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Abstract

In this paper, we give some properties of Riemannian curvature tensors of Mus-gradient metric .i.e. we
characterize the Riemannian curvature, the sectional curvature, the Ricci tensor, the Ricci curvature and the
scalar curvature.
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1. Introduction

On a Riemannian manifold, we can define a deformation metric of Riemannian metric by a conformal deformation or by a

non-conformal deformation. Let (M™, g) be an m-dimensional Riemannian manifold. The conformal deformation of metric g is
defined by

g(X,Y) :fg(X7Y)a

for all vector fields X and Y on M, where f : M —]0,+o0] is a strictly positive smooth function.
Benkartab and Cherif, in [1] have introduced a new class of Riemannian metric on a Riemannian manifold (M™,g) defined
by

X, Y) =X, Y)+X(H)Y (),

for all vector fields X and Y on M, where f be a smooth function on M. They searched some properties of the Riemannian
manifold with this metric. They presented a new example of non-harmonic biharmonic maps, and they characterized the
biharmonicity of some curves on the Riemannian manifolds. Here, we also refer to the [2].

In this direction, the authors, Djaa and Zagane, in [3] defined another new class of Riemannian metric by

8X,Y) = fe(X,Y)+X(f)Y (),

for all vector fields X and Y on M, where f be strictly positive smooth function on M. g is called the Mus-gradient metric.
They investigated the Levi-Civita connection of this metric and they studied some properties of harmonicity with respect to the
Mus-gradient metric. They also considered, in [4] a Riemannian metric defined by

G(X,Y) :fg(X,Y)+g(§7X)g(§7Y),

for all vector fields X,Y and & on M such that g(§,&) = 1 and &(f) = 0, where f be strictly positive smooth function on M. g
is called the semi-conformal deformation of metric. They investigated the Levi-Civita connection of this metric and investigated
the Riemannian curvature, the sectional curvature and the scalar curvature. In the last section, they studied some class of proper
biharmonic maps.
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In addition to our previous work [3], in this note, we introduce some properties of Riemannian curvature tensors of
Mus-gradient metric. In here, we study the curvature tensor (Theorem 6 and Corollary 7) and characterize the sectional
curvature (Theorem 8, Corollary 9 and Corollary 12), the Ricci tensor (Proposition 11 and Proposition 13), the Ricci curvature
(Proposition 14 and Proposition 16) and the scalar curvature (Theorem 17 and Proposition 19).

2. Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold, let C* (M) be the ring of real-valued C* functions on M and let 3% (M)
be the module over C* (M) of C* tensor fields of type (r,s).

Denote by I“i.‘j the Christoffel symbols of g and by V the Levi-Civita connection of g which is characterized by the Koszul
formula
28(VxY,Z2) = Xg(Y,Z) +Yg(Z,X) - Zg(X,Y) +8(Z,[X,Y]) +¢(¥,[Z,X]) — g(X,[Y,Z]), 0]
forall X,Y,Z € 3} (M).

By R, Ric and Ricci we denote respectively the Riemannian curvature tensor, the Ricci curvature and the Ricci tensor of
(M™,g). Thus R, Ric and Ricci are defined by

R(X,Y)Z = VxVyZ—-VyVxZ—-VixyZ,
m

Ricci(X) = Y R(X,E)E,
i=1

Ric(X,Y) = g(Ricci(X),Y),

forall X,Y,Z € 3} (M), where (E\,...,E,) be alocal orthonormal frame on M.
Let f be a smooth function on M, the gradient of f, is defined by

g(grad f.X) =X(f),
the Hessian of f, is defined by
Hessy(X,Y) = g(Vxgrad f,Y) =X(Y(f)) — (VxY)(f), )

for all X,Y € 3}(M).
X € 31(M) is a Killing vector field if

g(VYX7Z) +g(VYZa)() = 07

forall ¥,Z € 3}(M). One can easily see that f € C*(M) is a Killing potential if grad f is a Killing vector field. Then grad f is
called a Killing gradient, [5]. f € C*(M) is Killing potential if and only if Hess; = 0 or equivalently Vygrad f = 0, for all
X €3L(M), [5].

3. Mus-gradient metric

Definition 1. ( see [3]) Let (M™,g) be be a Riemannian manifold and f : M —]0,+o0[ be a strictly positive smooth function.
We define the Mus-gradient metric on M noted g by

8X,Y)x = f(0)g(X, Y )x + X (/) Ya (),

where x € M and XY € S}(M), f is called twisting function.
In the following, we consider ||grad f|| = 1, where ||.|| denote the norm with respect to (M™,g). (There are other works on
deformation similar to deformation in the article [3] on tangent beam see for example, [6, 7, §8]).

