Universal Journal of Mathematics and Applications, 5 (4) (2022) 136-144
Research paper

UJMA

al

UJMA Universal Journal of Mathematics and Applications

Journal Homepage: www.dergipark.gov.tr/ujma
ISSN 2619-9653
DOI: https://doi.org/10.32323/ujma. 198471

On a Rational (P + 1)th Order Difference Equation with
Quadratic Term

Messaoud Berkal'* and Raafat Abo-Zeid>

! Department of Applied Mathematics, University of Alicante, Alicante, San Vicente del Raspeig, 03690, Spain
2Department of Basic Science, The Higher Institute for Engineering & Technology, Al-Obour, Cairo, Egypt
*Corresponding author

Article Info Abstract

Keywords: Difference equations, Gen- In this paper, we derive the forbidden set and determine the solutions of the difference
eral solution, Forbidden set, Invariant equation that contains a quadratic term

set, convergence.

2010 AMS: 39A10, 39A20. Xy = FnXn—p . neN,

Received: 2 November 2022 ax, (p—1)+bxa_p

Accepted: 7 December 2022

Available online: 29 December 2022 where the parameters a and b are real numbers, p is a positive integer and the initial

conditions x_p, X_p41, -+, X_1, Xg are real numbers.

1. Introduction

In [1], the authors determined the forbidden set, introduced an explicit formula for the solutions and discussed the global behavior of the
solutions of the difference equation

AXnXn—k+1

———, né&€Np,
bxnfkﬂ + CXp—k

Xn+1 =

where a, b, ¢ are positive real numbers and the initial conditions x_j,X_j1,- -+ ,X_1,Xo are real numbers.
In [2], the second author studied the global behavior and introduced an explicit formula for the solutions of the difference equation

AXpXp—k
Xp+1 = , ne N0>
—bxp +cxp_g—1
where a, b, ¢ are positive real numbers and the initial conditions x_j;_,x_g, - ,X_1,X are real numbers.

In [3], the author determined the forbidden set, introduced an explicit formula for the solutions and discussed the global behavior of solutions
of the difference equation

AXpXn—k

Xp+1 = , n€Np,

bxy — exp—g—1

where a, b, ¢ are positive real numbers and the initial conditions x_j;_1,x_g,---,x_1,Xo are real numbers.
In [4], Abo-Zeid determined the forbidden set and studied the global behavior of the solutions of the difference equation

AXnXp—k
Xpr1=———, néeN,
bxn +cxy g1
where a, b, ¢ are positive real numbers and the initial conditions x_j;_1,x_g,---,x_1,Xo are real numbers.

For more on difference equations, one can see [5—28] and the references therein.

In this paper we generalize the solutions of the nonlinear rational difference equations presented in [S] and [10], which were established
through a mere application of the induction principle.
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(R. Abo-Zeid)



, https://orcid.org/0000-0002-4768-8442
 https://orcid.org/0000-0002-1858-5583 

Universal Journal of Mathematics and Applications

137

2. Main Results

In this section, we investigate the solutions of the difference equation
XnXn—p

—, neNy
ax,_(p—1) +bxn—p ’

Xn+1 =

where the parameters a and b are real numbers, p is a positive integer and the initial conditions x_p, x_p41, -

The transformation
Xp— X_j_ _—
"L withu_;=~—"1 i=0,(p—1),

Xn X_j

Uy =

reduces equation (2.1) into the difference equation

Upi] = +b, neNy.
Un—p+1
Suppose that

()

U = Upmtj j=1,pand m>—1.
Then, we can write

i a
u,g{): 0 +b, meN.

-1

Let
N %
utd) = Siian B
m

Then, equation (2.3) becomes
Zm1 —bzm —azpm—1 =0, meN.
()

with initial condition z_1 =1, zo = u™’;.

Throughout this paper, we denote b 4 4a by A.
2.1. Case A >0

In this subsection, we have that b > —4a. Suppose that
AL -2!

¢_i = ﬁ )
+ - —

where A, and A_ are the roots of the equation A —bA —a = 0.
Let

J € No,

Y-i(j) =ax_i@j+x_i_19jx1, i=0,(p—1).

Using equalities (2.2) and (2.4), we can write

X _ 1 Xom = X0 B vpei(0)
m+p —3~p m — DN
pe H?:l Upm+i P i=1 ’}/*P+l'(m +1)
\
=——————, meNp,

Hf:l Yoprilm+1)

where v = Hf;ox,i.
It follows that
1 P % H?:l Y- pri(m)
m = .

