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Abstract

The Riemann-Liouville operator has been extensively investigated and has witnessed a re-
markable development in numerous fields of harmonic analysis. In this paper, we consider
the Stockwell transform associated with the Riemann-Liouville operator. Knowing the
fact that the study of the time-frequency analysis are both theoretically interesting and
practically useful, we investigated several problems for this subject on the setting of this
generalized Stockwell transform. Firstly, we study the boundedness and compactness of
localization operators associated with the generalized Stockwell transform. Next, we ex-
plore the Shapiro uncertainty principle for the previous transform. Finally, the scalogram
for the generalized Stockwell transform are introduced and studied at the end.
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1. Introduction

The spherical mean operators constitute a vital class of operators in harmonic analysis
in the sense that all the harmonic functions are characterized by the fact that they coincide
with their spherical mean values. These operators can also be viewed as the generalized
Radon transform that is self dual in the context of Helgason’s double fibration. In the
classical work of John [19], the spherical means have been successfully applied to diverse
problems in the theory of partial differential equations. Subsequently, they paved the way
into the Fourier analysis with the celebrated theorem of Stein on spherical analogue of
the Lebesgue differentiation theorem. A recent addition to the theory of spherical mean
operators on R? appeared with the work of Trimeche [36], wherein the author general-
ized the spherical mean operators on R? by introducing the permutation operator which
commutes with some partial differential operators. Besides, Trimeche also studied the
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harmonic analysis associated with this permutation operator, which is being widely em-
ployed in literature under the name Riemann-Liouville operator [3-8,18,22-25]. As of
now, these operators have found numerous applications in image processing of synthetic
aperture, radar data and acoustics [15,17].

One of the aims of the Fourier transform, is the study of the time-frequency analysis.
In the sixties the time-frequency analysis has emerged with the works of Gabor [16] who
provided an interesting way to study the local frequency spectrum of signals by introducing
many time-frequency representations, as, for instance, the short-time Fourier transform
(STFT), the continuous wavelet transform or also the Wigner distribution where all of
these representations have a same common point, that is the simultaneous representation
of the space and the frequency variables in a same set called the time-frequency plane.

The major drawback of the short-time Fourier transform is the fixed width of the
analysing window. Indeed, in many applications, the high frequency content of a signal
is more time/space-localized than the low-frequency one. Removing of the rigidity of the
window function is one of the motivations for continuous wavelet transform. Although,
the wavelet transform captures more information than the short-time Fourier transform
(STFT), however, it suffers from two apparent limitations: first, the detail measured by the
wavelet transform is not directly analogs to the frequency, because the wavelet transform
is essentially a time-scale transform with the inverse scale being interpreted as frequency;
second, the phase-information is completely lost in the case of wavelet transform, because
each wavelet component acts a local filter and the translation of the mother wavelet
destroys the phase information with respect to the origin [37,38]. To circumvent these
limitations, Stockwell et al. [33] introduced the notion of Stockwell transform as a bridge
between the STFT and the wavelet transform. By adopting the progressive resolution of
wavelets, the Stockwell transform is able to resolve a wider range of frequencies than the
ordinary STFT, and by using a Fourier-like basis and maintaining a phase of zero about the
time ¢ = 0, Fourier based analysis could be performed locally. This unique feature of the
Stockwell transform makes it a highly valuable tool for signal processing and is one of the
hottest research areas of the contemporary era. Indeed, the Stockwell transform has been
successfully used to analyse signals in numerous applications, such as seismic recordings,
ground vibrations, geophysics, medical imaging, hydrology, gravitational waves, power
system analysis and many other areas. Finally, we note that many extensions of the
Stockwell transform have been proposed in recent years. See, for example, [10-14,26, 28,
29,31, 32] and others.

As the harmonic analysis associated to the Riemann-Liouville operator has been
extensively investigated and has witnessed a remarkable development, it is natural to
study several aspects of the time-frequency analysis in the Riemann-Liouville operator
setting.

In this paper, we continue the study of some problems of harmonic analysis associ-
ated with the generalized Stockwell transform started in [9,27]. Particularly, motivated by
Wong’s approaches, the aim of the first part of this paper is to study the boundedness and
compactness of localization operators associated with generalized Stockwell transforms.
Our second endeavour is to study the spectral analysis associated with the generalized
concentration operator. In particular, we introduce and we study the scalogram associ-
ated with the generalized Stockwell transforms. We note that the scalogram has many
applications, for example in [2], the authors used Morlet wavelet scalogram to detected
a previously unknown coordinated contractility behavior of the atrium during ventricular
fibrillation, a phenomenon which is not captured in a normal electrocardiogram. Other ap-
plications can also be found in [35], where the authors applied the scalogram to biomedical
signals to detect their short-lived temporal interactions.
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The remaining part of the paper is organized as follows. Section 2 deals with pre-
liminaries including the fundamental results about the harmonic analysis associated with
the Riemann-Liouville operator and basic theory on the generalized Stockwell transform.
In Section 3, we study the localization operators theory in the setting of the generalized
Stockwell transform. In particular the boundedness and compactness of proposed oper-
ators are investigated in the Schatten classes. Section 4, is devoted to investigate the
Shapiro uncertainty principles associated with the generalized Stockwell transform. Fi-
nally, in the last section, we study the spectral analysis associated with the time-frequency
concentration operators to describe functions that have time-frequency content in a subset
of finite measure. Moreover, we introduce and we study the scalogram associated with the
generalized Stockwell transform.

2. Preliminaries

The aim of this section is to present a healthy overview of the prerequisites circumscrib-
ing the Riemann-Liouville operator, Schatten-von Neumann classes, and the generalized
Stockwell transform. For a detailed perspective regarding the content of the section, we
refer to [4,9,27,36,38]. For the sake of distinction, we sub-divide the section into three
subsections.

2.1. Harmonic analysis associated with the Riemann-Liouville operator

Prior to starting the formal aspects of this subsection, we fix some notations as under:

e C.(R?) denotes the space of continuous functions on R?, even with respect to the
first variable.

e C..(R?) denotes the subspace of C\(R?) formed by functions with compact sup-
port.

e &.(R?) is the space of infinitely differentiable functions on R?, even with respect
to the first variable.

e 8.(R?) denotes the Schwartz space of rapidly decreasing functions on R?, even
with respect to the first variable.

e S!is the unit sphere in R?,

$'={me) eR i +&=1}.
o R? = {(r,x) e R%: 7“20}.
Note that, for all (i, A) € C2, the system

Au(r,x) = —idu(r,x),
MNou(r,x) = —p2u(r,z)
u(0,0) = 1, %40,z)=0,VzeR

admits a unique solution ¢, x, given by [36]

Pu(r, @) = Ja(r\/u? + A2)e” 7,

where Ay and As denote the singular partial differential operators, given by

A = —8 ,
88% 2a0+1 0 0?
pr— — — e — >
Ay 92 + Yok (r,x) € (0,00) x R, a>0,

and j, is the normalized Bessel function defined as
VzeC j(z)zl“(a—i—l)ii
Coe = KIT(k+1+a)

(2/2)%.
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Definition 2.1. For any (r,z) € R2, the Riemann-Liouville operator on Cy(R?) is defined
by:
/ / (rsv/1— 12,z +rt)(1 — t2)*~ (1 — ) ldtds if a >0

W/ FOrVT =2, +rt)(1 — 2" 5dt $ oae0
1

Raf(ra $) =

Remark 2.1. (i) The function ¢, x, (1, A) € C?, can be expressed as
V(r,z) € RY,  @ua(r,z) = Ra(cos(p.)e ™) (r, z).
(ii) For all v € N2 (r,z) € R% and 2z = (u, ) € C?, we have
D2 (r, @) < [|(r, )|V exp(2]| (r, 2)|| [[Tmz]]), (2.1)
where
, olvl
DZ :W a.nd ’V’:V1+V2.
In particular, for all v € N2, (r,z) € R2 and z = (u,A) € C%
[pua(r,z)] < 1. (2.2)

Next, consider the set I' defined as
r=R*U{(it,2) : (t,2) € R, Jt] < |al},
let I'; denotes the subset of I' given by
) =REU{(it,): (t,2) €R%L,0 <t < a]}.
Then for all (i, \) € ', we have

sup o a(r,z)| = 1.
(r,x)ER?