We shall calculate the Levi-Civita connection V of (M™,g).

Lemma 2. (see [3]) Let grad f (resp g’r\aJd f) denote the gradient of f with respect to g ( resp §). Then we have

grad f = gradf. A3)

1
f+1
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Theorem 3. (see [3]) Let (M™,g) be a Riemannian manifold. The Levi-Civita connection % of (M™,g) is given by

X0y Wy (Heglhal) XM _ s

2f oy Fr1 fUen) 2<f’+1))gmdf’ @

orall X,Y € 35(M), where V denote the Levi-Civita connection of (M™,g) and Hess s is the Hessian of f with respect to g.
0 f

VyY = VyY +

Lemma 4. (see [3]) Let (M™,g) be a Riemannian manifold. Then for all X € 3}(M), we have

ngradf ngradf—i—% - ZfJ((JE]—C: 1)gradf.

Lemma 5. Let (M™,g) be a Riemannian manifold. Then for all X,Y € 3}(M), we have

f 1 1

Proof. Using the Theorem 3, we have
Hessy(X.Y) = X(Y(f) = (Vx¥)(f)

= XX ()= (Vx¥)(f) -

Hessf(X,Y) = g(X,Y).

X(UIY(f)  Hessy(X.Y)  X(NY() , g(X.Y)
f f+1 fU+D) 20041

1 8(X.)

f+1 2(f+1)

= f'{‘ | Hessp(X,Y) —

4. Curvatures of Mus-gradient metric

We shall focus on the Riemannian curvature tensor of (M, g).

Theorem 6. Let (M™,g) be a Riemannian manifold. The Riemannian curvature tensor R of (M™,§) is given by

= (Tt verads - (D T SR ) wrsraas
(Hessp(v,2)  Gf+DY(NZU) | (v.2) Hess (X,2)  (3f+ DX(NZ(f)  &(X,2)
( 20F 1 1) ey f(f+1)>X+( 20F 1 1) 2P2(f+ 1) +4f<f+1>)Y

(Kl 12) | Ve 07) | OFAIXDRD)_ (4O ee.2)

2(f+1)? 2(f+1)2 4f(f+1)2 4f(f+1)2
g<R(X’;)+Zigmdf) >gmdf+R(x,Y)z, (5)

forall X,Y,Z € 3(1)(M ), where V and R denotes respectively the Levi-Civita connection and the curvature tensor of (M™,g).
Proof. Forall X,Y,Z € 3}(M), the Riemannian curvature tensor is as follows:

R(X.Y)Z=VxVyZ —VyVxZ—Vix yZ.
From the Theorem 3, we obtain

i.

ViVyZ = Wy (VyZ+Y(f)Z+Z(f)Y+ <H€SSf(Y7Z) _YUNHZ() g(Y7Z))>gmdf)

2f 2f f+1 f(F+1)  2(f+1

= Vx(VyZ)+Vy (Yz(]]:)z) +Vy (f(ﬁY) +Vy <Hesfsi()ll’z)grad f) —Vy (i‘((i”)i({)) grad f)

(42 )
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Direct computations give

G (VoZ) = X()g 0 D), (Hessp(X.VyZ) X(H(VvZ)(f) X Vy2)\
Vx(VyZ)=VxVyZ+ 2F VyZ+ 2f X+< P FU+) 2F+ 1) >g df,

Tu(TWz) — My TOZDy (XU XM,

2f 2f 472 2f 4f2
Y()Hess (X,2)  XUOYNZS) _Y(HeX.2)Y
R T a7 v ) L

T(Ar) - Wgy D, (YD) _XDAD),

2f ) 2f X af2 2f T 4p
Z(f)Hessp(X,Y) X(f)Z()Y(f) Z(f)g(X,Y)
+< AU+ 220 A+ D) >g’“df’
~ (Hess;(Y,Z) Hessy(Y,Z) Hessy(Y,Z)
X( fF1 radf) Fr1 o Xl e
(g(VXVygradf,Z) Hess;(Y,VxZ) B 2r+ l)X(f)Hessf(Y,Z)> rad f
f+1 1 2f(f+1)2 graal,
s (Y(NHZ(S) _Y(HZ(S) Y(f)Z(f)
Vx<f<f+1)gmdf> = Gy e e Y
X(Y(NZ(f) [ YNX(Z(f)  @f+3)X(NY()Z(S)
+( MDD 212+ 1)2 >g’"“df’
< ([ g¥,2) _ 82 o g(Y,Z)
VX<2<f+1)gmdf> = g Vel + T
(gwxm e vxz>_(2f+1>x<f>g<nz>> s
2/+1) © 2(F+1) af(renz )8
ii. With permutation of X by Y, we get %y%xz.
= X.,Y Z Hess¢(|X,Y|,Z X, Y|(f)Z
R N 11 P P (S AT S B
[ |

