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Abstract

This paper is devoted to the study of a perturbed differential inclusion governed by a
nonconvex sweeping process in a Hilbert space. The sweeping process is perturbed by a
sum of an integral forcing term which the integrand depends on two time-variables and
a maximal monotone operator. By using a semi-regularization method combined with a
Gronwall-like inequality we prove solvability of the initial value problem.
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1. Introduction

After their introduction by Stampacchia in the 1960s (see [10,19]), variational and quasi-
variational inequalities have been a rich field of research for the mathematical community,
with many applications to physics, mechanics, and economics, among others. As the
generalization of variational inequalities, the theory of hemivariational inequalities was
first introduced and studied by Panagiotopoulos in [17]. The mathematical theory of
hemivariational inequalities has been of great interest recently, which is due to the intensive
development of applications of hemivariational inequalities in contact mechanics, control
theory, games and so forth. Some comprehensive references are [11-14]. One of the
typical formulations of the evolution variational inequality problem found in the literature
is the sweeping process which was introduced and largely treated by J. J. Moreau in a
series of papers, in particular in [15,16]. It was shown in [15] that such processes play a
fundamental role in mechanics, especially in elasto-plasticity, quasi-statics, dynamics. The
mathematical model of the sweeping process (see [15,16]) corresponds to a point which is
swept by a moving closed convex set C'(¢) in a Hilbert space H according to the differential
inclusion

{—i:(t) € Nowy(z(t))  ae. t € [Ty, T]
l’(To) =g € C(To),
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where Tp,T' € R with 0 < Ty < T" and N¢ () (-) denotes the normal cone of C(t) (in the
standard sense). The analysis of systems with external forces led to consider and analyze
the following perturbed variant

{—ab(t) € Now(z(t) + f(t,z(t))  ae. t € [Tp,T]
.T(To) =xp € C(To),

where f : [Ty, T] x H — H is a Carathéodory mapping, i.e., f(¢,-) is continuous and f(-, z)
is Bochner measurable for [T, T endowed with the Borel o-field B([Tp,T]). By Bochner
measurable mapping we mean here any limit of uniformly convergent sequence of simple
mappings from [T, T| into H with [Ty, T] endowed with its Borel o-field.

In this paper, we are interested in a variant of integro-differential sweeping process of
Volterra type associated with maximal monotone operators of following form,

t
(1) € Neg(w(t) + Ax(t) + 0/ fltsatonds e te 0.1 (Pa)
q;(O) =X € C(O),

where A : H = H is a set-valued maximal monotone operator, C(t) is a prox-regular
moving set of the Hilbert space H and Ng((-) is its proximal normal cone.

The well-posedness of the sweeping process with a maximal monotone perturbation
(Pay), i.e., f =0, has been studied in [2]. Sweeping process involving integral perturba-
tion, i.e., Py s ( with A =0) was considered recently in [4,5].

In the present paper, we obtain results on the existence and uniqueness of a solution to
the Volterra sweeping process (P4 ) in a Hilbert space. This is done with the help of a
Gronwall-like inequality and of a semi-regularization corresponding to the existence and
uniqueness of absolutely continuous solutions for the integro-differential sweeping processes

t

(1) € Neg(@a(t) + Axa(t) + / F(t.5,2:(s))ds ae. tel0,T],
22(0) = 20 € C(0). ’

where A > 0.
The paper is organized as follow. In Section 2, we recall some preliminary results that
we use throughout. In Section 3, we present our main existence and uniqueness result.

2. Notations and preliminaries

In all the paper H is a real Hilbert space whose scalar product will be denoted by (-, -)
and the associated norm by ||-||. For any € H and r > 0, the closed (respectively open)
ball centered at x with radius r will be denoted by B[z, 7] (respectively B(zx,r)). For
x =0 and r = 1, we will put By or B in place of B|0,1]. Further, if C' is a subset of H,
we denote by dc(-) or §(-, C) the indicator function of C, that is, §(z,C) =0 if x € C and
+oo otherwise. For a set J C R, the notation 1;(-) stands for the characteristic function
in the sense of measure theory, i.e., for all x € R,1;(z) = 1if x € J and 1;(z) = 0
otherwise.