;:1 Upm+i P H{;l ')Leri(m) H;:1 Y—p—o—i(m"' 1)

v _
= m € Ny, andz =1, p.

H?:l 7/7p+i(mﬂL 1) H,{?:H_l 77p+i(m) '

Using the above arguments, we obtain the following result:

Xpm+t =

Theorem 2.1. Let {x,};;__, be a well defined solution for equation (2.1). Then

v , n=1,p+1,..,

Tp1 1
y—p+1(%)ﬂ§:2 7711+j(n7)
\4

n+tp— 5\ n:27 +2,...,
T2 V-pri( +f,, 2)H/”.:3y,p+j(%) p
Xp = :
SIS T =TI n=p—12p—1,..,
Hf:ll 7—p+i(%l))/o(n Z+l) p 14
\4
I v pei(2) =p,2p,...
H?:lyfpﬂ(%)’ n p? P7 b

where v = Hf’zox,i, Y—j(m)=ax_j@m+x_j_19mt1, j=0,(p—1) and m> —1.

2.1)

, X_1, Xg are real numbers.

(2.2)

(2.3)

(2.4)

(2.5)
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Consider the two sets

: Yo _ V1 ==l

D1 = { w1, ) €RPH s ot COP G T The/a “f
) Vo _ Vi —= 7l

DZ = {(V07V17"' 7VP) GRP+1 ' (_l)p(l—/a)p B (71)[)71(1*/‘1)@71) o _)Lp_/a _VP}'

Theorem 2.2. The two sets Dy and D, are invariant sets for equation (2.1).

Proof. Let (xo,x_1,---,x_p) € . We show that (x,,x,_1, -+ ,X,—p) € D, for each n € N. The proof is by induction on n. The point
(%0,x_1,--+,x_p) € Dy implies

*0 - 11 eVl VR
COPAJar ot a D o) DAja 7
Now for n = 1, we have
x (=022 ar ey (—a/A )
X = 0X—p _ - —(p—1) — )t =(p=1)
ax_(,_1)+bx_p ax_,_1)+b(—a/A-)x_,
L e S o 7 e
a Tk =T X0
Then we have
(—DPAZJaP (=127 g(p-1) (—DAja P71
This implies that (x1,xg, -+ ,x_p41) € D2. Suppose now that (x,,x,—1,-- ,X4—p) € Dy. Thatis
Xn _ Xn—1 o Xn—(p—1) —
(=1)PA* Jar (_l)pfllipfl)/a(p—w (-D)A_Ja "
Then
“1qp=1, pe
X - XnXn—p - ((71)1, llf /ap l)xnf(pfl)(7a/l—)xnf(p71)
| = =
e ax,_(p—1)+bxn—p ax,_(p—1) +b(=a/A-)x,_(,—1
-2
PR Ry (C1PAT
T oarl 1— % - aP Xn—(p-1)-
This implies that
Xn+1 _ Xn _ _ Xn—(p-2) —
(—0PAZfar (=127 sg(0-1) (—DA_ja ol
That is (Xp4-1,%0,* ,Xp—p+1) € Da. Then (x,%,—1,--+ ,X4—p) € Dy for each n € N. Therefore, D, is an invariant set for equation (2.1).
By similar way, we can show that D is an invariant set for equation (2.1). This completes the proof. O

Theorem 2.3. Assume that {x, }__ p is a well defined solution of equation (2.1). Then the following statements are true:

L. Ifa+b > 1, then the solution {x,},__, converges to zero.
2. Ifa+b <1, then the solution {x,}};__, is unbounded.
(1= ))

Proof. We can write ¢; = A e
a

1. Ifa+b>1,then A4 > 1. Thatis ¢, — oo as m — oo. Then | y_;(m)| = |ax_;@; +x_j_1$pi1 | = ccasm — eo, j=0,(p—1). This
implies that for each t = 1, p, we have

\%
5:1 Y- pti(m+ 1)Hf:;+1 Y_pri(m)

| Xpmtt | =] |— 0 as m — oo.

Therefore, the solution {x,};r__, converges to zero. For (2), it is enough to note that A; < 1 whena+b < 1.

-P

This completes the proof. O

Theorem 2.4. Assume that a+b = 1, then every well defined solution {x, }_,, of equation (2.1) converges to a finite limit.

-p
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Proof. Whena+b =1, we have A, = 1. Then

AX—ptj+X—ptj-1

T+a asm— oo, j=0,(p—1).