In the following, we denote by
e dv,(r,z) the measure defined on R? by

dv, (r,x) = kor**Tldr @ dz,

with
1

20T (e + 1)(2m) /2"
For p € [1, 0], p denotes as in all that follows, the conjugate exponent of p.
LP(dv,),1 < p < o0, the space of measurable functlons on ]R , satisfying

1Flray = ( L,

+

oo (dy = ess Ssu r,x < o, Q.
£l oo () (rx)E]RQp |f(r,z)] p=

e B, the o-algebra defined on I'y. by
Br, = {07(B): BeBp,(RY)},
where 6 defined on the set I'y by

(1, \) = (\/ 12 + A2, \). (2.3)

e dv, the measure defined on Br, by

a =

1/p
|f(r, ﬂ:)!”dva(r,x)> <oo, 1<p<oo,
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e [P(dv,),1 <p < oo, the space of measurable functions on I';, satisfying

1/p
Wiy = ([ 1700P0,00)  <oe, 190
+
o = ,A < 5 = .
| £l oo (dr, ) Css Sup |f(p, A)| <00, p=o0

We have the following properties.

Proposition 2.1. i) For every nonnegative measurable function f on 'y, we have

[, o 0) = R [ 508X 022+ 02)° g
Ty R

+f ™ i N2 = )2 .

it) For every nonnegative measurable function f on ]Ra_ (resp. integrable on ]R?‘_ with
respect to the measure dv, ), f o0 is a measurable nonnegative function on I'y, (resp.
integrable on T'y with respect to the measure dv, ) and we have

£ o0t N, (1) = [ flr.a)dv, () (2.4)
Ly R

Remark 2.2. For all (u,A\) € I, (r,z),(s,y) € R?, the eigenfunction ¢, \, satisfies the
following product formula

T(a+1) [~ o
(T T)pur(s,y) = (at+1) ) /0 P (\/7”2 + 52+ 2rscosf, x + y) sin® 0de.

/7T (a +3
Definition 2.2. Let f be in LP(dv,), p € [1,00], for all (r,z) € R%, we define the
translation operator 7(, ;) associated with the Riemann-Liouville operator by

MNa+1)
/T (oz + %)

Tora) (F)(8,9) = /0 f (\/7’2 + 52+ 2rscosf,x + y) sin®® 9df, (2.5)

for all (s,y) € R%.

Proposition 2.2. For every f € LP(dv,), 1 < p < oo and (r,x) € R%, the function
T(rz)(f) belongs to LP(dv,) and we have

lrear ()] o,y < o, (2.6)
Definition 2.3. The convolution product of f,g € L*(dv,) is defined by

Frag(ra) = [ Tom(Dlsn)al v, (sy), forall (na) eRE, (27)

+

Lr(dv,

with fv.(sa y) = f(sa _y)

iti 1,1 1 _ . Lo
Proposition 2.3. Let 1 < p,q,r < oo, such that >t = 1. If f is a function in
LP(dv,) and g an element of Li(dv,), then f x, g belongs to L"(dv,) and we have

|f *a g”L’“(dz/a) < ||f||LP(dva) HgHLQ(dua) : (2.8)

Next, we have the notion of generalized Fourier transform F,, associated with the Riemann-
Liouville operator R,,.

Definition 2.4. The Fourier transform associated with the Riemann-Liouville operator

is defined on L'(dv,) by

V(N €L, TalNN) = [ | Fra)gunra)dy, (o). (29
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Below, we recall some fundamental properties of the generalized Fourier transform &,
(i) For all f € L'(dv,),
Fa (Ol L@y, < I, )- (2.10)
(ii) For every f € L(dv,), we have

Fal) 1. X) = Fal£) 00w N), (1) €T,
where for every (u, \) € R?,
Fo(NN) = [, F2)ialr)edu, (),

and 6 is the function defined by the relation (2.3).
(iii) For f € L'(dv,) such that F,(f) € L'(dv,), we have the inversion formula for F,
for almost every (r,z) € R2,

Fra) = [ FalD (), (. ) (21)
Theorem 2.1. i) (Plancherel’s formula for F,). For every f in 8.(R?), we have
| TaD NP, (1) = [ 152, (1) (212

In particular, the generalized Fourier transform F, can be extended to an isometric iso-
morphism from L*(dv,) onto L?(dy,).
ii) (Parseval’s formula for Fo). For all f,g in LQ(dl/ ) we have

/ Fol Fo(g) (i N, (1, ) / fr2)gra)dv, (rx).  (2.13)

2.2. Basic generalized Stockwell theory

In this subsection, we shall recall some fundamental results on the generalized Stockwell
transforms due to Ben Hamadi, Ghandouri and Hafirassou (see [9]) and Mejjaoli [27].
For (a,b) € (0,00) x R*, the dilation operator D(q ;) of any measurable function h on R2
is defined by

V(r,x) € R3, D pyh(r,z) == ao‘H\b]%h(ar, bx). (2.14)
In the following proposition, we assemble some fundamental properties of the dilation
operators.

Proposition 2.4. (i) For all (a,b), (c,d) € (0,00) x R*, we have
D(ap) © D(c,ay = D(ac,pd)- (2.15)
(ii) Let (a,b) € (0,00) x R*. For all h € LP(dv,), p € [1,00]. The function D4 )h belongs
to LP(dv,) and we have
a 1
1Dyl = 2G50 Bl (2.16)

In particular, D,y) is an isometric isomorphism from L?(dv,) onto itself whose the in-
verse operator is D(; 1y Moreover we have

~ 1 =~ oA
R2.  F.(D, ph - F. "D 2.1
YY) € B Tl D) = T ) (2.17)
(iii) Let (a,b) € (0,00) x R*. For all h,g in L*(dv,), we have
<D(a,b)hvg>L2(dua) = <h7 D(%,%)9>L2(dua)' (218)

(iv) Let (a,b) € (0,00) x R* and (r,x) € Ri, We have
D(ap)Tra) = 7(z,2) Diap)- (2.19)
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Definition 2.5. The modulation operator M,y is defined for every function h in L?(dvy)
and for all (a,b) € R% by

Miash = 5o (Vrian S 1))

Proposition 2.5. 1) For every h € L*(dva), (a,b) € RY, Mg p)h belongs to L*(dv,) and

we have

M0yl L2 (dve) = 1Bl L2 (dv)- (2:20)
2) For every h € L*(dv,), (a,b) € (0,00) x R*, we have

Miap)Diapyhr = Dapy M 1)h- (2.21)

Definition 2.6. Let h € L*(dv,), we define the family he
(r,z) € RY,

(a,b) € (0,00) x R¥,

a,b,r,x’

hg,b,r,m(su y) = T(r,x)M(a,b)D(a,b)h(Sv y)’ V(S, y) € R?l- (222)

Definition 2.7. We say that a function h € L*(dv,) is a generalized Stockwell wavelet if

O<Ch—ca// Ty (| Falh ])(ab)@%<oo

where
1

2021 (ar + 1)

Remark 2.3. If h € L?(dv,) is a generalized Stockwell wavelet in the sense of the previous
Definition, then for every (i, \) € (0,00) x (0, 00), we have

Ca =

A dadb
0<C’h—ca/ / i (Falm)P) (2,222 < oo (2.23)
Remark 2.4. Let h be in L2(dya). We have
Y (a,b) € (0,00) x R*, ¥V (r,x) € R?, ||ha7byr7m||L2(d,,a) < ]|h||L2(dya). (2.24)

Notation. We denote by
L (R2 x R2), p € [1,00], the space of measurable functions f on R? x R? such that

P
”fHLZa (Rix]Ri) = (/R%_XR%'_ ‘f(a7 ba r, x)]pd,ua(a, ba r, .’B)) < 00, 1 S p < o0,

= b <
£ 1 e m2 r2) (a,b’gi«;&gﬁm | fla, b7, 2)] < o0,

where the measure pu,, is defined by
V(a,b,r,x) € Ri X ]Ri, du, (a,b,r,x) = dvy(a,b)dv,(r, x).