We first give some background material on variational analysis. We state only the
definitions and results which will be needed in the development of the paper. Throughout
this section, we will denote by S a nonempty closed subset of H. A vector v € H is said to
be a proximal normal to S at = € S if there exists a real p > 0 such that = € Projg(z+ pv),
where Proj(-) : H = H denotes the metric projection on S defined by

Projg(z) :=={u € H : ds(z) = ||z — ul| }.
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Here dg(2) := infycg [|z—y/| is the distance function from S; sometimes it will be convenient
to put d(-,S) instead of dg(-). If the Projg(z) is a singleton set, we say that the metric
projection of z on S is well defined and we recall the convention to denote by projg(z) its
unique point. The set of all proximal normal vectors to S at = € S will be denoted by
N(S;z) or Ng(z) and called the proximal normal cone to S at x (see e.g., Clarke et al.
[7]). If z ¢ S, we put by convention Ng(z) = 0.

Definition 2.1. Let r €]0, +0c]. The nonempty closed set S is said to be r-prox-regular
(or uniformly prox-regular with constant r) if each point = in the open r-enlargement of
S
Ur(S):={ueH:du,bS) <r},

has a unique nearest point projg(z) and the mapping projg(-) is continuous over U, (S).
It is clear that the r-prox-regularity of S with r = +o00 corresponds to its convexity. This
class of sets was initialy introduced by Federer [9] in the finite-dimensional framework
under the name "positively reached sets".

The following proposition provides some useful characterizations and properties of uni-
form prox-regular sets for which we refer to [8,18,20].

Theorem 2.2. Let S be a closed set in H and r > 0. The followings are equivalent.

(a) S is r-prox-regular.
(b) For allz € S and & € N(S;z), we have

£
v-a< By a2 wyes
(¢c) For all z,a’ € S, for all £ € N(S;x) N B, and for all & € N(S;2') N B, we have
1
(€=&o—al) = —fo -2

The property (c) of the latter theorem means that the multimapping N(S;-) N B is
Hypomonotone. In the following, we summarize some known definitions and results con-
cerning maximal monotone operators. The domain and graph of a set-valued operator
A : H = H are defined, respectively, by

Dom(A):={z € H: A(z) # 0}, gph(A):={(z,y) 2 € H,yec A(x)}.

The operator A is called monotone if for all x,y € H, z* € A(z),y* € A(y), we have

(z* —y*,z — y) > 0. In addition, if there is no monotone mapping B such that gphA is
contained strictly in gphB, then A is called maximal monotone. When A is a maximal
monotone operator, we denote by A°(z) the element of the closed convex set A(x) of
minimal norm, that is,

| A°(2)[] = min{[[¢]|, § € A(z)}.
Let A > 0, the Yosida approximation of index A of A is the operator Ay : H — H defined

on H by

Ar(@) = 3o = @)

where Jy : H — H is the resolvent map of A defined by Jy(z) := (I + AA)~(z).

We now present the basic properties of the Yosida approximation of a maximal monono-
tone operator and its resolvent map. For the proofs of these results we refer the reader to
3, 6].

Proposition 2.3. Let A: H = H be mazimal monotone operator and let A > 0. Then

(i) Jx is a non-expansive single-valued map from H to H, that is

[Ix(z) = W)l < llz =yl for all 2,y € H.
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(ii) Ay is 1/A-Lipschitz continuous, mazximal monotone and for all x € H, Ax(z) €
A(Jx(x)). Further, if x € Dom(A) then ||Ax(z)|| < [|A°(z)]|
(iii) If zx — = as AL 0 and (Axx))x is bounded then x € Dom(A).

The next proposition addresses some closeness properties of the graph of a maximal
monotone operator as well as its extension to L2

Proposition 2.4 ([6]).
Let A: H = H be mazimal monotone. Then

(a) A is sequentially weak-strong and strong-weak closed.

(b) A is locally bounded in intDom(A), where intS denotes the interior of a subset S
of H.

(c) Let T > 0. Then, the extension of A to L*([0,T]; H) noted by A : L*([0,T); H) =
L%([0,T); H) and defined by

v(-) € Au(-) & v(t) € A(u(t)) a.et €[0,T],

is maximal monotone.

3. Main result

In this section, we study the existence of solutions of (Py4 ¢) by using a semi-regularization
approach and some properties of a classical class of integral perturbed sweeping processes.
Before going on, we start firstly with the following auxiliary lemma.