7—p+i(m) = ax—[)+j¢m +x7p+j71¢m+1 -

This implies that for each r = 1, p, we have

\% . (I+a)Pv
[Ty v-pri(m+1) H?:;.H Y-p+j(m) H?:] (ax—ptj+x—pij-1)

Xpm+t = as m —» oo,

Therefore, the solution {x, };__ » of equation (2.1) converges to

(1+a)Pv
5 as m — oo,

Hj:l (ax—pyj+x_pij-1)
This completes the proof. O
2.2. Case A=0
During this subsection, we assume that b? = —4a. When b? = —4a, the solution of equation (2.5) is

l b m
im = 5 <§) (220(1 +m) —bm), m>—1.

It follows that
(m+1)b—2u_p,;j(2+m)

mb —2u_py;(14+m)
(m+1)bx_pyj—2x_pyj1(2+m)

_b . 1<j<p.
2 mbx_pyj—2x_pyj1(14+m) =J=p

b
Upm+j = E
b

If we set B_py j(m) =mbx_pyj—2x_pyj_1(14m), then we can write

éﬁ*erj(m"‘ 1)

u =5~ 1<j<p (2.6)
P By j(m)
Using equalities (2.2) and (2.6), we obtain the following result:
Theorem 2.5. Let {xn},__,, be a well defined solution of equation (2.1). If b*+4a =0, then
—2)P(2)n S n=1,p+1,...
( ) (Z) B*p+1<ﬂ+z 1)H5:gﬁ—p+j(%>7 P )
=2)P(£)" —¥ , n=2,p+2,...,
( ) (b) H%:]ﬁ—pﬂ( +5; 2)Hj:3ﬁ*p+j(%) p
Xy = : : 2.7)
—2)P(2)"—= v n=p—12p—1,..
( ) (b) l—[lp:]l B*])‘Fi(n;l)ﬁo(’liﬁ‘#l), P y 4P [RRRS]
)13 | —E— =p,2p,...
( ) (b) Hf:lﬁ—pﬂ'(%)’ n P, 4p, 9
where v =T1_gx_i, B—j(m) =mbx_; —2x_j_1(14+m), j=0,(p—1) and m > —1.
Theorem 2.6. Assume that {x, }m__ p is a well defined solution of equation (2.1). The following statements are true:
1. If b > 2 then the solution {x,};;__, converges to zero.
2. If b <2 then the solution {x,};;__, is unbounded.
Proof. The solution formula (2.7) can be written in the form
Xt = ( 2)P(2>pm+t v t=Tp 2.8)
+r — T 7 ’ — LY .
e b Hi’:l ﬁ—p+i(m+ 1) H?:;H ﬁ—p-&-j(m)

Clear that 3_,,1;(m) are unbounded, i = 1, p.

1. If b > 2, then % < 1 and the result follows.
2. If b < 2, then ()" — coasm — eo forall t = T, p.
Using formula (2.8), we can write forr = 1

2
| Xpmr1 | = (—2)”(5)‘”"+1

v
Bpi1(m+ 1)1y B—p+j(m)
(3)!

1%

=[(=2)"| x|
mP(14L) " (bx_pry =26 p T[T, (bx_psj— 2% py 1152
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Using L’Hospital’s rule we can show that

2\pm+1
("Jil —5 00 as m — oo,
mP(1+ )
This implies that | xp,41 |— o0 as m — co. Similarly, | xpp+s |[— o0 as m — o0, 2 <t < p. Therefore, the solution {xn};":,p is
unbounded.
This completes the proof. O

2.3. Case A<O

During this subsection, we assume that b? < —4a. When b? < —4aq, the solution of equation (2.5) is

H

(=a)

(zosin(m+1)6 —/—asinmb), m> —1.

im = p
! sin @

It follows that
O—ptj(m+1) .
Upmtj =V —a————=  j=1,p, 2.9
pm-J a_p+](m)

v/ —b2—4,
b

“),sin@z

where 6 = arctan

7V2’sza4“ and Q_p4 j(m) =x_p4 jy/—asinmb —x_, 1 ;j_ysin(m+1)60, j=1,p, andm > —1. Using

equalities (2.2) and (2.9), we obtain the following result:

Theorem 2.7. Let {x, }m__ p be a well defined solution of equation (2.1). If b* +4a <0, then

(=1)”sin” 0 v _
n n+p— 10 n= 1 5 + 17 ceey
( W)pf@p @yt B oy () P
—1)Psin” 0 v
, n=2, 2, ...,
(V=a) 2, a7p+i(n+[€72>H§":3 O‘fpﬂ'(n;;)z) P
X, = : : (2.10)
(—1)Psin” 6 v o .
VO T (a5 nep bl
(=1)Psin” 6 v n=p,2p
V=a) TIL opti(R)’ B

where v =T10_gx_;, o_j(m) =x_j\/—asinm@ —x_;_;sin(m+1)0, j=0,(p—1) and m > —1.