Definition 2.8. Let h be a generalized Stockwell wavelet on Ra_ in L?(dv,). The gener-
alized continuous Stockwell transform 87 on Ri is defined for regular functions f on ]Ri
by

Y (a,b) € (0,00) x R*, (r,z) e R2, 8%(f)(a,b,r,z) = /]R2 f(ss9)hg (8, y)dval(s, y),

(2.25)

o
where ha b

is given by relation (2.22).
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Definition 2.8 can be recast as
S(i){(f)(aa b, T, J/‘) = f *a M(a,b)D(a,b)h(T> I‘), (226)

where x,, is the generalized convolution product given by (2.7).
We note that the adjoint of 8¢ is (8¢)* : Lia (R2 x R?) — L?*(dvy,) and is defined as
1

(87)"(F)(s,y) = */ F(a,b;7,2)h pr (s, y)duala, byr, x), (s,y) € RT.  (2.27)
Ch Jr2 xr2

Theorem 2.2. (Plancherel’s formula for 8 ). Let h be a generalized Stockwell wavelet on

R2 in L*(dv,). For all f in L?(dv,) we have

2 L ) (a,b,r, ) ? a,b,r,x
L feofaata) = o [ isi(@b o @b (@228)

2 «R2
< R% xR

Corollary 2.1. (Parseval’s formula for 8 ). Let h be a generalized Stockwell wavelet on
R2 in L?(dve) and f1, fo in L*(dvy). Then, we have

L, s Bt = 5 [ i) (abr o) b aldn, (0, 1),
T FHRY
(2.29)

Remark 2.5. Let h be a generalized Stockwell wavelet in L?(dv,). Then from the rela-
tions (2.25) and (2.24), for all f in L?(dv,) we have

185 (F)lLee @2 xw2) < I Fllz2(dva) 1Pl L2 (av)- (2.30)

2.3. Schatten-von Neumann classes

In this subsection, we recall the notion of Schatten-von Neumann classes. Prior to that,
we set the following notation:

e [P(N), 1 < p < o0, the set of all infinite sequences of real (or complex) numbers
x := (x);en, such that

0o 1

2lly = (Y lzl)" <o, if 1<p<oo,
j=1

l|2]loc = suplz;| < oo.
jeN

For p = 2, we provide this space (?(N) with the scalar product

oo
(x,y)2 := Z Zi7j.
j=1

e B(LP(dv,)), 1 < p < oo, the space of bounded operators from LP(dv,) into itself.

Definition 2.9. (i) The singular values (,(A))nen of a compact operator A in B(L?(dv,))
are the eigenvalues of the positive self-adjoint operator |A| = v A*A.
(i) For 1 < p < oo, the Schatten class Sy is the space of all compact operators whose
singular values lie in IP(N). The space S, is equipped with the norm

1

1Alls, = (D (sn())7)" (2.31)
n=1

Remark 2.6. We note that the space S5 is the space of Hilbert-Schmidt operators, and
S1 is the space of trace class operators.
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Definition 2.10. The trace of an operator A in Sy is defined by
o
Z Avn, Un) 12(d, ) (2.32)

where (vy)n is any orthonormal basis of L*(dv,).
Remark 2.7. If A is positive, then

tr(A) = [|Alls,- (2.33)
Moreover, a compact operator A on the Hilbert space L?(dv,) is Hilbert-Schmidt, if the
positive operator A*A is in the space of trace class S1. Then

1AIl7s = llA]l5, = [|A"Alls, = tr(A"A Z | AvnllEa, (2.34)

for any orthonormal basis (v, ), of L%(dv,).
Definition 2.11. We define S, := B(L?(dv,)), equipped with the norm,

[Alls. = sup [ Av|[L2(qu,)- (2.35)
vELQ(dVa):HvHLg(dVa):l

3. Localization operators for the generalized Stockwell transform
3.1. Preliminaries

In this subsection, we define the two-wavelet localization operator associated for the gen-
eralized Stockwell transform, and we give the expression of its adjoint.

Definition 3.1. Let h, k be measurable functions on Ri and o be measurable function
on ]R%_ X ]R%_, we define the two-wavelet localization operator for the generalized Stockwell
transform, denoted by Lh,k(a), on LP(dv,), 1 <p < oo, by ¥ (s,y) € R%,

Ly i(o)(f)(s,y) = (a,b,7,2)85(f)(a,b,7,x) kqpra(s,y)du, (a,b,r ).

(3.1)

Often it is more convenient to interpret the definition of Ly, (o) in a weak sense, that is,

vV ChC /RQ ><]R2

for f in LP(dvy), 1 < p < o0, and g in L¥ (dvy), where p' is the conjugate exponent of p

(Lri(0)(f): 9)L2ava) = m /]R . (a,b,7,2)85(f)(a,b,r, )8 (g)(a, b, r, x)dp, (a,b,r,z).

(3.2)

In accordance with the different choices of the symbols ¢ and the different continuities
required, we need to impose different conditions on h and k. And then we obtain an
operator on LP(dv,). In what follows, such operator £y, ;(c) will be named localization
operator for the sake of simplicity.

Proposition 3.1. Let p € [1,00). The adjoint of the localization operator
Ly (o) : LP(dvy) — LP(dvy)

is L p(@) 1 LP (dve) — L7 (dvg).
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Proof. For all f in LP(dv,) and g in Lp/(dl/a) it follows immediately from (3.2)

<Lh,k(0)(f)7g>L2(dya) = m /]1@2 XR%F U(a7b7 r,x)Sﬁ(f)(a, b7 T, ‘T)S%(g)(aa b7r7m)d/1’a (CL, b,T’,IL’)

— m/ﬂ&ixﬂﬁ o(a,b,r,x)8%(g)(a,b,r,x)8(f)(a,b,r,x)du, (a,b,r,x)

= (Lrn(@)(9): ) r2ave) = (> Lun(@)(9)) L2(dve)-
Thus we get
Ci1(0) = Lin(@). (3.3)
O
In the sequel of this section, h and k will be a generalized Stockwell wavelets in L?(dv,,)
such that
1Al L2 (dve) = 1Bl L2 (dve) = 1-

3.2. Boundedness

In this subsection, we prove that the linear operators
Ly (o) : Lz(dl/a) — LQ(dVa)
are bounded for all symbol o € LF, (RZ x R), p € [1,00].
We first tackle this problem for ¢ in L}La (R% xR?%) or Ly (R2 x R2) and we conclude by

using interpolation theory.

Proposition 3.2. Let o be in LLQ (R% x R?%), then the localization operator Ly (o) is in
Seo and we have

12s(ls <z lolly, w2 s

Proof. For every functions f and g in L?(dv,), we have from the relations (3.2) and
(2.30),

|<Lh,k(0)(f) g>L2 dva) | a b r, $)||8a( )((L,b, Tvx)HSg(g)(avb’ Tvx)|d:ua(a7 b’ T, 33)

vV Chc /]R2 ><]R2

WHSQ )”ng (R xRZ)Hsa( )Hng(RixRi)HUHL}La (R2 xR2%)

< \/TTC%HJZHLQ((WQ)HgHLQ(dua)HO—HL}M (R? xR2 )"
Thus,

1
[ Lhn(0)[se < WHUH%Q (R? xR2)-

O

Proposition 3.3. Let o be in L} (R% x R?%), then the localization operator L, (o) is in
So and we have

1Chk()ls < llollzpe 2 xr2)-
Proof. For all functions f and g in L?(dv,), we have from Holder’s inequality

|<Lh,k(0)(f) g>L2 dva) | |O-(avb7 T, :v)||8f:(f)(a,b, Tvx)HSg(g)(avb’ Tvx)|dua (a7 b’ T, 33)

\/ChC R2 xR2
< m”ﬂhffa (RixRi)HS%<f)HLﬁa (RixRi)”S%@)HLﬁa (RZ xR2)-
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Using Plancherel’s formula for 8¢ and 8%, given by the relation (2.28), we get

|<Lh,k(0>(f)7g>L2(dua)‘ < HUHLffa (Rixki)Hf”L?(dua)Hg”m(dya)-
Thus,
enil@llse < le o2 m2
O
We can now associate a localization operator Lp (o) : L?(dv,) — L*(dva) to every

function o in Lf (R%2 x R%), 1 < p < oo and prove that £, ;(c) is in S. The precise
result is the following theorem.