Lemma 3.1 (Gronwall-like differential inequality [5]). Let p : [Tp,T] — Ry be a non-
negative absolutely continuous function and let K1, Ko,e : [Ty, T] — R4 be non-negative
Lebesgue integrable functions. Suppose for some € > 0

p(t) <e(t)+e+ Ki(t)p(t) + Kot F/Fdsaete [To, T).

Then for all t € [Ty, T], one has

t

p(t) <\/p(To) + eexp /(K( )+1)d /exp (/(K(T) + 1)d7’) ds

To 5
¢ t
+ 2 /a(s)ds—i—e—ﬁexp / )
To
¢
—|—2/ s)+1 exp(/( dr + € ds,
S
where K (t) := max {K;(t), K22(t) }, a.et € [Ty, T

For the sake of readability, we collect the hypotheses used along with the paper.
Assumption 1: For each t € [0,7], C(t) is a nonempty closed subset of H which is
r-prox-regular for some constant r €]0, +oc], and has an absolutely continuous variation,
in the sense that there is some absolutely continuous function v : [0,7] — R such that

C(t) CcCO(s)+ |v(t) —v(s)B, Vt,sel0,T].

Assumption 2: The set-valued mapping A : H = H is a maximal monotone operator.
Assumption 3: f: Qa x H — H is a measurable mapping such that, there exists a
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non-negative function 3(-,-) € L'(Qa, R, ) such that
|f(t,s,x)| < B(t,s)(1L+|x|), forall (t,s) € Qa and for any z € rge(C),

where rge(C) := |J C(t) denotes the range of the set-valued mapping C(-) and
t€[0,T]

Qa :=A{(t,s) €0, 7] x [0,T] : s < t}.

Assumption 4: for each real n > 0 there exists a non-negative function L"(-) € L([0,T],R;)
such that for all (¢,s) € Qa and for any (z,y) € B[0,n] x B[0,n],

1f(ts,2) = f(t,s,9)| < L"(D) ][« = yll.
We come now to our main result in this work which gives the existence result of (Py s).

Theorem 3.2. Assume that the assumptions 1-4 above hold. Under the following addi-
tional conditions

(1) rge(C) C Dom(A).
(2) there exists a non-negative functions af(-),d(+) € L*([0,T],Ry) with a(-) is a con-
tinuous function, such that
|A%z|| < a(t)||z|| + 6(t), for a.e. t €[0,T] and x € C(t),
(3) there exists two functions v1(-),v2(-) € L*([0,T],Ry) such that

B(t,s) < y1(t).y2(s) for a.e. t €[0,T],
for each xg € C(0), the differential inclusion (Pa ¢) admits, at least, an absolutely contin-
uous solution z(-) : [0,T] — H.

Proof. The idea of the proof is to study a family of sweeping process involving an integral
perturbation and the Yosida approximation of the maximal monotone operator A, and
then pass to the limit on the approximate solutions. This semi-regularization process is
possible thanks to nice properties of Aj.

Step 1. A family of approximate solutions.
Fix any A > 0 and consider the following approximate problem

—ia(t) € Nog(@r(t) + Area(®) + [ f(tsar@)ds ae teD T 5
22(0) = 20 € C(0). i

From Theorem 4.1 in [5], it results that for any A > 0, the differential inclusion with

integral perturbation (3.1) has a unique absolutely continuous solution x)(:) on [0,7].
Moreover, for almost every ¢ € [0, 7]

Jix(®)+ Axer@) + [ Ft5,02(5)) dsll < NAraa(@ + [17 s a8 ds + o). (3.2)
0 0

Step 2. Let us establish an upper bound of the norm of the approximate
solutions z)(-).
From the assumptions above, one has || Ax(zx(2))]| < [|[A°(2A(t))]] < a(t)||zA(t)]|+6(t) and

JIstsar)lds < [ Bt + far)ds < [ B(t.)ds+ [ B(t,s)ea(s)] ds
0 0 0 0

< O/B(t, 5) ds+71(t)0/72(s)||m(s)||ds, aete0,T].
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Hence, from (3.2)

[x@®)]] < 2[[Axza @) + 2/I|f(t,57m(5))|| ds + |0(t)]
0

t t

< 2a(Olar )] + 271 () [ 12(5)loa(s)] ds +28() +2 [ B(t,)ds +[5(1)L.
0 0

On the other hand, one has

Jox(®ll = llvo + [ ax@ydsll < llaoll+ [ llan(e)ds
0 0
< laoll+ [ (2a(0llzamll+20(7) [ 2a(s)lan(s) 1 ds + 25(7)
0 0

