

N T n\ A
bHy, = Y, ( Z)HU,n @3.1)
=0
N T n\ A
bhy, = Y (l)HV,n
=0

respectively, for {ﬂyn} and {ﬁVn} hybrid numbers like (1.6).
Lemma 3.1. Let {bﬁUJ,} and {bAy ,} be the binomial transforms of {I-AIUJI} and {ﬁv,n}. Then we have

N LS AR N
bHynp1 = ) (1) (Hy,;+Hy 111)
=0
N LS AR N
bHy,1 = Y, (1) (Hy;+Hy 1)
=0

respectively.
Proof. Since we know the (3.1) equation , we get
n+1 n+1
N n+1\ n+1\ N
bHy p1 = Z Hy, = Z Hy,;+Hy .
1=0 ! =1 !
Also the binomial rules of (,",) + (}) = ("7") and (44 1) = nare known, we get
n+1
. n n\| ~ N
bHy i1 =Y, Kl_ 1> + (l)} Hy,+Hy .
=1

Then the following result will be obtained

n

N n N N
bHy i1 =Y (l) (Hy;+Hy 141)-
=0

Similar proof is made within {bHy, }. O
From Lemma 3.1, we can give the following main result.

Theorem 3.2. The binomial transforms of {I-AIUA’n} and {Hy,,} states following recurrence relation

bHy, = (p+2)bHy,1+(—q—p—1)bHy, > (3.2)
bHy, = (p+2)bHyu 1+ (—q—p—1)bHy, > (3.3)

forn > 2, where
bI:IUA,O = (0,1,p,p27q) (34)
bAyy = (2.p,p*—2q,p° —3pq) 3.5

and

bAy: = (Lp+1,p*+p—q.p>+p*—2pg—q) (3.6)
bAy, = (2+p, p*+p—2q, p+p*—29—3pq, p*+p’ —4p*q+24* —3pq) (3.7)

respectively.

Proof. With the help of Lemma 3.1 we get,

N LIS ANIN .
bHy i1 =Y, (l>(HU,1+HU,l+1)
=0

T n\ A . N N
=Y (l>(HU,1+HU,l+1)+HU,0 +Hy,
=1

o /n\ A "\ A . N .
=(p+1)) <Z)HU,1*qZ (l)HU,1+HU,0+HU,1 +(p+1)Hyp
=1 =1

A T\ A N N
=(p+1)bHyun—q, <1)HU.171 +Hy1 — pHy .
=1



288 Konuralp Journal of Mathematics

If we take n — n — 1, then we get

n—1

I ) AU,171 +[:IU,1 7PI:IUA,0

n—1
bHy n = (p+ 1)bHyp1—q Y. (
i=1
A n—1 n—1 N N N
= p(bHyn1)+ Y, Kl—]) —CI( / )}HU,IA-FHU,] —pHy
1

n—1 n—1 N N N
) iQ(l_ 1)} Hy,-1+Hy,1—pHyp

N N o /n\ A N N
= p(bHy 1)+ (1+q)(bHy 1) —q ) (l)HU.lfl +Hy,1 — pHy o
i=1

Moreover, if the process continues, we get
Lo n\ A N N . N
-qY ; A1+ Hy 1 —pHy o = bHy +(—q—p—1)bHy ,_1.
=1

So we obtain bI—AIU,,,H =(p+ Z)bﬁyyn —(g+p+ l)bﬁy,n,l as we wanted. Similar proof is made within {bI—AIVﬁ,,}. O

Characteristic equation of (3.2) and also (3.3) is
= (p+2)x+(g+p+1)=0. (3.8)

The roots of equation (3.8) are

P+H2+Vp -4
2

y=o+1= and 0= +1=

p+2—+/p*—4q
—

Throughout the article, o) + 1 and o + 1 will be used instead of ¥ and § to provide similarity.

Binet formulas for the {bHy ,} and {bHy ,} are in the following theorem.
Theorem 3.3. Let {bHy ,,} and {bHy ,} be the binomial transforms of {[‘AIU’,,} and {I:IVJ,}. Binet formulas of{bﬁyyn} and {bI—AIVJ,} are

AU(X{' +BU06£’

bHy, = — (3.9)
N Ayal' +By ol
by, = YHTEVG (3.10)
: A
where
Ay = bHy,—bHyo(mp+1)
Ay = bHy;—bHAyp(on+1)
and
By = bHyg(ou+1)—bHy,
By = bHyg(oy+1)—bHy,

respectively.