Theorem 2.8. Assume that (x,)5__ p is a well defined solution of equation (2.1). The following statements are true:
1. Leta=—1and if 0 = ﬁﬂ? is a rational multiple of  (with 0 <1 < %), then {x,};_
even) or prime period 2pM (if Ip is odd).
2. If =1 <a <0, then the solution {x};__, is unbounded.
3. Ifa < —1, then the solution {x,};__, converges to zero.

_p is periodic with prime period pM (if Ip is

Proof. We can write the solution (2.10) as

(—=1)7sin” 6 \%
Xpm+t = )
P (=aypm i T, o pri(m+ DT, oy j(m)

@2.11)

wheret =1,pandm > —1.
1. Suppose thata = —1andlet 6 = ﬁﬂ: be a rational multiple of 7 (with 0 <[ < %). Then for each i = 1, p, we have
o_ij(m+M)=x_;sin(m+M)0 —x_;_;sin(m+M+1)0,
=x_;sin(mO+M0)—x_;_;sin((m+1)0 +M0),
=x_;jsin(mO+In)—x_;_ysin((m+1)0+Ix),

= (=D!ai(m).

Then for each t = 1, p, we have

v
Xpm+pM+t = (—1)?sin” 0
e Iy & pri(m+M+ DI, @ pij(m+M)

= (—l)plxpm+,.

Therefore, if Ip is even, then the solution {x, }7__ p 18 periodic with prime period pM and if /p is odd, then the solution {xn e pis
periodic with prime period 2pM. (2) and (3) are directly obtained using (2.11).

This completes the proof. O
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2.4. The forbidden sets

In this subsection, we introduce the forbidden sets of equation (2.1).
Theorem 2.9. The following statements are true:
1. Ifb*> 4 4a > 0, then the forbidden set of equation (2.1) can be written as

p
F = U {(uo,u_l,..,,u_p) eRPHL .y = O}U
i=0

8

1 O
{(uo,u,l,...,u,p) e RPH! U= m u_p ey
a Pm

1

1¢

1. +1
{(uo,ufl,...,ufp) e RPTL. U_pi2 = —7Lu,p+1 } U
1

a fm

SCs i

“ 1
U {(Mo,btfl,...,ufp) S RP+1 tug = —7MM71}.
a Om

m=1
2. Ifb* +4a =0, then the forbidden set of equation (2.1) can be written as

P
b= U {(uo,u_l,...,u_p) eRPF:y; :O}U

I
=

2(14+m
{(M(),M,l,...,ufp) € RP+1 U—pyrl = %M,p} U

CsiCsl

2(14+m
{(“07”717-~-7u7p) eR/H!: U—pt2 = %u,pﬂ}u
1

3
Il

~ 2(14m)
e U— RPHL . =—U_ 1.
U {(uoﬂd Lyonlip) € uo ol 1}

m=1
3. Ifb* +4a < 0, then the forbidden set of equation (2.1) can be written as

P
B = U {(u07u_17...7u_p) eRPFL:y; :O}U

L sin(m+1)6
{Wmu-u--wu-p)ew Hp = g Y

1. sin(m+1)6
{(uo,u,l,...,u,p) ERM iy, = mu—pﬂ U

I
=)

—_

FCei (sl

o

U {(uo,u,l,...,u,p) S RPH! lup =

m=1

sin(m+1)6
v/ —asinm@ ey

3. Hllustrative Examples

Example 3.1. Figure 3.1 shows that, if p=17, a=0.2and b=1(A> O0anda+b > 1), then a solution {x,};__- of equation (2.1) with
X_7=—4x_¢=-5x_5=-3,x_4=-82,x_3=5x_9=3,x_1 =6.2 and xo = —7 converges to zero.

Example 3.2. Figure 3.2 shows that, if p=4, a=0.1 and b= 0.7(A > Oand a+b < 1), then a solution {x,}__, of equation (2.1) with
X_g=—1,x_3=-3,x_p=-59,x_1 = =3 and xg = —12.2 is unbounded.