+2/T5<T, s)ds + |1')(T))d7-
0

t

 lool+2(0-+2 [ a(rasirlar+2 | 1@ [ 2@l ds)ar
0

0 0

T

where

T

(t) ::2/t6(7')d7+2/t/ﬁ(7', s) dsd7'+/t1)(7')|d7',
0 00 0

(1]

using the fact that

[ [re@leselds)ir < lnlanz.) [2@lo]ds,
0 0 0

we obtain
t

lza(®)ll< IIfCoH+E(t)+/T(T)||fvx(7)|!dﬂ
0

where
Y(t) := 2a(t) + 2|7l om0 V2(1)-

Hence, by the classical Gronwall’s inequality, it follows that

oA 1< (hooll+260)) exp ( | Y(r)dr ) < (ool +E(T) exp ( /T Y(r)dr) = M.
0 0

which translates the boundness property of x)(-) independently of A on [0, T7.

Step 3. We show that (z)), is a Cauchy sequence in C([0,7]; H).

¢
Let us set &(t) := Ma(t) +6(t) + (M + 1) /5(t, s)ds, then ¢ € L%([0,T],Ry) and for a.e.
0
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t € [0,T] we have

t

i(0) + Aran(t) + [ f(t.s,20() ds
0

< [[Axaa(@)]] +/||f(t,s,xx(8))\| ds + |0(1))]
0

< [JA%(zA ()] +/||(1 + lza(s) B, 8)[l ds + [0(2)]
0
< () + o],

and
t

Aer(®)+ [ St s,a(5)) ds| < €00,
0

which implies that

1

OO (33')\(75) + Axxa(t) + /f(t, s5,2x(s)) d8> € Ney(za(t)) NB. (3.3)
0

Let now A, pu > 0. Since the sets C(t) are r-prox-regular then, by using the hypomono-
tonicity property given in (c) of Theorem 2.2 and the inclusion (3.3), one has for a.e.
te0,T]

(a(t) + Arza(t) + / F(ts,20(5)) ds — d(t) — Aya(t)
0 (3.4)
(6 ) ds ealt) — (1)) < Sy 2

o — .

It is clear that x)(t) = Jx(xA(t)) + AAx (2 (t)) further, the inclusion Ayzy(t) € A(JxzA(t))
holds true thanks to the Proposition 2.3. Recalling that the operator A is monotone, so
(Axza(t) — Az, (t), aoa(t) — Juxu(t)) > 0.

It results that
(Axza(t) — Apzp(t)ea(t) —zu(t)) =
(Axza(t) — Apzy(t), naa(t) + AAxza(t) — Juzp(t) — pAuzu(t))
> (Axaa(t) — Apx,(t), Mz (t) — pAuzu(t))
> M AP + pll Apzu (1 — M Axan (@)1 Az (@)
=l Apzu @Ol Axea (@)l
but

2
0 (VAIAm ]~ D400

A
= MA@ + 71 Auzu @1 = M Axza @14z ()]

which means that

A
=M Axza Ol Apzu @l = =Ml Asea®)]* = F 1 Apzu ),
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hence
(Axan(t) = Auu(6) 2(0) = 24(0)) 2 ~ L A O + il Axea(0)P)
> 2Ot (Mot +6(1)
this entails

(Araa(t) — Auau(0), 2(0) — 2u(6)) > — 1A+ WE (). (3.5)

On the other hand, according to assumption 4 one has

</t f(t,s,xx(s))ds — /tf(t,s,x“(s))ds,x,\(t) —xﬂ(t)>
0 0

> =L"(®)[Jea(t) — zu(t)]] / [2x(s) = zpu(s)] ds.
0

Combining this last inequality with (3.4) and (3.5), we find
d 1 ’
Lan(t) =12 < 200+ w2 + 22O gy o2
¢
+2L7(8)[Jea(t) — zu (1) / [2x(s) = zu(s)]| ds-
0
Applying Lemma 3.1 with p(t) = ||lzx(t) — 2, (t)|?, Ki(t) = ZW, Ky (t) = 2L"(¢),

e(t) = (A + p)&%(t),e > 0 and taking into account the equality z,(0) = z,(0) = zo, we
obtain that for all ¢ € [0, T