Proof. There is a general solution in the form of bHy , = dy Y" +dp 8" that is bHy , = dy (0t +1)" +da (0 + 1)". If n = 0, then bHy o =
dy +d> and also if n = 1, then bHy | = dy (o + 1) +da (0 + 1). Therefore

g — bHy 1 — bHy o0 _ bHy oo —bHy
1= A - A ’

Ifdy = %‘m(aﬁl) and dp = w are substituted into bHy , = d o +dp a4, then

d d

bI:]U’l —b[fIU’()((Xz-i- ]) " b]:]U’()(OCI +1) _bﬁU,l n
A ! A 2
such that Ay = bHy | — bﬁuﬁo(az +1) and By = bﬁywo(al +1)— bI-AIUJ. Then, we obtained Binet formulas of {bﬁU,,,} and {bﬁv’n}

bHy , =

AU(X? +BU(X§

bHy » = X (3.11)
where

Ay = bHy,—bHyo(ap+1)

By = bI'AIU,()(OCI + 1) _bﬁU,l-

Similar proof is made within {bHy, }. O
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We formulate the generating function and exponential generating function for the {bHy ,} and {bHy , }.

Theorem 3.4. Let {bHy ,} and {bHy,} be the binomial transforms of {Hy »} and {Hy »}. The generating functions of {Hy »} and {Hy »}

are
bFIU’n (x) =
bHy (%)
where (3.4), (3.5) and also (3.6),(3.7) respectively.
Proof. Using equation (3.11), geometric series formula, we get that

i (Ayafl +BUOC§) o
A

- > AU(Oclx)” > Bu((XQX)n
- Z + Z A

n=0

0
A B
v, _Bu_
1—ax 1—apx

1

A
bHy,1 —bHy o(0n + 1) — (bHy,1 — bHy o0 — bHy 0) 0
bHy oou +Hy o — bHy 1 — (bHy o0 +bHy 0 — bHy 1) 0

x(bI:IU,[ — pr:IU,O)

gx? — px+1
x(bHy,1 — pbHy )
gx? — px+1

|

A(gx® — px+1)

1 (xA(bHy 1 — pbHy o)
N gx? — px+1

A

_ x(bHy, — pbHy o)
gx* —px+1

as we claimed. Similar proof is made within {bI—AIVY,l}.

O

Theorem 3.5. (Exponential generating function) Let {bHy ,} and {bHy ,} be the binomial transforms of {Iflyﬂ} and {I:IVJ,}. Then the

exponential generating functions for {bHy »} and {bHy,} are

tn

AUeall +BUeazl

bAy )~ =
r;)( U,n)n! A
oo . tn Avealt + Bve(lzt
bHy ,)— _
Ty = 255

respectively.

Proof. Applying Binet formula, we obtain

hnd t" . > AU(X?+BUOCS t"
IS o G

n=0 n=0 n!
_AU nd (oc]t)” By & (azt)”
“ALoa Al

Ay oyt U oot
A A
Apye®t 4 Bye®!
A

Similar proof is made within {bHy, }.

Theorem 3.6. Let {bHy ,} and {bHy,,} be the binomial transforms

of {Hy »} and {Hy,}. Then

- bﬁU.,xfm) - bﬂU,mn+m+s + bﬁU‘x

g"— (o +af)+1

qm (bﬁV,mn+s - bﬁV,S*WL) - bHV,mn+m+s + bI:IV,s

n m(LQ

A q" (PHy -+
ZbHUﬁkars = e
k=0
7 A
ZbHV,kars =
k=0

foralln € N and m,s € Z,s > m, respectively.

q"— (o' + a3') + 1
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Proof. From (3.11), we get

no Ay ainkJrs +BU(X£"k+S
Z bHU,m/H—S = Z
k=0 A

k=0
n B aS n
k v mk
Yot ) o
k=0 k=0

_Avod
1 ] +1

_Ayed (@)™ -1 | Buog ()" 1
A o' —1 A oy —1

_ AU( mn+m+s aiv)(aén _ 1) BU(aénerJrs _ ozé)((x{” _ 1)
A(oz’”oc2 —of' —ayt+1) Ao o — o' — o' + 1)
AU( mn+s(a1 062) laEn mn+m+s + ch)

Alaj o) —af* — ag’+ 1)
Bu(og" (0n )" — o s — " "+ )
Alaf o' — o' — ol +1)