Example 3.3. Figure 3.3 shows that, if p="1, a=—1 and b = 2(A = 0), then a solution {x,},__ of equation (2.1) with x_7 = =2,
X_g=-5x_5=-3,x_4=—122,x_3=5x_9 =3, x_1 =6.2 and xyg = —5 converges to zero.

Example 3.4. Figure 3.4 shows that, if p=", a= —1/4 and b = 1(A = 0andb < 2), then a solution {x,},__- of equation (2.1) with
x 7=—4x ¢=-53,x_5=—13x_4=-92,x 3=6x_=13, x_1 =6.2 and xo = —5 is unbounded.
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x 10
8 35
X(n) X(n)
6 3
4 25
ol
2
—_ or —_
S S
< < 15
Ll
1
4}
A 05
-8} 0
10 ‘ ‘ . . 05 . ‘ . .
-20 0 20 40 60 80 100 -20 0 20 40 60 80 100
n n
Figure 3.1: Equation x| = gl — Figure 3.2: Equation x| = o4
e n+1 = 02x, ¢+x,_7" o ntl = 0T, _34+0.7x,_4
x10°
10 4
X(n)
35
5 (‘ .
25
0
2
z Vf S
x x
1.5
sl
1
ol 05
0
s ‘ ‘ . 05 . ‘ ‘ ‘
-20 0 20 40 60 80 100 -10 -5 0 5 10 15 20 25 30
n n
Figure 3.3: Equation x,, | = — 27 Figure 3.4: Equation x,,4| = —at-l
e ntl = T T ox, 7 e ntl = T0.25x, ¢tx_7°

Example 3.5. Figure 3.5 shows that, if p=4, a=—1 and b = \/3(A < Oand I piseven), then a solution {x,}__, of equation (2.1) with
X_g=-2,x_3=-5x_9=3,x_1=2.2andxy =15 is periodic with prime period 24.

Example 3.6. Figure 3.6 shows that, if p=17, a= —1and b =1(A < Oandlpisodd), then a solution {x,};;__- of equation (2.1) with
x 7=—lLx ¢=—-7,x_5=—-4x_4=—122,x_ 3=5,x_9=3,x_1 =6.2 and xy = —5 is periodic with prime period 42.

6 15
X(n) X(n)
“ 10
2l
5
of
£ S
X < 0
o}
-5
4}
-6} -10
-8 L L _15 L L i i i i i
20 0 20 40 60 80 100 20 o 20 40 60 8 100 120 140
n n
Figure 3.5: Equation x,,, | = — =4 Figure 3.6: Equation x,,, | = —22-7 _
nt 3 +V3%_4 nt X6t X7 "

Example 3.7. Figure 3.7 shows that, if p =3, a=0.3 and b = 0.7(A > Oand a+ b = 1), then a solution {x,}__ of equation (2.1) with
initial conditions x_3 =1, x_o = =2, x_1 = 1 and xo = 0.7 converges to
(13)*((1)(=2)(1)(0.7))
Hi’-:] (0.3)6,34”‘ +x,4+j)
Example 3.8. Figure 3.8 shows that, if p =5, a = 0.2 and b = 0.8 (A > Oand a+b = 1), then a solution {x,},__s of equation (2.1) with
initial conditions x_s = —2, x_4 = —1,x_3=0.5, x_» = 0.8, x_1 = 0.7 and xo = —0.8 converges to
(1.2)°((—2)(~1)(0.5)(0.8)(0.7)(—0.8))
121 (0.2x 51 j+x 64))

~ 3.738.

~ —1.681.
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X(n) X(n)
12 05 i
10f
ol
sl
-05
z <
% 6 4
-1
4 L/\_
—15¢
Al
0 -2f
_2 ; ; ; i o5 ; ; ; ;
20 0 20 40 60 80 100 20 0 20 40 60 80 100
n n

XnXn—3
0.3x,,2+0.7x,, 3

*nXn—17

Figure 3.7: Equation x,, | = 0.2x,_6+0.8%,7 °

Figure 3.8: Equation x,, | =

Conclusion

In this study, we mainly obtained the solutions and introduced the forbidden sets of the difference equation that contains a quadratic term

XnXn—p
xn+1=—b , neNp,
AXp—(p—1) T DXn—p
where the parameters a and b are real numbers, p is a positive integer and the initial conditions x_,, x_,11, -+, X_1, X0 are real numbers.

Also, we showed that the behavior of the solutions depends on the relation between @ and b. That is if {x, };._, is a solution of that equation,
it may be converge to finite limit, unbounded or periodic with a certain period that depends on p. The mentioned difference equation may be
generalized to a more complicated one that may has a complicated behavior.
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