S

lza(t) — z(t)]| <Veexp 0/(K(s)+1)ds) +‘fo/e><p (/(K(T)—Fl)dT) ds

+2 \/5(s)ds+e—ﬁexp (/(K(T)+1)d7>
0 0

—|—2/t(K(s)—|—1)exp (](K(T)+l)d7) /ss(T)dT+eds,

0 s 0

2 02

By taking ¢ — 0, we deduce that (z)(:))x>o is a Cauchy sequence in C([0,T]; H)
and, therefore, it converges uniformly to some function z(-) € C([0,T];H) as A | 0.
Furthermore, z(t) € C(t) because zx(t) € C(t) for all A > 0 and C(¢t) is closed. Also,
one has z(t) € Dom(A) thanks to property (iii) of the proposition 2.3 and the inequality
JAx(zr(@®) | < Mat) + &),

Step 4. We prove that z(-) is a solution of (Pj4 s).
Since [|Zx(t)] < 2£(¢) + |0(t)| for almost all ¢ € [0, T, there exists a subsequence (&y, )n
converges weakly to some g(-) € L'([0, T]; H). That is

where K(t) := max{Kl—(t) Ko lt) }, a.etec[0,T].

T T
[ in, () h() ds — [ (g(s).h(s)) ds, R € L¥(0,T): H).
0 0
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In particular, for any z € H, taking h(t) := z - 1 4(),t € [0, T] then

/OT <a'c,\n(8), z- 1[0,t](8)> ds = /Ot (Zx,(s),2)ds = </Ot Ty, (s)ds, z>,

/OT <g(8),z . 1[0,t](8)>ds _ /Ot (g(s),2) ds = </0tg($)d872>.

also

It results that
t

t
/ I, (5) ds converges weakly in in H to / g(s) ds,
0 0

and so
t t
xy, (t) =y, (0) —i—/ &y, (s)ds converges weakly in in H to z(0) +/ g(s)ds
0 0

taking into account that x,(-) converge uniformly to x(-), we deduce

t) =x0+ /Otg(s)ds

which translates the absolute continuous property of z(:), moreover &(-) = g(-) a.e. t €
[0,T7, and by the way

T
Jw(t)]| < My = laoll + [ gls)ds

Through the continuity property of = — f(t,s,z) and the uniform convergence of x) (+)
to z(-) we get
lim f(t,s,25,(5) = f(t,s,z(s)). (3.6)

n—-+00

Let us set for each t € [0, T]

:/f(t,s,:v,\n(s))ds and () ::/f(t,s,:v(s))ds,
0 0

and let 79 := max{M, M1} then
(x(t), zA(t)) € B[0,n0] x B[0,mo], for all t € [0,T].
Therefore, by assumption 4 there exists L™(-) € L'([0,T]; R, ) such that

T T t
Jllén® = et < [ L72) [ flor, () = a(s)ds . (37)
0 0 0
Note that for every (¢,s) € Qa
t
L0 (1) [ floa, (5) = a(s)llds < 20T L), (3.8)
0

then, putting (3.6), (3.7) and (3.8) together and applying the Lebesgue dominated con-
vergence theorem to obtain

én(-) converges strongly to ¢(-) in L([0, T]; H).
On the other hand, we have
| Ax, zx, (0)]] < Maf(t) 4+ 0(t) < &(t) for ae. t € (0,77,

hence, there exist a subsequence, still denoted by (Ay, xy,(-)), and ¥ € L'([0,7T]; H) such
that Ay, x), converges to ¥ weakly in L([0,T]; H). Then we obtain

U, () := iy, + Ay, x, + ¢n, converges weakly to ¥(-) := i + 9 + ¢ in L*([0,T]; H).
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By virtue of Mazur’s lemma, for each n € N there exists some sequence of convex combi-
nations of the form

( Z Sk,n\l’k> with  Sp, >0 and Z Skn =1,

converges strongly to W in L'([0,T]; H). Extracting a subsequence, we may suppose that

T(n)
there exists some negligible set N C [0, 7] such that ( > Sk’n\IJk(t)> converges in H to
k=n n
U(t) as n — +oo for all t € [0, T]\N and such that for all n € N
—W,(t) € Now) (2, (1) ae. t€[0,T].