Corollary 7. Let (M™,g) be a Riemannian manifold. If f is Killing potential (i.e. Vgrad f = 0), the Riemannian curvature
tensor R of (M™,§) is given by

RX,Y)Z = R(X7Y)Z+((3f+1)y(f)z(f)_ 8(r,2) )X_((3f+1)X(f)Z(f) g(X7Z))>Y

4f2(f+1) Af(f+1) -

4f2(f+1) 4f(f+1
3742 <x<f>g<y,z> Y<f>g<x,z>)gmdf,

WEVITENNE

forall X,Y,Z € 3(M), where R denotes the Riemannian curvature tensor of (M™,g).
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For V.W € 3(1)(M ) and x € M such that V, and W, are linearly independent, then the sectional curvature of the plane spanned
by V, and W, is given by [9]

ER(V, W)W, V)

KVW) = 20000 w) — VW)

(6

Theorem 8. Let (M™,g) be a Riemannian manifold. If K (resp., K) denotes the sectional curvature of (M™, g) (resp., (M, g)),
then we have

~ B 1 Hessp(X,X)Hessp (YY) (f+2X(f)*)Hesss(Y,Y) Hessp(X,Y)?
Ron) = gy (KOO0 =205 (S ) A
_(fH2Y(f)*)Hessy(X,X) | 2X(f)Y (f)Hessy(X,Y) (B +1D)X(f)*+Y(f)?) 1 ) 7
fF+1 fF+1) AfF(f+1) CAf(f+n/)

forany X,Y € S}(M). Here XY are orthonormal with respect to g.

Proof. From the formula (5), we have
ERXY)Y.X) = fe(RX,Y)Y.X)+g(R(X,Y)Y,grad f)X(f)

= (G e esoe0 - (P Jes

B (Hessf(Y,Y) ~@Bf+ DY (f)? N 1 ) +f(—X(f)Hessf(Y,Y) N Y(f)Hesss(X,Y)

2(f+1) afA(f+1)  4f(f+1) 2(f+1)? 2(f+1)?
(Bf+2)X(f) sg(R(X,Y)Y,gradf) Hessp(X,Y)  (Bf+DX(f)Y(f)

o - R o+ (A - R

Hessp(Y,Y) (3f+1)Y(f)? 1
_( 2(f+1) o 472(F+1) +4f(f+l))X(f)z—l—fg(R(X,Y)Y,X)+g(R(X,Y)Y,X)X(f)

(—X(f)Hessf(Y,Y) Y(f)Hess;(X,Y) (3 +2)X(f) g(R(X7Y)Y7gmdf)>X(f).

)X ()Y (f)

2(f+1)2 2(f+1)? 4f(f+1)2 f+1
After simplifying the last equality, we get

, fHess; (X X)Hess (YY) (f+2Y(f)*)Hess (X.X) _(f+2X(f))Hess; (1.Y)

fHessy(X,Y)2 2X(N)Y (NHessy(X.Y)  GfF+DX(P+Y()?) 1
f+1 f+1 4f(f+1) 4(f+1)’

and we have
XX Y) =g YT = (FHX(P)(F+Y () = (X(DY ()
= SUHXID?HY (),
The division of g(R(X,Y)Y,X) by g(X,X)g(Y,Y) —g(X,Y)? gives the formula (7). [

2

Corollary 9. Let (M™,g) be a Riemannian manifold. If f is Killing potential, then the sectional curvature K of (M™ g) is
given by

1 L 3f+1
fHX(f)>+Y(f)? 4f(f+1) AfA(f+1)

for any orthonormal vector fields X,Y on (M™,g).

R(xy)= (koxy) - XUP+Y (). ®)

Remark 10. Let {E;};_1, such that Ey = grad f be a local orthonormal frame on (M™,g), then we define the orthonormal
vector fields

1 1
E1,E =
NiED

then {E;} i—Tm i @ local orthonormal frame on (M™, §).