Theorem 3.1. Let o be in L, (R2xR2), 1< p < occ. Then there exists a unique bounded
linear operator Lp (c) : L*(dve) — L*(dvy), such that
1

Kenr(@llse < ()P llollp, m e
Proof. Let f be in L?(dv,). We consider the following operator
T:L, (RE xRL)NLY (RE xRL) —  L(dvg),
given by

T(o) := Lnr(o)(f)-
Then by Proposition 3.2 and Proposition 3.3

1
T () 22 (dva) < m“ﬂ’ﬂ(dua)”a”@a (R2 xR2) (3.4)
and
HT(U)HB(dua) < HfHLz(dua)HU”L;;Z (R2 xR%)- (3.5)

Therefore, by (3.4), (3.5) and the Riesz-Thorin interpolation theorem (see [34, Theorem
2], and [38, Theorem 2.11] ), T may be uniquely extended to a linear transformation on
. (R% x R%), and we have

1 1
HLh,k(U)(f)HLQ(dVQ) = HT(U)HLQ(dua) < (m)prHLz(dl/a)Ha”Lﬁa (RZ xR%) (36)

Since (3.6) is true for arbitrary functions f in L?(dv,), then we obtain the desired result.
O

3.3. Schatten-von Neumann properties for £ ;(0)
In this subsection, we will prove that, the localization operator
Lhi(0): L2 (dvy) — L*(dvy)

is in the Schatten class S,. The first result on the Schatten property of localization
operators, is given in the following proposition.

Proposition 3.4. Let o be in Lba (R% x R2), then the localization operator
Lhi(0) : L2 (dvy) — L*(dvy)
s in So and we have

1
[£nk(0)lsy < WHUHL}W (R2 xR2)-
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Proof. Let {¢;,7 =1,2...} be an orthonormal basis for L?(dv,). Then by (3.2), Fubini’s
theorem, Parseval’s identity and the relations (2.25) and (3.3), we have

ZHLM G122 = D (Lnk(0)(@5), Lnk(0)( D) L2 (avn)
j:l
= W /I\QiXRi o a’ b’ T7':U)<Lh7k‘(o—) ka,b,r,z’hu,b,r,z>L2(dVa)dlua (a7b7 T?'x)'

Thus, we get

ZHLhk d)J ||L2 (dva) < \/ChT R2 R2 CL b Ty .1‘)| ||Lh k( )HSood/ﬁa(% bv 7”,$)

WH hk( )HSooHUHLl (R2 ><]R2) < 0. (37)

So, by (3.7) and Proposition 2.8 in the book [38], by Wong, £, 1(0) : L?(dva) — L*(dva)
is in the Hilbert-Schmidt class So and hence compact. O

Proposition 3.5. Let o be in L (]R?F X Ri), 1 < p < oo. Then, the localization operator
Ly k(o) is compact.

Proof. Let o be in L (R2 x R?2) and let (0y,)nen be a sequence of functions in
Ll (R B2 (L3 (B x R2)
such that o, — o in Lf (R2 x R?2) as n — oo. Then by Theorem 3.1

1
1 P
1204(02) = Enal@lse < (e ) llom = lug, e i

Hence L (0n) = Lpr(0) in So as n — oco. On the other hand as by Proposition 3.4,
L k(0p) is in S hence compact, it follows that £y, (o) is compact. d

Theorem 3.2. Let o be in Lia (R2 x R2). Then,

2

mH&HL}La ®2 xr2) < [[£Lnk(0)

1
[s) < \/TT@HUHL;LQ(RixRi), (3-8)

where o is given by

5(‘% ba T, J}) - <£’h,k (U)( h’a,b,r,z)a ka,b,r,x>L2 (dva)» (aa ba T, .’IJ) € Ri— X Ra—

Proof. Since o is in L}La (R% xR?), by Proposition 3.4, £, (o) is in Ss. Using [38, Theo-
rem 2.2], there exists an orthonormal basis {¢;, j = 1,2...} for the orthogonal complement
of the kernel of Ly, ,(c), consisting of eigenvectors of |Lp, (o) and {¢;, 7 = 1,2...} an
orthonormal set in L?(dv,), such that

Lhg(@)(f) = s5(f, 050 12 (dve) 5 (3.9)
7=1

where s, j =1,2... are the positive singular values of £}, (o) corresponding to ¢;. Then,
we get

”Lhk s, = ZSJ ZLh,k(U)(¢J) 90]>L2dua)

7j=1
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Thus, by Fubini’s theorem, Schwarz’s inequality, Bessel’s inequality, relations (2.24) and
(2.25), we get

1£0(0) sy = S (L k(@) (85)s 05 12w
j=1
=1
B ’b7 ’ Sa ] 7b7 9 SO! j 7b7 9 d o 7b7 )
jz::l C.Cr /RixRiG(a r, )85 (¢5)(a, b, r, )8 (w;)(a, b, r, x)dp, (a,b,r, x)

< 007 f e 170079 (§18%<¢j><a,b,r,x>|2) (ffrs%(wj><a,b,r,x>r2) 0,7,

j=1
<

< o(a,b,r,z)||| h

m/ﬂma'( I haps
1

<mHUHL}La(RiXRi)'

Thus

)H ka,b,r,x”LQ(dya)d/'La (CL, b, :L')

1
[£nk(0)ls, < WHUHL}LQ (R? xR2)-

We prove now that £y, (o) satisfies the first member of (3.8). It is easy to see that o
belongs to Lba (R% x R?2) and using formula (3.9), we get

|&(a7 b,r, 37)’ = ‘(Lh,k(a)( ha,b,T,fL”)7 ka,bﬂ",x>L2(dua)‘

=D si{ habras 5)12(dve) (Pis Kabre) L2 (dve)]
j=1

1 00
5 Z ( ab,r,x,¢j>L2(dua)‘2 + |<ka,b7r,xa@j)LQ(dua)F)'

Then by Fubini’s theorem, we obtain

~ 1 &
/]1%2 <R2 ’U(a’ b’ T7$)’dﬂa (aa b,?",l' 5 E (/R? ><]R2 ha,b,?‘,xa¢j>L2(dVa)’2d/’La(a7b? va)
+ 70

+ [(Ka s 93) 12 ) bt (.07, 2))
R3 xRZ

Thus using Plancherel’s identity for 8%, 8%, we get

C +C C +C
/2 [6(a, b, 2)ldp, (a,b,7,2) < =2 ’“}: 1L (0) 51
R+XR

The proof is complete. O

Corollary 3.1. For o in LLQ (]Ri X ]Ri), we have the following trace formula

tr(Lpi(o)) =

\/C';LT - ><]R2 (a,b,r, x)(kmbmw,hmb’r’gE)Lz(d,,a)dua(a, b,r,x). (3.10)

Proof. From Theorem 3.2, the localization operator Ly (o) belongs to Si, then by the
definition of the trace given by the relation (2.32), we have
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tr(Lpi(o)) = Z<Lh k(0)(@5), D5) L2 (dva)
= Z W/IR2 ><]R2 a b, r, x)<¢j7 h(abrx)>L2(dua <¢]7 abrm))LQ(dua)dﬂa(a b, 7, x)
= \/C’hic R2 ><]R2 CL b,r,x ; Qs]a h(abrac L2(dva) <¢]a ab,r,a:))LZ(dua)d:ua(avba ’I“,ZC)
= m RiXRQ (a b, l’)<k‘ (a,b,r,z)> (CLbT‘(E))LQ(dV )dlu'a(a b,r, SL‘)

and the proof is complete. ]

In the following we give the main result of this section.