Fix any ¢t € [0,7] \ N, from the prox-regularity of C'(¢), one has

t)+ |0t
(w(t). - o, (1) = —SOTEON, o e vy e o)
Hence, for all y € C(t)
_— UL S
Z ko (We(t),y — 2, (1)) > Z kally — 23, ()% (3.9)
Note that
(Ba®). () — 0, () | < (€06) + 1000 Z Stalla(t) — 2, (]
and hence
T(n)
Z Skan (W(8), 2(t) = 2x, (0) =2 0, (3.10)
T(n)
since it is easily seen that > Sy, |z(t) — zx, (t)|| —2 0 because llx(t) — zx, (Ol —2. 0
k=n n oo n o
T(n)
and Y Sk, = 1. The convergence (3.10) and the equality
k=n
T(n) T(n) T(n)
D Sk (Wk(t),y — (¢ <Z Sk Wi (t (t)> + Y Sk (Uk(t), 2(1) — 2, (1))
k=n k=n
give us
Zskn \Ilk —1’)\k( )> n;)o <\I/(t),y—$(t)>. (311)
On the other hand
T(n)
Y Skally — a0 — lly = z(®)]1%, (3.12)
k=n

since zy,, (t) — x(t). Passing to the limit on n in the inequality (3.9), we obtain through
n—oo
(3.11) and (3.12)

W),y — () = - DO e vy e o,

which means that
t

U(t) = @(t) + I(t) + / F(t,s,2(s))ds € Negy (1)) (3.13)
0
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Now, in order to complete the proof, let us demonstrate that ¥(t) € Ax(t) for a.e.t € [0, 7.
To this end, let us recall that

A)\nx)\n(t) € A(J)\nx)\n (t)), for a.e.t € [O,T],

and (Ay,y, )n converges weakly to o in L%([0,T]; H). In addition (Jy,zy,)n converges
strongly to = in L2([0,T]; H). Indeed
[ Tx, 5, (8) = 2 (D) < [[Ix, 2, (8) = 22, (O + l2a, () — 2(@)]]
< Anll Ay n, (O + 2, (8) — z(2)]]
< _
< ME®) + 22, (1) — 2] > 0.

Consequently, we have
Ay, 2, (-) € A(Jx, 20, () in L*([0,T]; H)
Ay, () = 9() in L*([0,T]; H)

where A denotes the extension of A given in Proposition 2.4. Combining this last three
properties with the strong-weak closeness of A in L?([0,T]; H) (see Proposition 2.4, (a))
we deduce that

9(-) € A(z(-)) in L*([0,T); H) < 9(t) € Ax(t)for a.e.t € [0,T]. (3.14)
Putting (3.13) and (3.14) together, we conclude that

t
i(t) € — N (2(t)) — Ax(t) — / F(t,s,2(s))ds for ae. ¢ €[0,T],
0

which completes the proof of Theorem. ]

Under some additional assumptions, we can prove a uniqueness result. The following
theorem is in this sense.

Theorem 3.3. Let the Assumptions 1-4 be satisfied. Suppose that
rge(C) C intDom(A). (3.15)
Then, for any xo € C(0), the problem (P4 ¢) has at most one solution.

Proof. Let z1(-) and z2(-) be two solutions of (P4 f) such that z1(0) = x2(0) = x¢ €
C(0) C rge(C). Since A is maximal monotone then, A is locally bounded in intDom(A)
according to the Proposition 2.4. That is, there exists R,p > 0 such that B(xg,p) C
intDom(A)
lw|| < R, for all w € A(y) and all y € B(xq, p). (3.16)
The continuity of z;(+),7 = 1,2 on [0, 7| implies that for any € > 0, there exists 0 < T’ < T
such that
llzi(t) — 2;(0)|| < e, for all t € [0,T7],
in particular, for ¢ = p, one obtains z;([0,7"]) C B(zg,p),i = 1,2. It results from (3.16)
that
|w|| < R, for all w € A(x;(t)) and all t € [0,7"],i = 1,2. (3.17)
Let gi(-) € A(x;(+)) such that for a.e. t € [0,T"]
t
() € Negy (i) + gi(?) +/f(t,s,:z:i(s))ds i=12
0
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Then, according to Theorem 4.1 in [5], one has
t