{ quUa;""“JrBUa;""*‘ quUa; '"ZBUa;‘*'" }

A
_ AU a;ﬂn+/?l+S+BU aéﬂ"+/ll+§ + AU af+BU a2§
A A

g"— (o + a5 + 1
qm (bI:IU.anrs - bHU,sfm) - bﬂU,mn+m+s + bI:IU.s
g"— (o' +af) +1 '

Similar proof is made within {bHy, }. O

Theorem 3.7. Let {bHy ,} and {bHy,} be the binomial transforms of {Hy ,} and {Hy,}. Then the Catalan identity for {bHy ,} and
{bﬁvyn} is
¢ *(af — 05)(BuAyaf —AyBy os)
A2
¢ *af — o) (BvAv oy —AyByog)
A2

bﬁU.,nfkb[:IU.an - (bI:IU,n)2

bI:IV,nfka:IV,nJrk - (quV,n)2 =
for n,k € Nwith n > k, respectively.

Proof. Applying (3.9), we find that
by kbHy ik — (bHy )
<AUa +Byal ) <Aua"+k +BUa”+k) (Auaf +Buag) (Aytx{’ +Byag)

A A A A

AUAU(Xln—O—AUBU(Xn k n+k—|—BUAUOCn k n+k—|—BUBUOt

A2

AUAU(Xlzn +AyBy O(?(Xg +BUAUﬁnO£{l + ByBy 0622’1
_ o

AUBUq +BUAU11 **AUBUq —ByAyq"
- o

k
¢ (vo (“G) +Buau (952))
2

- e

q" (AuBy (o — af ) ok +ByAy (af — of)ak)
B qkAz
_ ¢"*(af — b)) (ByAyaf —AyBy af)
- 2

""" (o — o) (BuAy af —AyBy )
- 2 .

Similar proof is made within {bHy, }. O

Theorem 3.8. Let {bHy ,} and {bHy ,} be the binomial transforms of {Hy ,} and {Hy,}. Then the Cassini identity for {bHy ,} and
{bﬁvﬂ} is
¢""'A(ByAu oy —AyBy o)

bAy - 1bAy ni1 — (bAy ) =

A2
-1
X N N q"'A(ByAy oy —AyBy o
by, 1bAy i1 — (bHy,)? = ( A2 )

for n € N, respectively.
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Proof. If we take k = 1 in Catalan identity, the we get the desired result. The other can be proved similarly. O

Theorem 3.9. Let {bﬁuﬁ,,} and {bﬁv_,,,} be the binomial transforms of {Hy ,} and {I—AIV",,}. Then the d’Ocagne identity for {bl:Iuﬁ,l} and
{bﬂV.n} is

ByAy aé‘ocf' —AyBy OC{(OCE'
A

ByAy aﬁ‘a{‘ —AyBy OC{( oci’
A

(bHy 1) (bHy 1) — (bHy 41 ) (bHy ) - =

(bAy 1) (bHy 1) — (bHy i1 ) (bHy )

for n > k, respectively.

Proof. Using Binet formula, we get

(bHy x)(bHy 1) — (bHy g1) (PHy 1)
B (Aua{<+BUa§> (Auaf“ +BUag+1) (Aya{‘+l+BUa§+l> <Ayaf+BUag)

A A A A

B AUAUOC{(JrnJrl +AUBUOC{(OC£'+1 +BUAUOC§OCf+1 +BUBUOC§+n+1
= v
AUAUOC{ﬁLlJrn +AUBU(X{C+1 oy +ByAy océ”l of +ByBy aé‘“*”
_ e
B AUBUOC{(OCéHl +BUAUOC§OC?+1 —AUBU(X{(JAOCQ —BUAUOC§+IOC?
= 2
—AyByafai A+ ByAy ok o A
= A2
A(ByAy ok ol — AyBy akodl)
A2
ByAy OC%(X{' —AyBy OC{((Xg
- A

This completes the proof. Similar proof is made within {b[flvyn}. O

4. Conclusion

In this article, two different types of sequences are discussed in two separate sections. First of all, results that were not in the literature were
found about the {Hy ,} and {Hy,}, which is a subsequence of Horadam hybrid number sequences that already existed. Some of these
include general formula for all sums and also binomial identities. In the second part, a subject on binomial transforms of such numbers, that
is, hybrid numbers, has not been studied before. In this section, firstly, the recurrence relation for the {bI—AIUy,,} and {bﬁv,n}, which are a new
sequence obtained with the sequence of these given hybrid numbers, and then with the help of Binet formula, results about the generating

function, sum formulas, explicit formulas and some special identities which is Catalan identity, Cassini identity and d’Ocagne identity, are
found.
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