Corollary 3.2. Let o be in L, (R%2 xR2), 1 < p < oco. Then, the localization operator
Lhi(0): L*(dve) — L*(dvy)

is in Sy and we have

1
1 P
) ol 2

Proof. The result follows from Proposition 3.3, Theorem 3.2 and by interpolation [38,
Theorem 2.10 and Theorem 2.11]. relation O]

2nrlo)ls, <

Remark 3.1. If A = k and if o is a real valued and nonnegative function in L}La (RZ xR?%)
then £y k(o) : L*(dva) — L*(dvy) is a positive operator. So, by (2.33) and Corollary 3.1

ene(@lls, = |

. 2 .
R?FXR?F U(a7 b, .CL‘) | ’ha»b;r,z ’ ‘LQ(dua)d:ua (aa b, J;) (311)

Now we state a result concerning the trace of products of localization operators.

Corollary 3.3. Let o1 and o9 be any real-valued and nonnegative functions which belong
to Lba (R%2 x R%). We assume that h = k and h is a function in L*(dv,) such that
1Pl 22(dv,) = 1. Then, the localization operators Lp, x(01), L k(02) are positive trace class
operators and

H(th’f(al)ﬁhvk(@))n’ o= t7‘<£hk(01)5hk(02))
< (tr(Lhk ) (tr k(o2 ))
- festo] st

for any natural number n.

Proof. By Theorem 1 in the paper [20] by Liu we know that if A and B are in the trace
class S1 and are positive operators, then

vneN, wr(AB) < (r(4)) (r(B))".

So, if we take A = Lj, ;(01), B = Lj,1(02) and we invoke the previous remark, the desired
result is obtained and the proof is completed. ]
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4. Mean dispersion theorem for the generalized Stockwell transform

In this section, we shall present some useful results regarding the concentration of 8 ( f)
on small sets.

Proposition 4.1. Suppose that U C ]R%_ X R%r satisfies

Ch
Lo (U 4.1
U) < Tl (4.1)
then, for all f in L*(dv.), we have
g0 . T Rl1%2 (g A
HXUC h(f)”Lﬁa(RixRi) = hA| 1l — Tﬂa(U)HfHH(dua)a ( -2)

where X, denotes the characteristic function of the complementary U¢ of U.
Proof. From Plancherel’s Theorem 2.2, we have

ol vy = ISFE;_ @2 i) = ISR, @) + ISR ey (43)
On the other hand from the relation (2.30), we have

a 2 « 2
/U |Sh (f)(a> b? T, $)| d#a(% ba T, $> < H‘Sh (f)HLioa(RixRi)ua(U)
< talOIAIZ2 @) 1PN 22 - (4.4)

Thus, the result follows immediately from the relations (4.3) and (4.4). O

Remark 4.1. Let U be a subset of R x R? satisfying the relation (4.1). If 8%(f) is
supported in U, then f = 0.
Proposition 4.2. Let h be a generalized Stockwell wavelet such that ||h||L2(d = 1. Let

s > 0. Then the following uncertainty inequality hold.
There exists a positive constant C(s) such that, for all f in L?(dv,), we have

| 11a,b,7,2)[1°85:(5)| > C(s)|f]

2 2
L2 (R2 xR2 )

L2(dve

Proof. Let § > 0. We consider the subset Vs of R%r X Ri defined by
Vs ={(a,b,r,2) € R xR : [|(a,b,7,2)|| < 6},

and satisfying 0 < pq(Vs) < C. By applying the relation (4.2) with U = V we obtain

HfH%Q(dua) < m /VC ‘Sg(f)(C% ba r, $)|2d:ua(a‘7 bv r, ZL‘)
S

S SO )05 P 0, 2Pl . 2)
1 sQu 2
S G ol X 6] .
Thus, we obtain the relation (4.5) with C(s) := 0°\/Ch — pia(Vs). O

Proposition 4.3. ([27]). Let h be a generalized Stockwell wavelet on R in L' (dvy) (N L? (dvy).
Then, 8%(L*(dv,)) is a reproducing kernel Hilbert space with kernel function

Kp(a' b7 2'5a,b,7r,2) = ha' v 17 27 (S, Y) Papra (s, y)dv (s, y). (4.6)

Ch R2
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The kernel satisfies:

112

V(a' V' 2, (a,b,r,x) € Ri X Ri, |Kp (a7 2’ 5a,b,r,2)] < c

(4.7)
Notation. We shall adopt the following notations:

(i) Py : Lia (R2 xR2) — Lia (R2 x R?) denotes the orthogonal projection from Lia (R2 xR?)
onto 8% (L%(dvy)).

(ii) Py : Lia (R2 xR2) — Lia (R x R?) denotes the orthogonal projection from Lia (R2 x R?)
P?t(-) the subspace of functions of Lia (R% x R?) supported in a subset U C R2 x R? sat-
isfying

0 < ua(U) := /Udua(a, b,r,x) < oo. (4.8)
Next, we recall that
1
||PuPnllas = (/2 , |Kp(a' W r' 25 a, b,r,x)]Qdua(a',b',r',w’)dua(a,b, r,x)) :
R+XR+XU
(4.9)
h y
H ”Lz(d o) HQ(U) < 0.

<
= o

That is, Py Py, is a Hilbert-Schmidt operator and, therefore it is a compact operator.

Remark 4.2. i) The operator P, = 8(8f)* can be explicitly expressed as an integral
operator

PyF(z) = / F(a,b,r,2)XKp(z;a,b,r,2)dpa(a,b,r,z), 2= (a’',V/,r',2") € Ri X Ri,

2 2
R+XR+

with integral kernel Xj,.
ii) As Kp, is the integral kernel of an orthogonal projection, it satisfies

Kn(z2') = Kp(2;2), forall z,2' € RT x R, (4.10)
and
Kp(z;2') = / Kn (232" )Kn (2" 2" dpa(2"), 2,2/ € RY x RL. (4.11)
R3 xRZ

iii) If {v, : n € N} is an orthonormal basis of 8%(L?(dv,)), Ky, can be expanded as
Kp(z;2) = Z vn(2)v(2), 2,2 € RE x RE. (4.12)
n=1

Definition 4.1. Let 0 < e < 1 and U C ]R%_ X ]R%_ be a measurable subset. Let h be a

generalized Stockwell wavelet and let f € L?(dv,) be a nonzero function.

We say that 8§(f) is e-time-concentrated on U, if
850, gy = <llS0)

2 2
L2, (R% xR%)

L2 (Ue
Po

Proposition 4.4. Let h be a generalized Stockwell wavelet and (uﬁ),ﬁeNQ be an orthonormal

sequence in L?(dvy) and U be a measurable subset of Ri X Ri. If po(U) < o0, then for
every nonempty finite subset X C N2, we have

o Hh”%z dvg
> (\/C7— HXUCSh(uﬁ)HLga(RixRi)) <

= va,
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Proof. As Py Py, is an Hilbert-Schmidt operator then by (2.34)
> (Push(ug), 8 (ug)) iz (r2 xw2y = D (PuPuPuS} (ug), 85 (us))r2 (w2 i)

peX BeEX
S ChtT(PhPUPh)
= Ch||PuPyllrs-
Then by (4.9) we get
Z(PUS%(W),S%(U&))LZ& (R% xR2) S P12 20y HalU). (4.13)
BeEX

Now by the Cauchy-Schwarz inequality we have for every 5 € K,
(Pousii(ug), Sy (ug)) 2 (w2 xmz) = Ch — (Pue8y(up) 8 (us)) Lz (2 xr2)
2 O = VChllxueSi(ua)lrz m2 xr2)
in particular, using relation (4.13), we obtain

> (Ch - \/Ch”XUC'S%(Uﬁ)HLi (RixRi)) < Z<PU5%(UB)78%(U6)>Li (R2 xR2) S ||h||%2(dua) ta(U),
BeX “ Bex “

and the conclusion follows. 0

As a consequence of the proposition 4.4, we shall demonstrate that, if the generalized con-

tinuous Stockwell transform of an othornormal sequence are € time-frequency concentrated
in a given centered ball of ]R?F X ]Ri, then such a sequence is necessarily finite.