Ea(t) + gi(8) + / (L5, 2:(s)) ds

0

< [o@®)] +llg: @] +/Hf(t757$i(5))”d3
0

<|o(t)| + R+ k(t),

¢
where k(t) := (14 p+ ||zo]|) /5(75, s)ds. The r-prox-regularity of C'(¢), the monotonicity
0

of A and the hypomonotonicity of the proximal normal cone give

(@1(t) = da(t), 21 () — wa(t) ) L™ ()21 () — 22 (D) / lz1(s) — a(s)[ ds
0

+ % (@(t) +R+ m(ﬂ) w1 () = 22 ()],

where 71 := p + ||xo||. Hence
4 t
Sl (@) = 2@ <2L™ (@) 21 () — 22(1)] / lz1(s) — wa(s)| ds
0

42 <v(t) + R+ n(t)> 1 (£) — za(2)]%.

r

Applying Lemma 3.1, we deduce that
1(-) = 22(-) on [0, T"]. (3.18)

Let E; := {t € [0,7] : x1(t) # x2(t)} where 7 € [0,T] is such that x1(7) # xo(7). It
is clear that E; C]0,7]. Further, from (3.18) and 7" > 0 one has p := inf E; €]0,7].
Then z1(t) = x2(t) for all ¢ € [0, p[. Letting ¢ tending to o we get x1(0) = x2(p) thanks
to the continuity of x;(-),i = 1,2. Hence 0 < p < 7 because z1(7) # z2(7). With the
same argument as above, there exists some 7" > 0 such that z1(-) = z2(:) on [0, 0 + T"].

This constitutes a contradiction with the definition of ¢ := inf E;. Thus x1(-) = z2(+) on
[0, T7]. O

Let us provide an example in parabolic variational inequalities with Volterra type op-
erators. Our example completes that in [2].

Example 3.4. Let Q be a bounded subset of R" and H = L?(Q), U = H*(Q) N HL(Q).
Let be given ¢ € L?(0,T;U), M € L*(0,T;R,) such that (-) is k-Lipschitz continuous
with respect to the supremum norm. For each ¢ € [0, 7], we define

C(t) := Ci1(t) U Ca(2),
where
Ci(t)={veU:v>y(t)ae,on Qand [|[Av| < M(t)},
and
Cot) ={velU:v<y(t)—1ae,onQand |[Av| < M(t)}.

It is easy to see that for each ¢, the set C(t) is closed, prox-regular (but non-convex)
since C1(t), Ca(t) are two disjoint closed, convex sets and ||v; — va|| > /m(£2) for all
vy € C1(t), va € Ca(t), where m(Q2) is the volume of 2. Furthermore, C(-) is k-Lipschitz
continuous since (-) is k-Lipschitz continuous. Let be given xy. We consider the following
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parabolic variational inequalities with a moving obstacle : find x(t) € C(t) such that
x(0) = zyp € C(0) and for a.e. t € [0,T], there exists d; > 0 satisfying

/Qg;«(t)(v(t) — (1)) dy +/QVx(t)(Vv(t) — Va(t)) dy
[ ([ B s)ets)ds ) wl0) = 0 dy = ~81lute) = 2OV u(t) € CC0),

(3.19)
Here, B : [0,T] — L*°(Q), is a prescribed mapping. Let us define the operator A : H — H
as A = —A, where A is the Laplace operator. Then A is a self-adjoint maximal monotone

operator with Dom(A) = U and Dom(A) = H (see, e.g. [1,6]). It is easy to see that

/QA:c(t)(v(t) —2(t)) dy = /va(t)(w(t) —Va(t))dy, Va,veU.

Then the problem (3.19) can be rewritten as follows
t
—#(t) € Neg(@(t) + Ax(t) + / B(t— s)u(s)ds ae. te0,T]. (3.20)
0

Assume that the operator B satisfies the following condition B € C([0,T], L*°(2)), so the
function

f(t,s,v) == B(t—s)v forall (t,s) € Qa and v € H,

satisfies the assumptions 3-4 with

B(t,s) = | B(t = 5)|[Loo(q) and L(t) = sup ||B(t)| (o) for all (¢,5) € Qa.
t€[0,T
Further, all the assumptions of Theorem 3.2 are satisfied. Thus, for o € C(0), there exists
an absolutely continuous solution z(-) of (3.20), or equivalently, of (3.19). In addition, if
M(+) is a constant function, by using Remark 3.5, one deduces the uniqueness of solutions.

Remark 3.5. In Theorem 3.3, we can also relax the condition rge(C) C int Dom(A) by
the assumption that A is locally bounded on rge(C), i.e., for all u € rge(C'), there exists
k >0, p > 0 such that A is bounded by K in B(u, p) Nrge(C).
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