Ei = E;, i=2,m, )
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Proposition 11. Let (M™, g) be a Riemannian manifold. If Ricci (resp. IZZ’TL) denote the Ricci tensor of (M™,g) (resp., (M, g)),
then we have

— ol (LAY m=A)ftm =3 ANX(S)  (m—2)(3f+2)X(f)
Rieel) = el =gty *aptreir X e apgrnr )

_ﬁ (R(X,gradf)gradf—i—V(ngmdf)gradf—|—Ric(X,gradf)gradf)
Af)  (m=2)f+m—
F(f+1) 2f(f+1)?

grad f

+( Y Vxgrady, (10)

for any X € 3§ (M).

Proof. Let {E;};,_1,., such that E; = grad f be a local orthonormal frame on (M™, g) and {E}} i—7;m be a local orthonormal
frame on (M™, g) defined by (9). By the definition of Ricci tensor, we have '

— ~ ~ o~

Ricci(X) = Z{R(X,E,-)E,-
= ﬁ(X,; df)——— gradf—i—ZR 1Ei)iE,-
) T SV

= fil (X ,gradf)graderleéRXE VE;

- 7ot ) P - W%R a7 X R s
) v & (SRR g Vs
(S Ve~ (S g
R S g oty
_g(R(X’?f;’gradf))gradf+R(X7E,-)Ei>7

and using
iHessf(EhEi) =A(f),
iHeSSf(X,Ei)Ei = Vygradf,
ﬁig(XEi)Ei =X —X(f)gradf,
iR(X,E,»)E,» = Ricci(X) — R(X, grad f)gradf,
we getlt;e formula (10). n

Corollary 12. Let (M™,g) be a Riemannian manifold. If f is Killing potential, the Ricci tensor Ricci of (M™,g) is given by

e I (m—4)f+m=3 (m=2)3f+2)X(f)
Ricci(X) = ?RZCCZ(X)— IR X+ 320 1 1)

grad f, (11)

for any X € 3} (M).
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Proposition 13. Let (M™,g) be a Riemannian manifold of constant sectional curvature A, the Ricci tensor Ricci of (M™,g) is
given by

o AMm—1)f+m=2) —A(f) (m—4)f+m—3 1
Ricci(X) = ( )X_f(f+1)v(vxgradf)gmdf

ff+1) 2f(f+1) 4f2(f+1)?
(RN S U252
FUF+1)  2f(f+1)? 4f2(f+1)?
A(f) (m=2)f+m—1
+<f

Grl) 212 ) Vagradf, (12

)X(f)gmdf

for any X € 35 (M).

Proof. Taking account that for all X,Y,Z € 3} (M)
R(X,Y)Z=A(g(Y,Z)X —g(X,Z)Y),

we obtain

R(X,gradf)gradf = AX—AX(f)gradf,
Ricci(X) = (m—-1)AX,
Ric(X,gradf) = (m—1AX(f).

This completes the proof. |

Proposition 14. Let (M™,g) be a Riemannian manifold. If Ric (resp. Iilvc) denote the Ricci curvature of (M™,g) (resp., (M, §)),
then we have

o L A(f) [ (m—4)f+m—3 A(f) (m=2)f+m—1 .
Ric(X,Y) = RlC(X’Y)<2(f+1)+ A1) )g(X,Y)+(f+1 212 >Hessf(X,Y)
2
i1 (8ROt rad grads. ¥) 4 Fxsrad s Vysraas) ) - ST (Y ()
(3m—6)f>+ (4m—6)f +m—1
4f2(f+1)2 X(NY(f)s (13)
forany X,Y € 3} (M).
Proof. From definition of the Ricci curvature, we have
Ric(X,Y) = g(Ricci(X),Y)
—  fe(Ricci(X),¥) +g(Ricci(X), grad )Y (f). (14)

Using (10), we have

— . A(f —4)f+m-3 1
rel®iEci0, ) = Rie(er) - (5 + P e, y) - RO grad Pgraa 1. 7)
1 A -2 -1
_ﬁg(vxgradf,Vygradf) + (}CS{? — (m 2(;{:1;21 )Hessf(X,Y)
A(f) (m—2)(3f+2) 1 .
T2+ I)X(f)Y(f) + Wx(f)ﬂf) - ﬁY(f)RlC(Xagmdf)a (15)
and
RN grad V() = TV (DRieX,grad ) - sx (v + B e v, as)
Using (15) and (16) and substituting them in (14) we find the formula (13). |
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Corollary 15. Let (M™,g) be a Riemannian manifold. If f is Killing potential, then the Ricci curvature Ric of (M™,g) is given
by

(3m—6)f>+ (4m—6)f +m—1
4f2(f+1)

(m—4)f+m-3

Ric(X,Y) = Ric(X,Y) — IR

gX,Y)+

X(N)Y (), a7
for any XY € 35(M).