Proposition 4.5. Let € and § be positive real numbers such that 0 < ¢ < 1, and h be
a generalized Stockwell wavelet. Let X C N? be a nonempty subset and (uﬁ)ﬁeﬂc be an

orthonormal sequence in L?(dvy). If 8%(ug) is e-time-frequency concentrated in the set
Bs :={(a,b,7,7) € R} x R :[|(a,b,7,2)[| < 6}
for every B € K, then X is finite and

54a+6
Card(X) < . M(a, h). (4.14)
—€
1172 )
where M (o, h) = —5 = o (B1).
Proof. Let M C X be a nonempty finite subset, then by Proposition 4.4, we deduce that
81220,
— 778 L C DG 4.1
%ﬂ (v = lIxw Sh(up)llzz (®2x22)) N fia(Bs), (4.15)
however for every § € M, ||XB§S%(u5)||Lia (R xR2) S € Ch, and
tta(Bs) = Ma<B1)54a+6u (4.16)
hence by combining relations (4.15) and (4.16), we deduce that
Moc(Bl)HhH%Z(dy )
Card(M) < o) lat6,
ard(M) (1—-¢e)Ch
which means that X is finite and satisfies relation (4.14). O

Let p be a positive real number, h be a generalized Stockwell wavelet and f € L?(dv,),
we define the generalized p'* time-frequency dispersion of §¢(f) by

3=

pu(SR(1)) = ( L, @bl 880 e bir. ) dica(a. b x))

TRRL
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Corollary 4.1. Let A, p be positive real numbers and h € L?*(dv,) be a generalized
Stockwell wavelet. Let X C N? be a nonempty subset and (115)563< be an orthonormal

sequence in L?(dv,). Assume that for every 3 € X,

pp(8i (up)) < A,
then X is finite and
Card(X) < A** M (a,p, ),

8a+12

where M'(a, p, h) = 2% M(a, h).

Proof. Assume that p,(8(ug)) < A for every 8 € K, then we have
1

1
Relation (4.17) means that for every 5 € X, ug is §—Concentrated in the set BA2 2, hence

(4.17)

1
| 18ius) @b o) dalobra) < L
BC

A2

Pp(8(f) <

3o

according to Proposition 4.5, we deduce that X is finite and
Card(X) < AYTSM'(a, p, h).
O

Lemma 4.1. Let h be a generalized Stockwell wavelet and p be a positive real number. If
(ug) gene is an orthonormal sequence in L?(dvy), then there exists jo € Z such that

VB € N, p, (5 (ug)) > 2.
Proof. The proof is an immediate consequence of Heisenberg-type inequality (4.5). O

Theorem 4.1 (Shapiro’s Dispersion Theorem). Let h be a generalized Stockwell wavelet
and (uﬁ)ﬁel\ﬂ be an orthonormal sequence in L?(dv,), then for every positives reals num-

bers p and for every nonempty finite subset X C N2, we have

1

« p 3
B;{(Pp(sh(uﬂ))) > 9 <M’(a,p, h)28a+13

>4°£“6 (Card (%)) 7 (4.18)

Proof. For every j € Z, let

Pi={BeN : p(Silug)) € (27, 29)},

then for every 3 € P;
Lo b )P 185 us)a,b7,2)  dpa(a b rya) < 27,
R3 xR%

thus, using the relation (4.17) yields

1 p 1
/BCA 18 (ug)(a, b, 7, )2 dpia(a, b,y 1) < 4’)1’(2?5) <7 (4.19)

3

Therefore, as a consequence of the relation (4.19), we deduce that every § € P;, ug
is %-Concentrated in the ball B 2, In other words, the sequence (ug)ge p; satisfies the
conditions of proposition 4.5, which shows that P; is finite and

Card(P;) < 274 M (o, p, ). (4.20)
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m
For m € Z, m > jg, we denote by Q,, = U P;j then according to relation (4.20), we have
J=Jo

m M L
Card (Qm) = »_ Card(P;) < (O;:Z”)Q(mﬂ)(mw)'
Jj=Jo
2M’ .
Now, if Card(X) > W2O0+1)(4a+6)7 then we can choose an integer n > jy such
that

2M'(a,p, h) 2n(4a+6) < Card(fK) < 2M’(a,p, h) 2(n+1)(4o¢+6). (4.21)
3 3
Thus, by relation (4.21) we get
o Card(X) (1 1 14— 3 Tato
3 a8 > G 5 5 Cord) 7 ()
!
Finally, if Card(X) < W2(j0+1)(4a+6), then
_Pr
a i—1 142 3 1a16
5 ({8 ()))” > Card(30200 7 > Cara(a0) s (B )

BeX
O

Corollary 4.2. Let p > 0, h be a generalized Stockwell wavelet and let (uﬁ)ﬂeNg be an
orthonormal sequence in L?(dv,). Then for every X C N2

> (|| e vlsg(us)(a,bor.2)||

2 (R2
jex Lz (RE x

D
1 3 1a+6 142
= (W) Card(X) "1a+s.

2

p
,Sa b
R3)+H||(T’x)”2 n(up)(a, ”’x)‘Lga(RixRi))

Proof. The result is an immediate consequence of the previous theorem and the fact that
[[(a,b,r, z)[|P < 2°(](a, b)[[” + [|(r, )|[")-
O

As a consequence of the last dispersion inequality, we infer that, there does not exist an
infinite sequence (ug)gcqe n L?(dv,) such that the two sequences

| 11(a, B)I15 85 (us) (a, b7 )

2 2
L2_(R2 xR?)

and
116 211285 (us) (a, b7, )|

L2 (R xR%)
are bounded.
Corollary 4.3. Let p > 0, h be a generalized Stockwell wavelet and let (u5)5€N2 be an
orthonormal sequence in L*(dv,). Then for every X C N2
. 2 Leoa
supsex: (|| e ONESE )@ borl] L, oo 11 DIESR (as) a0 2)

P
1 3 1a+6 P2 _
> i (—M/(a7p’h)212a+19) Card(ﬂ() 4at6

2

-
L2 (R xR?)

In particular

sup (||11(a,b)][78: (ug) (a,b,7. )|
BEN2

1 2)1P85 s 0,7, 2)

2 2 2 2 ):
L2 (R xR2 L2 (R xR2
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Theorem 4.2 (Shapiro’s Umbrella Theorem ). Let h be a generalized Stockwell wavelet
and KX C N? be a nonempty subset and (uﬁ)ﬁe% be an orthonormal sequence in L?(dvy),

if there is a function g € Lza (R?|r X Ri) such that
|S%(uﬂ)(a’ b? T’ $)| < g(a7 b? T? :B)7
for every B € K and for almost every (a,b,r,x) € Ri X Ri, then X is finite.

Proof. Following the idea of Malinnikova [21], for every positive real number 0 < ¢ < C},
there is a subset Ay, C Ri X Ri, such that

Ma(Ag,s) :lnf /’LQ(U) : // |g(a7b7rvx)|2dua(aa b,’l”,l’) < 62 9
R3 xRI\U

and

// lg(a, b, 7",3:)\2 dpe(a,byr,x) = g2,
R2 xR2\Ag .

Hence, according to the hypothesis, for every a € X, we have

[ Lo o 180 ws) @b dpa(a,b o) < 22
R+><IR+\AQ,e

hll?
and by the Proposition 4.4, we get Card(X)(v/Cp —¢) < HHLQ%/@(AQ’E). O

5. Spectral analysis for the generalized concentration operator

The aim of this section is to study the scalograms associated with the Riemann-Liouville
Stockwell transform.

5.1. Calderon-Toeplitz operator

Definition 5.1. Let h be a generalized Stockwell wavelet on R? in L*(dv,). We define
the Riemann-Liouville wavelet scalogram of f as

SY(f)(a,b,r,x) = C{”S%f(a, b,r,x)\Z, (a,b,r,x) € Ra_ X Ra_. (5.1)

Remark 5.1. From the Plancherel formula associated with 8§, we have
Iy _ 2
/RixRi Sk(f)(a,b,r,x)dpa(a,b,r,x) = || 72w, (5.2)

It justifies the interpretation of a scalogram as a time-frequency energy density. Also, note
that (3.2)

(Lhnnlo)f, f}LQ(dua) = / o(a,b,r,x)Sy(f)(a,b,r,x)du(a,b,r, x). (5.3)

2 2
]R+><]RJr

In this section we shall keep our focus on localization operators Ly (o) with symbol
0 = X,, and h is a generalized Stockwell wavelet on R? in L?(dv,), and U is subset of

Ri X Ri with finite measure p,(U) < oo. For the sake of simplicity, such an operator will
be denoted as L(U).

Definition 5.2. We define the Calderon-Toeplitz operator
Thu : 87 (L% (dva)) — 87 (L*(dva))

by
Thu F = P,PyF. (5.4)
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Proposition 5.1. The operator Ty, i : 8¢(L?(dva)) — 8% (L*(dvy)) is trace-class operator
and satisfies

0<Thv <Py <, (5.5)
and
Thu = SpLn(U)(S7)". (5.6)
Proof. For all F € 8¢(L?(dv,)), we have
(Thu F, F>Lﬁa (R2xE2) = (Py(PyF), F>Lia (R2 xR%)
= (PrF F)pz 2 xr2) (5.7)

= / |F(a,b,r, x)\dea(a, b,r,x).
U

Thus we deduce (5.5), and T} iy is bounded and positive.
Now, we want to prove (5.6). Indeed, using 8§ and (8§)*, the time-frequency localization
operator

Ln(U) : L*(dvy) — L*(dvy)

can be expressed as

Lo(U)(f) = (8)"(PuSiif), [ € L*(dva).
Therefore,
(S3Ln(U)(SE))F = PuPyF =Ty F. F € 83(L2(dva)). (5.9)
Therefore, the time-frequency operator £ (U) and the Calderén-Toeplitz operator T}, i/
are related by

Thy = 85L,(U)(87) .
O

Remark 5.2. From the above proposition, we deduce that T}y and £;(U) enjoy the
same spectral properties, in particular, we have the following proposition.

Proposition 5.2. The Calderdon-Toeplitz operator Ty, 17 is compact and even trace class
with
tr(Thu ) = tr(Ln(U)) = Ma(h,U), (5.9)

where

1
My (h,U) = — Hha,bﬂn@H%g dva)AHala, b, 7, x). (5.10)
c, Ju (dva)

Proof. Note that the operator Ty, : $¢(L?(dvy)) — 8%(L*(dv,)) is bounded and pos-
itive. Now, let {e,}5%, be an arbitrary orthonormal basis for 8%(L?(dv,)). Then, if we
denote by v, = v/Cr(8%)*(ey), then {v,}5%; is an orthonormal basis for L?(dv,).

Thus, by (3.2) and Fubini’s theorem, we get

S Tlen)enlia amz) = O D (ERU)ER) (en), (6)" () 2
n=1 n=1

= &% b Pdata b
= &, I8 abor. o) Pafar b

= Cih‘/l] Zl ‘ <vn7ha,b,T‘,Z>L2(dya) |2d,U/Oé(a7b? 7‘,.73)

%g(dya)dua(a, b,r,x)

Hha,b,r,m
).

|
£ 5t
>

(
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Therefore, by Definition 2.10 and Remark 2.7, the operator T}, ;; is trace class with
[Thu llsy = tr(Thy ) = Ma(h,U).
O
Let Vi : Lza (R2 xR?2) — Lﬁa (R2 x R?) the operator defined by Vyy = P,PyP,.
The advantage of Vj, 7 compared to T} is that it is defined on Lza (Ri X Ri) and

consequently its spectral properties can be easily related to its integral kernel. Since T}, i/
is positive and trace-class, then using the decomposition

L2 (B2 x R2) = $3(L2(dva)) & (S3(L2(dva))
we deduce that Vy, ;7 is also positive and trace-class with
tr(Viu) =tr(Thy) = Ma(h,U). (5.11)
In addition, we have the following result.

Proposition 5.3. The trace of T}?,U s given by

tr(Tf’U):/U/U|th(a,b,r,:L‘;a',b',r',:L")|2d,ua(a,b,r,l”)dua(a',b',r',m'). (5.12)

Proof. Since, Vy, 1y is positive, then

tr(Ty ) = tr(Vi o) (5.13)
On the other hand using the fact that the space 8% (L?(dv,)) is a reproducing kernel
Hilbert space with kernel K, we get that for F' € 8¢(L?(dvy))

VmUF(CL,b,T', x) = /2 2 F(a’,b/,r’,x/)/ XU(C7 d7t7 y)xh(aﬂ b7 T,.I';C, d7t7 y)
R+XR+

R3 xR%
Kp(e,d,t,y;a b v o Ydua (e, d, t, y)dua(a’' V1’ 2. (5.14)

That is, Vj, ¢y has integral kernel

N,u(a,b,r,z;a b, 2 :/ e, d,t,y)XKp(a,b,r,x;c,d,t,
nu( ) RixRixU( Y)Kn( y) (5.15)
th(c,d,t,y;a’,b’,r’,m’)dua(c,d,t,y).

Therefore,
tr(V,QL u) = / / INp v (a,b,r, ; a v, x')|2d,ua(a, b,r,x)dua(a’, b, x")
’ RixRi RixRi

/ o (20X (220K (215 2) (21 ) b (2)
R3 xR3 JR3 xR3

where by using the properties of the kernel of the reproducing kernel Hilbert space

Kh<21;22) = / / :K:h(ZQ;aa b7 T?'%')jch(aab? r,x;zl)ﬂch(zl;a’,b’,r’,x/)
R2 xR2 JR2 xR2
Kn(a' b ' a'; 29)dug(a, b, r, x)dpe (a0, r' 2')
= Kn(22;21)Kn(21; 22).
Using (4.10), we get
K (215 22) = |Kn(21; 22) % (5.16)

This follows us to conclude. O
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5.2. Eigenvalues and eigenfunctions

Since the localization operator L (U) = (8%)*x, 8} that we consider is a compact and
self-adjoint operator, the spectral theorem gives the following spectral representation

L)) = 2 @) {fvl) 0l S € D), (5.17)

n=1
where {s,(U)}52; are the positive eigenvalues arranged in a nonincreasing manner and
{vU}% | is the corresponding orthonormal set of eigenfunctions. Note that s,(U) N\, 0
and we have for all n > 1,
sp(U) <s1(U) < 1. (5.18)
This, together with (5.6), we can deduce that the Calderén-Toeplitz operator
Thu = 85 (L*(dva)) — 85 (L*(dva))

can be diagonalized as

_ U U a(r2
Thu F = ; sn(U) (P, €”>Lia gnn) O € SH(L(dva)), (5.19)
where el = ﬁsg(vﬁf)

Lemma 5.1. For all z = (a,b,r,x) € Ri X Ri, we have

o0

0() = [, xo@)Kn(wi2)Pdua(w) = 3 s 0SFEE). (5:20)

Proof. From (4.6), we have for all z = (a,b,7,2) € R2 x R%, the function Kp(.;2) is in
8¢(L?(dvy)). Therefore using the properties of the kernel of the reproducing kernel Hilbert
space, we get