Proposition 16. Let (M™, g) be a Riemannian manifold of constant sectional curvature A, the Ricci curvature Ric of (M™,g) is
given by

Ric(X.Y) = <((m_l)ff:1m_m_2(?‘(?1)+(m;f2‘f++1’;12_3>g(x’m_%g(VXg’“df’Vygmdf)

[+
A (fFH2AY) | Bm—6)f2+(4m—6)f+m—1
+<f+1* T A1) )X(f)Y(f)

A(f) (m=2)f+m—1
+(f+1 — CES)E )Hessf(X7Y), (18)

for any XY € 35 (M).
Proof. Taking account that for all X,Y,Z € 3} (M)

we obtain

R(X,grad f)grad f AX —AX(f)gradf,
Ric(X,Y) = (m—1)Ag(X,Y).

This completes the proof. u

Theorem 17. Let (M™,g) be a Riemannian manifold. If 6 (resp., &) denote the scalar curvature of (M™,g) (resp., (M, §)),
then we have

~ 1 2 A4 02m+2)(f+1) 1,
6 = —-0—————Ric(gradf,gradf)— 1) A(f)+f(f+1)A N

f U+
(Bm—6)f2 4 (—m? +11lm—12)f —m> +6m—5
AfA(f+1)2 ’

f(fl—i— 0 tracey,g(Vgrad f,Vgradf)+

i—Tom Such that Ey = grad f be a local orthonormal

where, trace,g(Vgrad f,Vgradf) = Zg(VE,gradf, Vg grad f) and {E;}
=1

Sframe on (M™,g).

Proof. Let {E;} such that E; = grad f be a local orthonormal frame on (M™,g) and {E;},_i- be a local orthonormal

i=1,m’ i=1l,m
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frame on (M™,g) defined by (9). By the definition of the scalar curvature, direct calculations give

6 = Y Ric(E,E)
i=1

=

1 . 1 m .
= Ric(grad f,grad f)+ 7 ZRic(Ei,Ei)
i=2

f+1 =
_ # (Ric(grad f.gradf) > éfi ) 5 (m - f‘?ff :1’;12_ 3 (J;(;)f(lf )
B
* (? (+f i - _2(2 }ﬁ;ﬁ - )H essy(Ei Ei) ﬁ (g(R(El-,gmdf>gmdf,Ei) +g(Vi,gradf, VE,.gmdf>>
g + GOl T g )
- fi [ Ric(grad f grad f) - f(?‘(—{ ) 5 ("Zle(}(if 1;1) + }c - %Ric(gmd f.grad )
—WA(]‘) + f(Afz(_{)l) - f(fl—i— l)tracegg(Vgradf, Vgradf)
+(3m—6)f2+ (=m2 +9m —10)f —m?* +5m—4
AP(+1p
_ %c_ ﬁRic(gmdf,gmdf) - f2+§n(1f++2i§§+ Dai) + f(f1+ S4%)
_ f(fi fjfraceqs(Varad f,Vgrad ) + (m—6)f*+ (_mz; (1 flnﬁ)iz)f —m6m—5

[
Corollary 18. Let (M™,g) be a Riemannian manifold. If f is Killing potential, the scalar curvature & of (M™,§) is given by

~ 1 Bm—6)f+(—m*+11lm—12)f —m*+6m—>5
e TP |

Proposition 19. Let (M™,g) be a Riemannian manifold of constant sectional curvature A. Then the scalar curvature G of
(M™,§) is given by

2
§ = Y e
- f(%_’_l)tmceg o(Varad f,Vgrad f)+ S =97 i (mi; (1}’:1-1;2)]6 —m’+6m-—5 (19)
Proof. Taking account that for all X,Y,Z € 3} (M),
R(X,Y)Z=A(g(Y,2)X —g(X,2)Y),
we find
Ric(grad f,gradf) = (m—1)A,
c = m(m—1)A.
|

5. Conclusions

In this work, we introduce an other class of metric on Riemannian manifold called Mus-gradient metric, also we studied the
some properties of Riemannian curvature tensors of this metric.i.e. we characterize the Riemannian curvature, the sectional
curvature and the scalar curvature.
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