(Thu Kn(52), Kn(:5 2)) 12 (R2xR2) = (PuXn(-;2), Kn(:;2)) 12 (R2 xR2)
Mo Mo
= [, )% 2K D daal)
RQXRi

_ / 0 (@)|Kn (w: 2) Pdpta (w).
R% xR

Let {wY}5°, C 8%(L%*(dv,)) be an orthonormal basis of Ker (T, ) ( eventually empty).
Hence, {eJ}22, U {wY}°, is an orthonormal basis of 8¢(L?(dv,)) and therefore the
reproducing kernel X can be written as

Kn(a,byr,z;a" V' 2') = th( Lo al z)
:Ze eU’b’ra;—i-Zw (z)wY(a, b 7, 2").

n=1
(5.21)
Using this, we compute again
oo oo
(Tho Kn(32), Kn (5 2)) 12 (R2xR2) = <Th,U Zef{(z)ef{, qug(z) g>
Mo + + n—1 —1 Li (RiXRi)
_ U U U U
% €n (Z> « (Z) <Th,U €ns ¢k >Lia (RiXRi)

and the conclusion follows. O
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Let € € (0,1) and define the quantity
n(e,U) = card{j :s5;(U)>1— 5}.

Then an easy adaptation of the proof of Lemma 3.3 in [1], we obtain the following estimate
for the eigenvalue distribution.

Proposition 5.4. Let ¢ € (0,1). We have

C%”//’:Kh(a,’b/’rl’x/m’bv""ﬁ)\Qdua(a’b,r,x)
vJu
dpa(a’ V7 &) — My (h, U)’_

In(e,U) — Ma(h,U)| < mazx{t

6’16

5.3. Scalogram of a subspace

Given an N-dimentional subspace V of L?(dv,), Py the orthogonal projection onto V
with projection kernel ky, is defined as

Pvf() / kv (5 t,8)f(t, 8)dva(t, ). (5.22)
Recall that if {v,},_, is an orthonormal basis of V, then
N
ky(r,x;,t,s) = Z Un (7, 2)vp (t, 5). (5.23)
n=1

The kernel ky is independent of the choice of orthonormal basis for V.

Definition 5.3. The scalogram of the space V' with generalized Stockwell wavelet h is
defined

SCAL}V(a,b,r, ) /2 , kv (t,s;0,y)habrz(t,s)haprz(b,y)dva(t, s)dva (b, y).
R2 JR2

(5.24)
Then, we have the following result.
Lemma 5.2. The scalogram SCALZV is given by
N
SCAL}V = Cp, > Sii(vn). (5.25)
n=1

Proof. We have

SCALSV (a,b,r,2) — /2 /2 Zvn (t, 8) om0, D) hrapr o ls ) hasine (b, y)dva(t, 8)dva(b, y)
R R

+ n=1

= Z <Um ha,b7r,a:>L2(d,,a) <Um ha757T7I>L2(dz/a)
n=1
N

= E 84 (vn)(a, b,r, )8 (vy)(a, b, 7, x)
n=1
N

= > I8h(va)(a,br, ).

n=1

This completes the proof. O

Definition 5.4. We define the time-frequency concentration of a subspace V in U as:

Eun(V) / SCAL}V (a,b,r,x)dpua(a,b,r, ). (5.26)
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Then, using Lemma 5.2, we get the desired result:
Eon(V) Z/ Si(vn)(a,b,r,x)dpa(a,b,r, ). (5.27)

Theorem 5.1. The N-dimentional signal space Vy = span{v?}N_, consisting of the
first N eigenfunctions of Ln(U) corresponding to the N largest ezgenvalues {sn(U)IN,
mazimize the regional concentration {up(V) and

Eon(Vy) : Z (5.28)

n:l

Proof. We have

Eun(VN) Z/ S¥(vy, )(a, by, x)dpa(a, b, r, ). (5.29)

Moreover, the min-max lemma for self-adjoint operators states that (see e. g. Sec.95 in
[30])

sp(U) = / S¥ (v, )(a, by, z)dpa(a, b, r, )
= ma‘X{ <Lh(U)(f)7f>L2(dya) : ||f”L2(dVa) = 17f 1 U?, "'7U7[{—1}'

So, the eigenvalues of £;(U) determine the number of orthogonal functions that have a
well-concentrated scalogram in U. Thus,

N
Eun(V) = Wh Z (5.30)

The min-max characterization of the elgenvalues of compact operators implies that the
first N eigenfunctions of the time-frequency operator L5,(U) have optimal cumulative
time-frequency concentration inside U, in the sense,

N N
Z <Lh(U)(vg),vg>L2(dya) = max{ Z (Lr(U)vn; vn) 1204, Ao N orthonormal}

n=1 n=1
(5.31)
Therefore any N-dimensional subset V' of L?(dv,) cannot to be better concentrated in U
than Vi, i.e

Sun(V) < Eun(V). (5.32)
The proof is complete. U

Remark 5.3. The time-frequency concentration of a subspace Vi in U satisfies,
1
SN(U) S ?th,h(VN) S Sl(U) S 1. (5.33)

5.4. Accumulated scalogram

Let Py = SCAL, VN, (nv), the Py 18 called the accumulated scalogram, provided
that Ng(h,U) = [My(h,U)] is the smallest integer greater than or equal to M, (h,U) and

Vo) = spcm{vU} “ (h,U),
Observe that,
Na(h,U)
P (@ by = > (8 (v])(a,b,r,z)|*. (5.34)

n=1
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Also,
Hp(h,U) ”L}La (R2 xR2) = CrhlNa(h,U) = CMq(h,U) + O(1).
Moreover, since

Na(h,U)
Y su(U) < tr(Ln(U)) = Ma(h,U)

n=1

then we can define the quantity

N (h,U)
Z sn(U)
E =1--=t .
which satisfies,
0<E(M,U)<L1. (5.36)

More precisely, we have the following result.

Lemma 5.3. Let € € (0,1). We have
n(e,U)

< <1-— — i —). .
0<E,U)<1-(1-¢)min(1, Mo, U)) (5.37)
Proof. Let € € (0,1) and define l,(¢,U) = min(Ny(h,U),n(e,U)). It follows that
sn(U) >1—¢, 1<n<ly(eU). (5.38)
As No(h,U) > lo(h,U), we get
Na(h,U) la(,U)
Z sp(U) > Z sn(U) > (1 —e)la(e,U). (5.39)
n=1 n=1
Therefore
la(g,U)
<F <l—-(1—-¢g)—/————. 4
As Nu(e,U) > M, (h,U), we obtain the desired result. O

Consequently when the eigenvalues {s,(U) }Z(:E(’)U) are close to 1, then E(h,U) — 0. More-

over, we have the following result bounding the error between P and C},0.

Proposition 5.5. We have

1 Ch

WHP@,U) - Ch@HL}La (R? xR?) < W +2CLE(h,U). (5.41)

Proof. From Lemma 5.1, we have, for all z = (a,b,r,z) € U

o0

P (2) = CrO(2) = Y (tn — su(0))I85 (0] ) (2) >, (5.42)

n=1

where t,, = 1 if n < N,(h,U) and 0 otherwise. Now since
H!Sﬁ(vﬁ)\?u% (R2 xR%) = Ch

and
o0

sn(U) = My(h,U),

n=1
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we obtain
||p(h,,U) - Ch@HLllm (R2 xR2) < G Z:l ‘tn - Sn(U)’
Na(h,U)
n=1 n>Nq (h,U)
00 N (h,U)
= CpNo(h,U)+Cp Y _ sn(U)=2C, > su(U)
i Ny
= CpNo(h,U)+ CpMo(h,U) —2C, > su(U)
e Na(hU)
= Cn(Na(h,U) = Mo(h,U)) +2C,(Ma(h,U) = 3 5a(U))
N (h,U) =l
< O 420, (Ma(h,U) = 3 su(U)),
n=1
and the estimate (5.41) follows. O
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